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PREFACE. 

OyK of the chief t>l>ject« of thi« volume is to bring within the 
reach of students <ff nrtlinarv abilities, and to enable tiny* 
to make pnictiial use of, some fj^ntions of what are generally, 
though with little reason, calh»<i ‘dngher ’ Matheinaties. Many 
inatheinatieal rules, su<-fi jus tliose studied under Mensu ration 
to obtain the volume and Hurfa^-f* of a sphere, may l>e obtained 
by fv> calb’d ‘‘elementary” methrMis, but tliese art' fre'juently 
only roundalHiut and lr*ujble*ome trieks. and are after* all 
rneiely ex|M*dient« to evade the simple notation of the Calculus 
and n.sually end by assuming the idea of a limit, a conception 
which rny exjy^rient'c shtovs is rpiite Jts difficult for the student 
to grasp as the underlying principles of tfie Calculus. Ur, take 
the |>roblem of determiining the moment of inertia of a rwl ; 
when the studerrt U^comes familiar with the easy language 
of tlie Ca leu his, all the scafFoiding, which has t» Iw wp rarefully 
and tctilfpusly Imilt up to oltlain a resr|lt if Algebra alone is 
employetl, may l>e at mice diseased. 

For the.se and similar n‘ason,s, anil to keep the s^e or the 
book within reasonable limits, the rudiments of Mathematics — 
Arithmetic and simple Algebra— are taken for granted, though 
siiminaries of the more inifKirtant elementary results are given 
the Ireginning of each set:tion. A student not already 
familiar with the pi'Ofifs leading to these results and at home 
with illustrative examples on them should refer*to my earlier 
books or some similar source. Tlie suiiimariea referred to are 
in every case followed by concrete numerical exam plea fully 
worked out and a set of exerciaea to enable the student to 
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bei'tnue pi^ssessetl i»f the full meaning of each of tlie tenux in 
the algehnue expiU'wions repivj*enting the rules. 

The oj'tlor of ti'eatiucnt nierelv ropreseijts w hat I have fount) 
tt) be !ni»st advantageous in luy own classes. Other te-aehera 
may liiul it l»et ter to vary the Hetpient'e to meet (he jvu tienlai 
retjuitvments of their own .students. Heailei-s who ai\‘ stuilving 
without the help of a teaeher are reotuunirmletl to omit the 
moiv di thou It seetii»ns at the first reading. 1 shnuh) like to 
direct piii-t ic ular attimtioji to sevend jmrtiuius of the lax^k, for^ 
si> far its I am awaie, the met In si of treatment therein is m»w 
^blislns! for the tii-st lime. Among these? sections may l*e 
mentiiujeil : 

The identitication of the nature of a plotted curve by the 
u.se of a strip of celluloid un which a series of stamlatd 
ettrves is already dtnwn ; and the meth(Kl of finding the 
^ value of w in the family of curv<>s tlenoUsl )>y y -J'", etc. 

(A) llte tftethod of solution of equations of the form 

(c) Tlie graphical meihiKls of dealing witli problems in 
Simple Harmftnic Motimi expresse^l by cos ((ut hek 
or y jfin (fu-r e). 

(cf) The ppjbletns involving addition and subinniion of 
simple si^lids. 

(') 'Dje theory of the Ampler plan i meter, of vector noUli<m. 
ami ?jf Kourierli theonun. In this cijnnection 1 am glad 
• b> eipp^as my grateful indebtetlness to Mr. Jriseph 
Ija}Ti.son, r>f the Ibival t'ollege of S(;ien<'e, for |ku lions 
of the proofs. 

(^f) Th# graph ii?al mellnsl of obtaining the slo|)e of a tuirve 
by means of a »et-M|iiare ami ]>encil. 

(q) Tlte geometrical prr»of that 

(A) The use of arithmetioil and ger>metricaJ pnigressioiis to 
illustrate the Integral Calculus. 

Oreat importance baa been attached throughout the book to 
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fnlly-workwi concrete exaruphiH, and of thetic a very large 
niiinlKT is to }>e found ; it ia hoj)c<l tliat the Btudent will l>e 
able, by meaiiB of tliene examples, to follow intelligently every 
step of his work. The examples and exercises are either 
original, having been made to illustrate the text, or they have 
IsHMi carefully Helecti-d from examination pafaTs, mainly those 
of tile lioard of Etlmation. Answer's are given to all exercises, 
and thesii liave l>een clu'cked with great (are, but In so large a 
nuniU'r of .s^dutions it is jierhaps t<K) much to hofx? that mis- 
takes have Imuui entirely avoi(ie<i. I should be grateful to 
anv teaeluT who would tyili my attention to any correction 
which Bt-f'ms ne«t*ssiiry. 

In nrdcr n"t to locrlmnlcii the Issik, I ha\e l^een cotn- 
ptdlts! to be verv brief in .sruiie jiiirts, especially in my 
treatment of the (ahulus and of 1 rilrermtial Ktjuations. 
Students who w isfi ftu' iitoif ilctaih'd information ^lomld consult 
I'l'of, Perry’s h>r wljere tliey will ifnd 

complete guidance In the further study of the subject, Those 
who know* the writings ami lectures of ]‘jof. J'trry, F.IbS., 
will appitM-iatc imw mm h I owe to hi^ inspiration, and I 
am glad again to ivenrd tins debt. The treatment adopted 
in this lH«>k is, however. l«ised always upon niy uWTt long 
ex[H*i'icnfe as a tr.nh'T of Mathematics. 

In tlie j»te lunation of my -MSS. and in the pa-ssage of the 
Isstk through tlie prt\s.s I have re<'eivi‘<l*i juoh assistance from 
many frientl.s, whose help I am pleaseil thus to acknowle'.lge. 
I Tot. I* Ikiirstow, K.K.S., ha.s hmked through tire >fSS. and 
made many valualjle suggestions ; Mr. M. J. WtKKlall Inns rwtd 
all the piTHtfs ami uscluliy altereil and c<urc‘;ted my«wuik in 
many places ; and Sir Kicliaid l»regory and Mr . A. 1'. SimmotiB, 
li.Se., have again given me the benetil of their kindly and 
experienced criticism at every stage in the prep;iration of tire 
book. 


FRANK C.\^T1.E. 
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A MANUAL OF 
PRACTICAL ilATHEMATICS. 

CHAPTEK I. 

SIMPLIFICATIONS AND PARTIAL FRACTIONS. 

Elementary results and formulae - Tlu- followin;; for- 
mulaic are pnihalily alivady faiuiliai to the rmler. If not, 
they nhouldf after verification )»y actual multiplication, dx* 
comniitteil to nieniory ; 

(a + {>)■ - + Ir ; (o - f,)- ^ (i‘ - 2<th + b-. 

The tw<i fnrtmilao may lx; ciuiihimxl, tlaiii : 

(a ± b)^ = S'* ± 2ab b*. 

Theiie foniiulae Hh'iiiid he eijually familiar when other letters 
are us<hI, such .r, y, etc. 

Kr. 1 . ( 't / . 1 ' ‘Jn 1 / j'-' V ( ,r - 2 v ( !ia.r 1 ■: ( y ' + (2ay )* 

Itfi V'-' -* 12a‘-rv ■; 

Similarly, by niultiplicatiori, 

(a±bT=a’±3a''b+3ab^±V. 

(a+b)(a-b)=a^“b^ 

llie last exam phi may be expressed in words by saying: 

The product of the Bum and difference of tvo Quantities is equal 
to the difference of their iquares. 

AV. 2. 127= - VIV -- ( 1‘27 + 12:i) (1^27 - 123) 

^250 x 4 = 1000. 

Kr. ,3. 9c*-lG(a-6)9=l3f)«-|4(rt 

s= (3c + 4a - 4h) (3c - 4a +45). 


M.r.M. 
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Square of a polynomial. Tlie wnnin* uf aa t*xjuvf<sion 
(.'onsiriting uf thivo ur lauiv tmuH ran U* ulitainnl by an“in‘,Mni' 
tbr tunas as in Multijpliratinn, atui tliu pmluft ; 

but thy work is murh ivtluLeti l>y nutii'int,' the arniai,u‘iiK‘at 
'>f thy lynas in 

(,( f -f. 

aiul iipplyiii^ thy nsult to any t xpivssina yoiitaiiiino thn*** <‘r 
nioi'y terms; it is thru tasy to wiitr ditun t[m Mpiare irijuiird. 
Thus ('' -P -f"‘ )' ' r -j- f>‘ + y* -f -u/> + '2ar r 2/*<\ 

Oil the i'it;ht-haral >iily tlie siiiii of tlu* s‘juarys uf thu tlut-y 
sejkirate tornis are folio wrd bv iwiry tlir jinxliuls of tlu* liist 
and syyond, the fn-st and thiid, .uid finally nf the srrond ami 
I bird terms rys[K**’tivrly. Similarly, 

(a ■»■ -r r - </ )* " 'f* + -H y* -!-'/•-' i'u/‘ -f 2'i- 1 4- 21"' 4- 2f"i 4- 2- ^1. 

rither yx[)n*ssions itividviao sijuar»s and l uU’s should It* 

'^V’itten ilpovn in a similar tuariiuT and 

Fractional expressions. In th>- sim]>liti<.ttton of fraotionai 

y Vj a til s. a laotor of tlie ti» ui>niinatoi' nf <iiir iVai’fi'tn may U* 

yppial to a f.u tor nf anotlu-r dononiiiiafor with it** --ion «')).ini:r»l. 
In snoh lases it isSailvisablr to i liar^'y the ^j!,rn of om- i.f the 
fnu;tii>iH bv hudtipK iiii,' its niinnunfor ami ilenormnator by 
- I. If any fi act ion r»* pi ires two such rlianp>,s tin- ori^diial 
siLTu will |*•Jnain 

AV, 1. Simplify , 

a K r 

f i'l /forl if, a} ' (C ' rt.tt'* 

Here one ohanffc niii.<it U; made in the wtornl friction and two 
chan^cn^in the third. Hence, the of the iU'eor>.l f met ion will 
Ire altered and the third will remain iinrhaii^ed. I’y thuH altering 
the second and third fraction*, the given exproMion liccoinca 

rt h ^ r 

• oi -biia -e) {n - hjfi - e) (a - f}{h ~ c)* 

The of the denominators is (a - ~ c){a -f). 

The expreesion may therefore lie written 

a(6 - r) “ Afa - c) s - h) 
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Ex.% 


Simplify 


r 2a 2{a?-Aax) 3a 
xi(t d^-r- z-a 


hy changing the Hjgii of the* Ja«t fraction, the l,c.m. of the 
denoininatore bccoiiies - x^. The expregsion may then l)e written 


(xj 2rt)(a - x) Hax 4 3rt (a tx) 

a * - 


3rt® - 2ax 3a 4 X 
d^ - 3^ ~ a -r z' 


When it in rotjiiimi to aiinplify an expression containing the 
ali^elmiic sotn of tliiee or inure given fnictions, it is usually 
{'onveiiifut to take the of the denoniinators as a common 

clenoiiiinatur. fhit, if this eoursct be always followwl, much 
unneeess'irv lalKiur will often result. It is sometimes letter 
lirst to arninge the terms in groups of two or nioi'e together 
aiul simplify each grou]) U*f(Te prooeecling further. 


/>. 3. Simplify 


1^1 1 

X ' 3 .r - 4 X - 5 


Here, folhovirig the ordinary rule, the l-C. u. of the dcnoiiiinstors 
would t>e tx 'JUx 3)(,r 4|(x - .'ll, and each nahierator would have 
ttj l>e imiln plied by three factors. Instead, we may* simplify ihe 
lirat two terms, 

* I 1 X 3 .r^2 - I • 

X 2 (X- 3) (X 2|(x- 3^ (x-'illx-S)’ 

In a similar manner, the remaining two terms become 


I 1 I 

.r - 4 (.!• ."i) (x~4Mx -ri) 

Hence, the given expression is etpii valent to 


1 1 

(x-'‘J){x. 3i 'ir -4)(a-ril 

9.r4 20)- (j^ - Tu- 4jy 
(X -•JMx-3)(x- 4){x- 5) 


{x-2)(z-^){x~A){x^^5) 
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Fractions of the form " . y are easily simplified by writing down 
ihe factors of the unineratur. Thus 
+ (^ + yJiJf* - 

Xry x-ry 

= jr^-ry+y®. 

JMnularlv, — - = .. 

• tr + yM-r y) x^~y^ ^ 

arul .i"* - x^y"^ ‘ y* - (.r* f ly + y*){jr ry f y-). 


The alnivf examples are simple applications of the following 
gcncml stateincnlH : 

Factors. 

i'’ + 3r" ti dlTlslblfl by X -f-y when n li odd; 
x”* - y" „ „ I -f y „ n Is eren ; 

x*' - y* „ ,. r - y „ n is either odd or even. 


Surd QUBUtitios. — In quest itms dealing with fractions iu' 

eolving snnl ipuantitics. simpliliraiinn in oftn. ctfcttitl bv 
usinu' one or }w>(h of the fnrins (o + />)^ ■ o- + (i) nr 
i /J- - fr) r { >l -L ~ A) (ji ), 

The former nwy be us<‘d itj extracting the nxft of a bintunial 
atml quantity. J>6me applications aiT imlhsited in the following 
examples : ‘ 

AV, I. Simplify h) : till “ and express the rrsull in each 
, \ 2l ) > 5 H "2 

case as a decimal fraction, ((dven s ri :r 21236L) 


(i) Here 


1 


kJ) 
2i) ^ 


s4 <5 _n5 
2 * 10 ^ lo' 


Hut 22361; /. ‘^'-0'2236l. 



Maitiply numerator and denominator by v^6 - 2. 

. xo-2 k '5 21KA 2) 

■’ %'r>i-2"(v'ii4 2)K^5'-2)' 

Apply the form giren by Kq, (li) above, and 


fv5 - 2Ky5;2) 
(\^r»-f2)(s'5-2) 


6-4 


= 9-4V5^0'(m 
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A>. 2. Show without extracting roots tliat + is less 
than 

Here, if n^ 17 + vlu <6\^, 
then, sfiuaring both aides, 

I 7 + ‘ivl 7 xl 9 + 19 < 72 ; 

3C } ^17 x T9<72, 
or 3(ir2\'3-Z3<72. 

Subtracting 36 from each aide and diviflmg by 2 we obtain 
S<(narlng lajlh aidea 32^i<324. 


tx. 3. Find the value of 

3 ~ N 3 ^ 

l\3 fNo)^ (v'3 - \oj* 

Aa a common dcnonniiator lake the protiuct of the two denomi- 
nators. Then 


(3 - (3 -i N h 

{ \ 3 f \ 5)^x (s 3 - \ 5j* 

(3 - ^7il (3 :> -- in) - (3 ^ N^)(3 -f 3 f2vTB) 

^3 -3)2 


-12 + on's = 20 '66. 


In Kx, 3, and in all similar ca.sca, the numerical values of 
iiuineratot* and denominator may l»e obtained by using a table 
of square natts, then the value of each fraction mSy he obtaineil 
by ii>garithm.s. 

i-Jx. 4. In the expreaaion (r - a)*- (y - &)^ put + 6)’ 

aiul v = r and reduce the refsiilting expression to its 
^ 4 a + <> 


hiniplest form. 

(2-~a)5- (y -f*)2 = {x-n+y-M(-»* -a-y + M* 
Substitute the given values for x and y, thus, 

(a - h)* a + h o/j 

4(a + 3) “'2(a + 6) 


{x-a + y-h| = (g + h + v 
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SimUarly, for the aecxmd factor, 

_ 86(a + 6)-f(a-6)>-{(a + &)«-f4fl&} 

~ 4<a + 6) 

~4(a-f h)"a + 6’ 

Hence^ (x-o)*-(y-6)* 

_a+h Oh* 

2 ^ a + b 
=6>. 

Ex. b. If jr*=(jr + 1), shov that a:*=5x + 3. 

ar^rrx* xar=(i-+ 1)® x x by substitution, 

/. a:^=(a^ + 2x+ l)jr = (3lx + 2)x, 

J« = 5x-h3. 

PartSAl Ihictions. — A fraction baa often to be 

Fipresaed aa the sum of several simpler fractions. Such 
fractions are called partial fractions. 

If necessary, the given fraction must be simplifiet], and it 
may be assumed that the denominator can be resolved into 
its factors. The methods adopte<l in some easy cases may be 
seen from the following examples. 

Ex. 1. Express in the form of partial fractions , 

The factors of the denominator are (x-2) and (x-3). 

First write the given fraction in the form ; 

x-y ' ' 

where the valaea of the coefficients A and B are determined. 
Mnlti^lylng both sides of Bq. (I) by (x-2)(x-3), we obtain 

2r+]=A{x-3) + 5(x-2) (2) 

By pntting in snccesaion a;-3=0 and a?-2=0, the numerical 

valne* of A^ and ^ can he found. 

Thus, let x-3=s0. Then snbetitnte x-3 in (2). 

7=^fl(3-2); A*7. 

Again, kt x-2=0; x=2. 

Then 5s;A(2-'3}, or Aa*A 
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Substitute these values in (1), thus, 

2a; -fl 5_ 

(x-2)(a:-3)“' x-2'^ar-3’ 
Another method which may be used is as follows : 


2a;+l _ A B 

{a:-2){ar-3) x-‘2^x~3' 


Multiply by x-2 ; 


, 2a:+l ^ , B{x~2) 

■' x-3 x-3 ■ 


Then —~=A + 0; ^=-5. 

Similarly, multiplying (1) by a: -3 and putting x=3, we obtain 
l=0+B; /. 5 = 7. 


5x. 2. Express in partial fractions the fraction 

The denominator is (a: - 1 )(j: - 2)(a‘ - 3), 

Let 2:r - ( 1 „ ^ . O 

(ar- l)(a:- 2)(x- 3) x-1 x-2 x-3 

Multiply both sides by (x- l)(x-2)(x-3) ; * 

2Lr + l = .4(x-2){x-3) + 5(x-l)(x-3) + C{x-*l)(x-2). ...(3) 
Let X - 1=0; x=l. 

Substitute this value for x, then from (3)» 

3 = A(l-2}{l-3)=2Af 


Similarly^ let x-2=0; x=2. 

Substitute in {3] ; then 

5 = 5(2-I){2-3)=-5; 

5= -5. 

Finally, put x-3=0, orx=3; 

7=2(7, or 0=1- 


(x-l)(*-2)(*-3) 2(*-l) »-2 2(x-3)' 


Hence, 
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Ex. 3. Resohe into partia] fractions tbs single fraction 

Let fa^+war+a A ^ B ^ C 

Maltiply tbroagboot by (z-a)(z-fi)(z-c), 

/z*+«iz+n=i4(z-&)(x-e) + R(z-a)(z-e) + C'(X“a)iz-6b 
Let tiie £sctor z-a=0, x=a; 


then, 


la*+ma + ns= {a - 6){a - c) ; 
. _ /g^+wa + n 


In a uniilar manner let X'&=iO, z=b; 


then 


__ /6*+m6-M» 


Finally, if r~r=0, ae obtain 

_ fc*+mc+ II 


(c-a)(c-ft) 


If the numerator is of equal, or greater, degree than the 
denomiDator, it will be necessaiy to divide the former by the 
Utter, BO that the fraction to be operated upon shall have 
its numerator of Ibwer degree than its denominator. Also, 
when the denominator of a fraction contains a factor such 
as ( r - a)*, it is necessary to take several corresponding partial 
fractions having for their denominators the factors 
(x-a)*, (z-a 5 *, etc. 


Ez.i. 


Resolve inth partial fractions 
3x + 6 


(l-2ar?' 


Let + 

(l-J^ l-2x^(i-s^ 

Multiply both tides by {1 '‘2zA Then 

ac+5=:Ail-2x) + A ilj 


Putl-2*=0, ■••*= 5 ! 

J+5=®* 

giridg 
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Substitute this value for B in (1), 

Zx + 5-~^A(\-2x)i 



3 

2" 


Or, put a:=0 in (1), then 5 = ^+—; A = 


3 

2 ' 


Hence, 


3ar + 5 _ 13 3 

{1-^)* 2(1 -2r)* 2(1 -2a;)* 


A very useful artiBce which may be used in many cases* 
(especially in dealing with factora such as (x-a)* and often 
referred to as repeating fiurtors) may be shown by an example. 


Ex. 5. Resolve into partial fractions 


a:* + 3x + l 
(I-x)^ ■ 




Let 1 -x^z ; x=l -z. Substitute in Eq, (1) and we obtain 

(l-z)M3(l-z) + l 

z* 

1 - 32 + 3z» - z» + 3 - 3z + I _ 5 - 62 + 3z« ~ z» 

” ~z* 

_5_6 3 1 


Then, substituting for z, this result may be written, 


6 

(l-x)* 


6 , 3 1 

(1-x)* (1“X)* 1-x 


Thus, in Ex. 4 let l-2x=z, 



Zx-h5 f(l-2) + 5 13-32 
*’■ ('l-2x)« 2* 

13 A. 

"'^“2:5’ 

. 3x + 5 _ 13 3 

•’ (1 - 2!r)»“2{l -2a;)* ”5(1 - 2r)‘ 
a2 


M.P.M. 
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1, Simplify 


EXERCISES. I. 

mj-mr 


and find its numerical value when jy/(2 + v'^)==L 

2, Find the value of places of decimals, 

S. Find the protiuct of ^ + + ^ and find the 

value of the product when a=l2 and 6=18. 

• A Simplify and find its value when 

3x=v2-l 

5. Reduce to its simplest form ; 

a^-5jr^^Sa:+l2 
x*-7j^ + 7z3-:x + 6’ 

Find its value when a'=l+,^''.^. (\^d = r732.) 

Simplify the following expressions ; 


6. v'i^V2^7vM2>. 

- 1-v'2^v 3 a 

* l + 7-2sf 

9, If 

\jF y zj xy*z 
show that either x = ; or y*=sx, 

10. Show that ^jr-^; + l^^x + 2 + j)(j:»+2 + Jj) = ^i» -ly. 

11. erven 4,/5=2'23fi, express -JL and ^ as decimals. 

9^5+2 

12. Fiftd the v^ue of ^ j ^ j vhen 


12. Bedu^ the following expression to its simplest form ; 

; and find ita value, expressed as a decimal, 

when 02:2 and 

14 Simplify (a + 6+c)*+0a(o-6-c)(a+6+c)+{a“6-c)*. 
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15. Simplify and find ite value to four places 

of decimals when 3x=; 1, having given ;y/3 — 1732. 

16. If a*=m + n, 6*=n + f, + m and 2«=a+5+c show that 

s(s-a)(s~6){a-c)=ii(7»n + T»f+/m). 

17. Simplify and find ita value to 

four places of decimals, when x - 1 H-a^S, 

Simplify the expressions ; 

[ax*+ {6 + e)x + df* - [ox^ + (f> “ e)x + dp* 

IQ {x + yP + 2(x^-y-l + (x-yp ^ 

Resolve into factors : 

80. 12i5-25xy + 12y5. 81. oS + o^+M. 

28. x^ + a:®y’ + y^-2xy-l. 

23. Show that a is a factor of the expression 

{o + &p(a® + c") -(a + cp{a*+6^. 

Resolve into factors the following expressions : 

24. 20x^-x-30. 25. 2xy + 7x + 6y +21. 

28. 6x»-{7 + 15a)x + 21a. 27. a;*- 1 -4(x-1). 


Simplify the following expressions: 


23 . 

29 . 


(«- 


1 + 06 / h\ 1 +o6 


> 


x»-x (x+lp-fx-^lp 
^ 2a; 



-1 


)^( 




-0 


80. Given v^=: 1 “4142, and s^=: 1*7321, find the value of ^ ^ 

correct to three places of decimals, using a oontracted^method of 
multiplication. 

V 

81. Find tlie value of 

3-\^ ^ 3+^5 
{3+n/6P (3~n/6)*‘ 
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88, 

If dhow that 




x+y+z 

_»“y+z 


“X+y+s 

; x+y 

- 1 

38. 

Show that 




z® a*+6*/ 

to* \* 





Express iu partiAl fractions : 



84. 


85. 

7x-l 

(x-2)(x-3) 


86. 

9 

87. 

1-13 

(x-l)(x + 2)^ 


x*-2x“ 16 

88. 

X ”5 
x»-x-2 

88, 

5 + 37 
x*+ 4x-2r 

40 

5X-I8 

41 

3x*-10r-4 


i*'7x + 12' 


(x-2)(x-4)’ 

« 42. 

2r^-llx»+iar+l 

48 

5 + 2ir-3x» 


(i-I)(*-2)(i-3j' 


(x*-l)(x4ir 

Resolve into factors : 



41 

x* + 0'4x-4‘37. 

45. n»i 

f6-f) + 5»<c-a) 

46. 

i* + 6x-520. * 

47. X* 

-24. 

48. 

Six* -.’5*^. 

48. X* 

-8-92r + 18'4. 


Simplify the foUowiog expreeaions ; 

^ a:*+6cr>7 . a:*+.4x-2l , x* + 72 * + 4r~]2 

“ x»fae-4‘ ljr+8 ‘ * a:* + ^^‘2r- 12* 

1 - 3x4-2x* 

M. Exprets the ramlting fraction a» the sum of 

two simpler fractions. 

58. Find its value to three signid- 

cant figures when 


M. Resolve the fraction into the sum, or diflerenoe, 

of two simpler fractions, Ii«~io 
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MEASUREMENT OF ANGLES AND THE SIMPLE RATIOS. ' 


Measorement of angles.— In the measurement of length, a 
certain distance is selected as a unit, and the number of tiiyes 
a given length contains the unit length is the measure of its 
length. In like manner, the magnitude of an angle is estimated 
by the number of times it contains the unit angle. The two 
angular units adopted are the degree and the radian. 

Let /I ^ lie a line free to 
move about a centre A. Any 
point in the line such as D 
(Fig. 1) will eventually de- 
scribe a cinde. If we assume • 
such a circle to be divided • 
into 360 equal parts then the 
lines joining any two con- ; 
secutive points on the cir- \ 
cumference to the centre A \ ^6 

will enclose an angle of one 
degree, which is written 1“. 

A degree is divided into 

60 minutes and a minute into 60 seconds. An angle of thirty 
degrees, twenty minutes, and fifteen seconds would be written 
30*20' 15". • 

The actual distance dracribed by B will be proportional to 
the amount of turning from the initial pbeition, also for the 
same angle the arc described m proportional to the radius, 
hence the measure of an angle is denoted by ; where 
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18 a constant whose value depends on the particular system 
adopted. Thus ^=*1 in the radian system, and it=180-r ratio 
of circumference to diameter, in the degree system. 

Assume AB^ Fig. 1, a line initially coincident with the line 
A/), to be it>tated about a centre A into the position djff, 
through an angle which may be denoted by B. 

To ascertain the magnitude of the angle, draw with A as 
centre an arc of a circle cutting AD in E and Ai? in F. Then 

the ratio — ^ is called the measure of the angle in radians, 
radius 

arc 

angle in radians— — rr— (n 

radius ' ' 

The measure of the angle will obviously lie unity when the 
numerator is equal to the denominator, or when the length of 
arc /)/f is equal to the radius AD. 

180’ 

The unit angle is called a radian, and its value is , or is 

«aq[ual to 57’ 17' 45" nearly, or about 57°‘3. ^ 

Hence, to convert to radians an angle given in degrees, it is 
necessary to divide by 57 3. Similarly, to convert an angle 
from radians to degrees, multiply by 57'3, 

From (i) we have an0« xiadlai=arc. 

Hence, when any two of 
the three tenus are given 
the remaining term may be 
obtained. 

Batios of angles.— Tlie 
ratios of an angle d^ignated 
as tiiM, ooilne, and tangent, 
abbreviated into sin, cos, and 
tan, are probably alreiuly 
familiar to the reader. It 
is only necessaiy to refer 
briefly to the deflnitions. 

When the rotating line 
(fig. 2) moving in a direc- 
tion opposite to the hands 
of a clock comes Into the position CB^ then, if BF be drawn 
•perpendicular to CiV and meeting CA in W, and the angle NCB 


D 



Fio. a-JUtkwof Mtaiflt, 
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be represented hy 6^ we have for the triangle the following 
relations : 


sin $ 






'CB' 


tan^= 


?E 

cif 


Also sin^0+co8^^-l, since 

The reciprocals of each of these ratios are also important 
and are as follows : 

cosecant o=-^— secant d~ — n- 7 T\r 
Sin $ B^ cos $ CN 


cotangent 

The abbreviations cosec sec and cot are used for these 
ratioa Also, referring to Fig. 1, it is easily seen that 

sec^tf-l+tan^^. 


The ratios of the sine, cosine, and tangent for 30“, 45*, and 
60'’ are very important, and are so 
often required in calculations that it is 
necessary to remember their numerical 
values. 

Ratios for 60\ 30“.— One of the 
beat methods is to draw (or better, 
mentally to picture) an equilateral 
triangle ABC (Fig. 3), with each of 
its sides say 2 units length. If from 
the vertex C a perpendicular CB be 
drawn to the opposite side, then, as 
ABC is a right-angled triangle, the length of CB is 



-ADglefl of 


Hence 


ii4=sBlnM“=— , eos«0““^, tan60“=v/3, 


ITie angle ^ CZ) is an angle of 30*. Hence we get the ratios 

iaaJ0-=i coe»"='f, tan80"=i. 

Ratios for 45“.— Draw a right-angled triangle in which one 
side AB is equal to the other side BC, llien ABC is an» 
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Hence 


■i]i4S*=< 


00145° 


JPIo. of 45*. 


isoocelee triangle and the angles at A and C are in each case 
46*. If in Fig. 4 the lengths of the aides 
AB and BC be denoted by 1, then 
AC^S. 

jl 

V2’ 

I 

tan45*=^l. 

Complementary anjdes.— Two angles are said to be comole*' 
mentary when their sum is 90° (a right angle). 

Bt. Let A =:,W , 5=6(r, then, as we have foond idxive, 

« sinA=rcoeB, and oosA^amJ?; 

theee relations hold generally, and we have 
sinA- cos(9(r-A), 
co 8A=: ain(90*-.d), 

UnA= oot(9(r-A), 
cot A 3 tan(90°-A), 
secA =coeec{90"- A), 

,coeecA3 §ec(90i“-A). 


B 




— 




1 

1 : • 

|\J/ 
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Flo. 1— fiatke cl aaglM greater than flO*. 

DirtUMM meuured upw«rd» fro^Tj' are podtive, tbow 


tanpnt, etc., which are all 
positive for angles not ex- 
ceeding 90*, may or may 
not be positive for angles 
greater than 90*. 

Ilie conventions adopted 
are as follows : If a circle 
be drawn as in Fig. 6 and 
also horizontal and vertical 
diameters, as A A', BB, then 
all distances measured to the 
right of the line BB are 
nid to be poMttve, wd Uiose 
to the left are said to be 
tufatlTe. 
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downwards are negative. The revolving itself is always 
positive, but angles are reckoned positive or negative according 
as the revolving line rotates in the opposite or the same direc- 
tion as the bands of a watch. Thus, if AP be one-twelfth of 
the circumference, then, joining P ia 0^ the angle POA is an 
angle of 30". If UxP'^MP the angle AOP* is 150", and 


sin 150" 


hEL 

' OP 


OP' 


The perpendicular M^P* is measured in a positive direction 
OMx is measured in a negative direction ; 


negative direction ; 

OM^ -Jl 
.. COS 150 -7.-777 — — 


In a similar manner, if AVP^ is an angle of 180° +30* =2 10", 
both sine and cosine are negative. Finally, corresponding 
to the position F'\ the sine of the angle is negative and 
the cosine is positive. 

As the tangent is the ratio of sine to cosine, it follows 
that when the sine and cosine have the same sign, eitlJ^ 
positive or negative, the tangent is positive, but is negative 
when the sine and cosine have different signs. Some values 
are given in the following table; these, should be carefully 
verified, ^ 

Collecting the results for the points /*, >P, and P" we 
find 


Angle 

30° 

150° 

210° 

za& 


1 

1 

1 

i 


2 


2 

2 


^/3 

Vs 1 

^/3 

n /3 


! 2 

■2 ; 

2 

2 


1 

! 1 

1 

1 

tan 



\/3 

':j3 


Qoittnl values,— II has been seen that an angle is traced 
out by the revolution of a line, from coincidence with another 

line into a second position ; and, as the angle may be traoed 

* 
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out by aay number of revututione of the iine> it follows that 
for a given value of a trigonometrical ratio there is an indefinite 
number of angles. But corresponding to a given angle there 
is only one value for each latio. 

If « is used to denote any integer, reprints an even 
number, and 2n + l or 2n-l an odd numl)er; positive and 
negative values may be ensui-ed by using the symbol (-1)". 

(-1)" is +1 when « is even including zero, and is -1 when 
n is odd. 

To find a general ezpareeaion A»r all tlio angles whldi liave a 
given aiao or ooaecant— 

Bet VPy a line initially coincident with CR^ move into 
a position CP, so that the angle RCP is ^ ; if (jP\ is another 
position of CP so that P^R-^-PB^ the two angles BCP and 
B^CP^ are equal, and sin 0 = sin (180''- 0). 



These angles may be increaswl by any nurul)er of revolutions 
of the line VP, that is by any multiple of four right angles, 
or 2fiir. It will then l>e obvious that all angles having the 
same sine, or coseeant, are included in the formulae 
nr + f-ir^. 

In a sipiilar manner, all the angles which have a given cosine, 
or secant, are included in the formulae 
2»ir i 0. 

And alt the angles which have a given tangent, or cotangent, 
are includetl in the general formula 

Oiuphiea> measnremejit of as^es.— In graphical work in 
which angles occur, the magnitudes should Ije set out, or 
meunred, as accurately as possible. Thus, when two sides 
and the included angle of a triangle are given, the two sides 
lyay be marked off aa accurately as a good scale will permit, 
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but the results obtained will be inaccurate if an error is made 
in setting out the given angle. 

The usual method adopted in setting out a given angle is 
to use some form of protractor. These are made both in the 
form of a rectangle and of a semicircle, but are rarelj suffici- 
ently accurate to enable the results obtained by them to be 
more than a check on calculated valu^. The most accurate 
results are probably obtained by using a good scale, a pair of 
compasses, and either a table of chords of angles or a table 
of tangents, Table VJ. 

Table of cbordfi. — To set out a given angle at A (Fig. 7)^ 
make the base AB equal, on any convenient scale, to, say, 
10 units ; with A as centre and AB as radius, describe an arc. 
In Table VIII. corr^ponding to the given angle, a number of 



three figures is tabulated. Multiply the number obtained from 
this table .by 10, and, with B as centre, and the length so 
obtained as radius, describe an arc intersecting the former in 
C] join A to Then BAG is the angle required. 

Ex, 1 . Set out at a given point, A, an angle of 35^42(y. 

Measure off A B equal to 10 inches, and describe an arc with A as 
centre and AH aa radius. Opposite the angle 35^ 20' in Table VIII. 
the value 0*607 is tahnlatcd. Multiplying this by 10 we obtain Gdl?. 
With B as centre and a radius 6*07, describe an arc intersecting 
the former in G. Join A to C. Then BAG is an angle of 35^ 20'. 

The converse of this exercise, i.e. given an angle to ob^n 
its measure, will not present much difficulty. Either of the 
lines meeting at the vertex of the angle may be assumed as 
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base and a lengtli of 10 nnits marked off. Then, with this 
distance as radius, an arc of a circle may be drawn cutting both 
the lines enclomng the angle. The chord can be measured 
and divided by 10, finally by referring to TVible VIII. the 
onmerical measure of the angle is ascertained. 

Table of tangents. --An angle can be determined graphically 
when the numerical value of its tangent is known. 



Sz. 2. Set out an angle of 35"^ 20'. Make AB (Pig. 8) e<pial 
to (say) 10 aniU anti draw BC perpendicular %o A B. In Table 
Vr, oorreaponding to 20^, the value 0*7089 i* tabiilatwl. 
Multiply this Alue by 10 and make BC equal to 7*089. Join 
A to 0. Then BAG it an angle of 35" 20'. 

, EXERCLSES. H. 

1. £x|wesa seven- six teenths of a right-angle in radians. 

S. What is meant by the radian measure of an angle? How 
many degrees and minutes are there in an angle radian 

measure fs r? 

o 

A Express in radians an angle of 240" and express in degrees 
the angle ^ (radians). 

A The dijEFerence of two angles is 10", tbs radiim measurs ol 
their sum is 2 ; find the radian measure of each angle. 

A Find the distance in miles between two places tm the Equator 
which differ in longitnde by ff IS', asmmiog the Earth's equatorial 
diaoMimr to be 79w miles. 
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0. What is the nait of radian nieaaure? Find the length of 
that part of a circular railway curve which aubteoda au angle of 
22||*’ to a ladiufl of a mile. 

7. Write down the valu^ of sin 132°, cos226°, tan326°. 

8. Write down the values of sin 165°, cos 132°, tan 108°. 

9. Write in a table the values of the sine, cosine, and tangent 
of the following angles, 23“, 123°, 233°, 312°, 

Find the measure in radians of an angle of 384°, 

10. Trace the variations in sign and magnitude of cos^l -sin.d, 
as A varies from 0° to 180°. 

U. Find the two least values of B if wherea=2*13r 

6 = 6-47. 

IS. The geographical mile being a minute of latitude on the 
surface of Earth, supposed sfuierical prove that the ciscam' 
ference of the Earth is 21600 geographical miles. 

18. Find in degrees and minutes the angle which at the centre 
a circle of 8 ft r^ius subtends an are of 10 ft length. 

11. A disc revolves times a minute ; how many radians is 
that per second? If the disc is 3 ft diameter, how fast (in feet jier 
second) will a point on its rim move ? 

15. The winding drum of a oolliety is feet in diameter and 
revolves ten times a minute, at what rate is the cage raised or 
lowered ? 

16. The earth being awninicd to be a perfect sphere, and a 
geographical mile being defined as the length of |n arc of the sea 
which subtends an an^e of T at the centre of the earth, show that 
the earth’s radius is approximately equ^l to 343B geographical 
miles. 

17. Express in radian measure the least uigle of an isosceles 
triangle, in wUoh the vertical angle is one-half of each of the angles 
at the base. 

18. The radius of a railway curve is 1 ‘5 miles. Fuvh the angle 
turned through in 40 sec., in radians and degrees, by a train travel- 
iing at 50 miles per hour. 

19. If a railway train changes its direction through 25** in a dis- 
tance of 300 ft What is the average radius of the lines! 
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Trigosomotrical ratios.-- 1 u considering trigonometrical 
latios, it abould be carefuUy borne in mind that in all except 
the simplest case of the acute angle^ it is of the utmost itn> 
portance to be quite clear in regard to the direction in which 
the various lines are drawn. When this is made out, there 


will be no difficult/ in dealing with angles of any magnitude, 
angle such as A’J/* (Fig 9) traced by a line AP^ 



Fia. 3. -Ejection ci a Une. 


initially coincident with a 
fixed line and rotating 
about a fixed point A in 
the opposite direction to the 
hands of a clock (or anti- 
clockwise), may, as has licen 
seen, be expressed ntinieri- 
caily by the number of 
deffree* or radian* in the 
angle, or simply be indi- 
cated by a letter, such as A. 

Such a line as AP carries 
with it a number of asso- 
ciated lines, or ratios, and 
although these are probably 
familiar to the reader, it may 
be useful to refer briefly to 


them here, and especially to indicate how, by means of such 
ratios, angles of any magnitude may be represented. 

If from P^ a line PM be drawn perpendicular to AX and 
mee^ng AX in if, and similarly PN is drawn perpendiculai 



TRIGONOMETRICAL RATIOS. 


23 


to JTl then JJf ia called the projection of AP on JX; and 
jy the projection on AT. The following ratios are at once 
obtained : 


JTF 

A? 




jp=cmA, 


ilP 

AM 


=:tan Ay 


if AP-Ty then the projection Aif=rco8 A ; or, the projectton of 
a line of length r on another to which it is inclined at an angle 
A la rcoaA, 

Since APmay denote the edge view of an area, the preceding 
statement may be applied to an area. 

The angle APM~NAP (Fig. 9); 


AX 

AP' 


But 


2 -^=cos cos((X>°- J)=sm 


Hence, the projection of a vector r on an axis AA'^ to which 


it is inclined at an angle 
A, is rcosA ; and on the 
axis or, or axis of y, is 
rsinA. The two projec- 
tions just referre<l to are 
called the rectangular com- 
ponents of the vector AP. 

In the case of an obtuse 
angle B (Fig 10), the pro- 
jection is in the negative 
direction, and the cosine is 
negative. The sine remains 
positive. Thus, if B is 120”, 
cos 120“= -cos 60” ; 
sin 120" = sin 60“ ; 
tan 120"= -tan 60”. 

For an angle between 
160" and 270", say the 
angle C, the projections 
giving the sine and cosine 



Fra. 10.— ReotADgukr oompmeota 


of C are both negative, while the tangent is positive. 
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Final I7, for an angle between 270* and 3^", it will eaaily 
be made out from its projections that the sine ia negative, 
the cosine is positive, and the tangent is therefore native. 

NflgatiTe angles.— As already indicated, positive angles are 
angles formed by the rotation of a line in the oppomte direction 
to the hands of a clock. It is, however, soinetioies convenient 
to deal with angles fonued by a line rotating in the opposite 
direction, or clockwise. Such angles are called negattve aai^ 
Thus, an angle of 340" could l<e obtained by the rotating line 
describing an angle of 340'’ in a positive direction, or an 
wangle of 20” in a negative direction. 

The ratios for such angles (Fig. 11) are found by the same 
rule as for positive angles. 

oy 

Thus cm{- ^ and is positive, 
sin ( - J) = and is negative, 

* oy 

and is negative. 



Sam or Difforenee of two aaglat.— Let DEF (Fig. 12) 
denote an angle A, and FEC an angle B. At any point P in 
•EF^ draw PH at right angles to EF^ meeting EC in H 
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Draw SN and PM perpendicular to BE, and PK parallel to 
DE, 


As the angle KPE is equal to A, and KPU is complementary 
to KHP and to KPE^ it follows that the angle KHP is equal 
to A. 


We have 8in(A + i?)- 


NH EK^KB MP^KH 
EH EH EH 


UP E^ KH 
’ EH'^HP ' EH 


= sin J cos cos A sin B ; 


. .. 1 .i . D. EM-NM EM-KP 

similarly, coe(J+a)=^^— 

_m EP_^ m 

^e 'p ' EB ph ' eh 


COS 5 -sin A SID i?. 


If the angle FEH is equal to i7, then the angle DEB is 
A-B. 


sin (A -5)^ 


XB _ 
EH 


EH 


MP-’ffX 

EH 


UP PH 

EH PH* EiP 


= sin A cos - cos A sin 


The result may also be obtained by writing for B in 
the preceding. 

In a similar manner, 

cos (A -^5)= cos A cos B-^-sin A sin B, 

So, too, tan(J+£)=^^^ 

8inAoo8.g+co8A8in^ 

”* cos A cos .B- sin A sin B 
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By dividing numerator and denominator by ooaAcoef, we 
obtain 

sin A cos B co a A sin B 
eosA cos jl^coe A coa j? tanA-btanB 
coa A oofl i? sin A ain 1 - tan A tan^* 
txwAcosfi coeAcoa5 

The last result may also be obtained geometrically as 
follows 


tan(A+B)s= 


A’iV~ £M - AT 


Then, by dividing numerator and denominator by £Mf 
MP ^ 

^“AT £M 

* But from the similar triangles PffK and P£Mf 


KIl EM 


, tan(A + ^= 


EM^luP' 

tan A 4* tan B 
\ ~ tan A tan M 


By proceeding in a similar manner, we find 

* * it m tan A - tan B 

* ^ 1 + tan A tan B 

Tests of the alxive formulae should l» worketl out by the 
student, using simple ratios, and the results obtained checked 
by reference to Table VI. 

Thu9,'if A==4.V, then A+B*75“. 


tan (A 


tan 45’ + tan 30’ 

1 - tan 45’ tan 30*’ 


si v'S+l 4 + 2v^ ^ 

s/3 
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Thus, tan 75** « 37321, and referring to Table VI, opposite 
tan 75** we find this value tabulated. 

Again, A - 5= 15^ 

* / i 46® - tan 30“ 


tan(A-5)= 


I + tan 45“ taa30“* 


tenlfi’^OWO, 

and this is the value found in Table VI. 

We have now found the following relations connecting 
simple with compound angles. 

sin (A +/?)=8m A cos j5+co 8 A sin B. 0) 

sin (A - fJ)i=!8in A cos /?- cos A sin 

008 (A + /?> = cos A cos - sin A sin 5 (3) 

008 (A - /?) = cceA CM^ff+ain A sin B. ...(4) 

These rraulta may be combined thus, ^ 

aUi (A ± B) = sin A cos B ± eos A sin B, 

co8(A±B) = eM AowB:;;iBiiiAtliiB. ^ 

= (5) 

1 qptanAtanB 

By adding (1) and (2) we obtain, 

sin (A + ^) + si n (A - J7) = 2 ain A cos (6) 

We may conveniently replace A+^ by 1\ and A-^ by Q, 
AA-B^P, 

or, SA^P+Q, 
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Heiice> by the appropriate modification of formulae (1) to (4X 
ve obtain 

p^Q p^Q 

sin /^+sin§= 28 m — g co * — 2 » 

P+0 P-0 

sin /'-sin $== 2 oog— ^sin - ■ 

A « 

P+O P -0 

006 /'+C08 ^=2eos — sr^cos 

2 « 

cos (? - cos P= 2 ain sin 

K Z 

These results way be expressed in words: 

nai of two aULM»twiee the alne of half sum 
X ooetne of half dlShreiue of the anidM : 

dUteeaioe of two ilnee=»twloe the ooaiae of half fom 
» X due of half dUEtoenoe of the ani^ea ; 

snm of two eoabua^: twice the costae of half sum 
X oosiiie of half dlitBrenoe of the anc^les ; 

dUlBrenoe of two coalii«B=ialiHu twice the sliie of half sum 
X line of half dlfferenoe. 

PonnnUe connectiac angle and the double angle. -If 

in the preceding forroulae A is equal to then 

6 in* 2 «I» 2 emdcoed, 

COB 2.^ “OoeM - ainM 

- 2 coB^d - 1 » 1 - 2 sinM, 
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The preceding reeulta may alao be oWioed in a more 
direct oianDer aa follows ; 

Lot jSOP (Fig. 13) be the angle A, and NOQ be the angle B. 
Draw the line OR bi- 
secting the angle POQ. 

Then, angle NOR 
=^+i(A-J5) 

Draw J^RQ perpen- 
dicular to OR. 

From points P., Q 
draw the perpendieulaia 
PM, Rl, and qS. 

Then ML^IN. 

Sum of the projections 
of G/*and Oq on 0X~ 

2 (projection of OR), or 

0Pco9 A + 0qcosB=20Rco8j(J +B). (1) 

Also 0R=0PcosP0R-0Pcoai(A-B). 

Substituting this value of OR in (1) ^ 

OP COB A + Oqcoa 5=20/*(xw|{A i-B)coa^(A -B). 

As ORP and ORq are equal and similar triangles, OP^ OQ. 
Hence, dividing both sides by OP; 

coiA4-oosB=2oM^(A'pS)cosi(A*-]^ 

By projecting on the axis OF we cSn obtain the sum of 
two sines. 

Thus, the projections of OP and 0^ on OF is twice the pro- 
jection of OR on OF; 

or GPain A -f O^sin j5-2x 0^ein|(A-f N), 

but 0R=0Pco6P0R^ op cos i(A - B ) ; 

/. 0i*8in A -l-O^ain i?«2xOPBini(A-h5)coBj(A-^; 
sinA-HilaB>:^2at&^(A+B)eM|(A'BX 

From Fig. 13 it is seen that; 

Projection of Oq on CIA- projection of OP on OX together 
with projection of on OX ; 
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projection of OQ on OX^OQocuB \ 

OP on OX—OPco&A ; 

Pq^^PR and Pi7-0P8ini(d-J5); 
projection of PR on OA' is ifX=/fr=/*N8in^(A+jB); 
also projection of 7*^=2 projection of PR 
=2P^8ini(A+5}. 

Substituting for PR^ 

U^coe UP cos A +2UP8m +P) sin J(A - J5), 

UP(c 08 P-cos A)— 2UPsin J(A +P)8in J(A ~~B) j 
oiMB-oo«A-2Bin|(A + B)Bin|(A-B)L 

In the formulae for 8in(A+7?) and co8(A+P), by writing 
~B for B we can obtain the corresponding formulae for 
8in(A-P) and cos{A-B), 

Again, in sm(A-iJ), let then 

«iu(A - A)=8mO=Bm A eoe A - cos A sin A =0. 

In cos(A-P) let P=.l, 

cos(A - A)~co«0-co 8 A cos A +8in A sin A 
^ = co 8*A + sin^A - 1 . 

Inverse Eatios.— A very convenient method of writing 

5 6 

810 0== is to write it in the form 0=8in~*= which is read as 

• * . . 5 * 

the angle, the sine of which is - ; this is also sometimes written 

.6 ^ ' 

arc sin Thus, if sin 0=O‘484R this may Vie written eitlier as 
7 

0=8in~^O*4848 or arc sin 0'4^48. Similarly tany=0’364 may 
be written y=tan^*0'364 or y~arctantr3(V4. 

Mnmeiienl values. —We may use the formulae now obtained 
to dnd the numerical value of sin 15% cos 75% sio7d% cos 15% 
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Aa cob75*— sin 16* this result is also the value of cos 75*. 
Or, we may proceed to find the value of cos 75° as follows; 
cos 76“ * cos(46“ + 30“) *= cos 45* cos 30* - sin 45* sin 30* 

as before. 


cos 1 6 * = co 8(45* - 30“) = cos 45* cos 30“ 4- sin 45“ sin 30* 

1 \^3 ,1 I 

and hence sin 75"= cos 15“= 

W 

The two fraetiona may bo^implified in the usual way. 

2v^ ^ 


_ n/3-1 s/2(k^~1) n/6~v^2 

1 bus, p- = ;; = : • 

2v/2 4 4 

The values of and v/Ican be 'at once obtained by loga- 
ri^nis or from a table of square roots ; 

i/ir^=i;^=0'2588. 

4 i 

Referring to Table IV. opposite wnll? we fijd this value 
tabulated. 

In a similar maoner we have 

. s/3+1 ^/6+^/2 

sin <5 = — p- = — r — =0*9609, 

2^/^ ^ 

and this agrees with the value tabulated. Proceeding in this 
manner the student can make exercises for himself, taking 
various numerical data from Table IV., then obtain the sine^ 
cosine, or tangent of the sum or difference of any two angles. 

Thus, if A=20“ and 5=43*. * 

Then 8in(/f +J9)=8in(20*+43*) 

- sin 20* COB 43“ + 008 20“ sin 43“ 

= 0*3420 X 0-7314 +0-9397 x 0*6820 
=0*2601+0*6409=0*8910. 
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Beferring to IV. we find that this value corresponds 
to sin 63* : 

8in(20*+43*)»8in63*. 

From the formula 

sin ( J + i5) -sin -d cos cos if sin j5, 

we have (when A-B) 

sin =:8in^f cos .4+cos A sinvl 
-SsinAeosJ. 

Siuii9brl)% cos 2A =5 2 cos^A - 1 1 - 2 8in*A. 

We can. in like nianaer^ prooeetl to find the values of sinSA 
and cos 3A. 

Thus, sin 3A = sin (2d + A ) 

=ssia2A cos A+cos2A sin A 
=(2Bin A eos A)eos A +(l - 28in*A)8mA 
= 2 sin A (1 - sin^A ) + sin A - 2 sin^A 
=s38in A “4sin^A. 


Similarly, cc«3{ I =»oos(2A + A) 

=cos2Aco8 A -aia2A sin A 
=»(2ooe*A l)co8 A -(28in A cosAjsin A 
^2coit*A -006 A -(2sinM c<» A) 
r=:4cos’A -3coeA. 

By using the ratios for known angles such as 30", 45* 
tests of the formulae for the double angle can be obtained. 

2^ L Given sm30"=:5: find sin 60", tanfiO*. 
tin fiOT ^ 2 sin 30" cos 30* 


„ 1 n/3 

=2><2><-2=T 

. ^ 2xtan3IT ^/3 « 

*“'»*=iruirar=“l=''i 

‘•J 
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Kx, 2. Gitreo ninA-^i find eixi2A, oo»2A, And tiii2A. 

D 

'■^^=±V‘'-(l/=4 

Taking the positive sign, then, 

8m2J=2>{|x^=^ 
b D 2o 

cos2d — 1 “2sin*A 


-1 _2x“-— 
-* ^''25“25 


tanSA = 


8in2A 
C08 2A 


7‘ 


'The preceding formulae for multiple angles may be us^ to 
verify various trigonometrical identities. 


iix. Prove the following statements : 


(i) 


sin A + ai n B 
cosA +C 08 B 


= taiiiU+5). 


(ii) 


sin ^ + 8in(g + 0) + 8iD(tf+20) 
co8<?+cos(^ + 0) + coe(?+2^) 


(i) 


sin A +8in B 


2Bin^co.d^ 


co«A + coe^” 


2 

TTHT 


:a^ 


2 ^ 
=:taiii(.d +B). 

(ii) The given expression may be lA'itten 
{sin {0 + 2^)-i- sin 9\ + sin {$ + 

(cos ( ^ + 20) + cos + COT (0 + 0) 

- -rin(tf + ^)cos^+8m(tf+^ ) 

^ 2 cos (tf + 0) cos ^ + COB (fl + ^) 
_8mj^+0UljK2o^ 

C08(tf + ^)(1+2 c08^) 


It will be noticed that the sum or difference o4 any two 
sines, or {^nes, can be obtained in the form of a product 

i2t.4. «in6i+am4i=2«m^M^^coi^®i^^ 

ac2sm{iA ofwA. 


M.Mf. 
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&.A MoaA-8m3A=2c«^y-^j«n^5~M^ 

=£2co6i^ sin J. 

SimiUrlyt cm 6J +ooe4.i =2 cos 5^4 cos^, 
and cafl3.d - cob 2 sin id Bm.d. 

The preceding direct process must be clearly underetood, 
then the (^nveree process given a product to obtain a 


sum or difference) will not present much difliculty. 


£x,e. 

Express 2stn 5d cos d as the sum of two sines. 


Let 

tinjr+ainy^2ain5d coed. 


Then 

^-^=oA, 


or 

x + y~ lOd ; 


also 

Jf-y= 2d : 

. . X = ed, 
y = 4d. 


Hence, 

we obtain 

sindd + 8in4d =:2sii) 5d coed. 


Ez. 7, 

To show Itiat o = 6 cos C+ c cos 


Given 

-r“~4* say, and A + 5 + <7= 180". 
sm d Bin BUD C ^ 


Hence, 

0 “irsind, 

(0 


b^irsioH, 

.... (2) 


c^itsinC*. 

.... (3) 


Multiplying (2} by co«C and (.3) by ooa£ we have 
6 COB C sin i? cos C 
, ccmB-k$inCcoiB 

adding 

6 COB CV e cos .03E b (ain li COB C -f COB .6 sin (7) 
=ilrsin(i9+0’)=;bsind, 
becauae ^ aiB|5+C)-rin d ; 

bcC$C^€CO§BssJt^A^(L 
In like manner we can obtain 

acosC+eoosdab 

aooe^+boosdsc. 
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EXERaSES. IIL 


1 Given coBi4»|, co*5=||. Rad ■{n(ji+^) and c 08 {^ +5). 

2 . The cosines of two angles of a triangle are f and respec- 
tively ; Snd the sine and cosine of the remaining angle. ' 

3. Prove that cos 20** cos 40° cos 60*^ cos 

4 . Prove that cos 20 ° + cob 100*+oos 140° -l-cos90°=0. 

6. From the relations a^shcosC+ccosP, h^acoeC-fccos 
c=acotB+bcwA i show that a*=:6*-l-c*-2^oo8v4. 

6. Write down the formulae for sine and cosine of the sum and 
difference of any two angles, and prove any one of them. 

If x= sin '^0*4348 and y- tan '^0*364, find the value of co8(x-l-y). 

7. If coaa = | and cos^=g, find the values of cos^-— and 
cos^ the angles a and /3 being positive acute angles. 

8. Prove the formula 

sin (.4 - .fi) = sin >4 cos £ - cos i4 sin 
and write down the corresponding formula for coB(.i-^). 

If sin 4 =0'8 and siDf^=0'G, find the numerical values of 
sin {A - B) and cc«{4 - B). 


Prove the formulae 

sin 34- sin v4 


= tan4.. 


COB 34 + cos A 
(ii) 4(coa’10°-l-8in*20°) = 3{c0sl0° + BiD20“).’ 


10. 4 and B are the angles of a triangle. Given cos 4 show 

how to construct the angle 4, and find the sine, tangent, and 
cotangent of 4. 


11. Show that 

(I) sin (4 +5) -I- ami(4 -5) =2 sin 4 cos 5. 

{ii) c08{4-l-5i-l-cos{4-fi)=2co84cosP. 

(ill) sin 70° = sin 10“ + sin 60°. 

12. If Bin(4 -h^)=:0'8, and 8in(4 -^)s:0'6, find the value of 

tan 24. * 


18. Prove that 

(i) sin 80°= sin 40° -I- sin 20°. 

oos2a+eo8l2a , cos7a-oo8 3(i . A8m4a ^ 
coi6a-l-oo68a**‘ooatt-ooe8o‘^^iim^"''^ 
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..... sin«+nn/3+sui(af fl) 

^ »ina4-8Uij9-8in(a+/9) 2 2" 

tiv) + 


lA Prove that 

twi *4 


cot* 4 
"l + cot*ip 


1 coa*4 


l + cot*tf'” siutfcos^ 

Show that 

16. 

C 08 X aiar 

W, ^ =: 8 in* + co»x. 


1 - tan X i - cot ;r * 

17. 2+4cot*2.^==taa*.<<+cot»i4'. 

ud*A ~ 

sin B coil S' 


IS. taa(i< + JS)=- 


'aui J C 06 A - 

29. (a) Fhid the numerical values of the sine and cosine of angles 
224” and 75* respectively; (6) given 1^/2= 1-414 and ^^=2*449, 
imlcolate the namerH»d valae of 27 + 32iin 195*. 

90. Show Uiat in a U^gle ABC, c=acosd+5coiA, when 
tile angles A and B are acute, and when ooe of them (A) is obtuse. 
Given 5=A <:= 10, find oos C, sod frMn it find 0. 

9L Show that sia(A+iOsstnAoos A+sinfiFcosA, using the 
relation c^acoe^-tdcoeA, having given A +8+0^190*, 

99. In tfaeHriangU ABC, if AT is the middle point of BC, show 
that 4AJf'=5»f-^+acoosA. 

If /IC is 6 inches long, find the length of AM, when 
' tsaG^S taa5=9cot d. 

91. Show b<nr tbS formula for tan(A + i3) in tenra lA tan A, 
tan^, may be dodooed from tim formula for stn(A + ;&) 

91 Prove that oos(l95*+A)’fiin(135*- A )=:0. 

If tan A = ^ 

96. Assumiiig that 

sin (A + if) » sin A cos if 4' cos A sin A\ 
OM(A-h^s:oosA oosA-sin Alin Ar 
find fn Mnna ol the ratios of A tbs values of ain2At oos2A, 
A 


and tan that tan (A - fi)*0'37A 


tan2A, sin^, oos^, 


and tan 


r 


91 If detennins tht valuit of ocm99, tinSS, oosx 



CHAPTER IV. 

TRIGONOMETRICAL EQUATIONS. 

Solatioa of Trigonometrical eauations.— An equality of 
two expressions involving trigonometrical ratios, which is only 
true for certain definite values of an unknown angle, is called 
a trigonomstrical eqnatioit The process of solving such an 
equation is in many respects similar to that adopted in an 
algebraical equation. The object is to find a value, or values, 
of the unknown angles which will satisfy the given equation. 

Having obtained such an equation in its simplest form, so 
that a trigonometrical ratio (such as sine, (X)sine, or tangent) is 
on the left of the equation and its nunierical*?alue on the right, 
the angle can be ascertained from Tables IV,, V,, VI. The 
process may be seen from the following examples. 

Sx, 1. What are the ^'alues of A less than SfiO^wbicfa satisfy 
the equation 2 cos A + 1 =0. 

Here 2co8A= - 1 ; 

COB A = - ^ , 

or A =120* or W, 

The general value is given by 

rads. = (2»+l)r±| 

or A*=(2n+l)180*±60’. 

2. Find a series of values of A which satisfy the sqaation 
sinA^J^O-Sm 

From Table IV. O SSSSesm 10* 28^ 

Hsnes one angle Is 19* 28^. 

All the ingles whose sine la ^ may be obtained from the fonmila 
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Thus, when fi=0 19' OS'. 

„ iis=l, A=sl60’32', 

,» fl=2, A=S79*28', 

„ Hr=3, A=sS20'32'. 

etc. etc. 

Sz. 3. Solve the equation ein^+coe^sN^ 
Dividing both aidee of the equation by 
1-^1 

^Bin 0+^co8tf=l ; 
sin ^008 45” +coe^ sin 45'= 1 ; 
A sin » 


General value is 


tf+^=(4n+l)^, 

r 9t 13t 


Bz. A Solve the equation coeec0 + oot^=v^ ; 

1 . COB? f- 


sin? 2 d? 


Now 1 +cc«?=^2cos*^, and sin?=28in^ coe^ 
SubsUtating 2coe*~ 


cotg=\^S, 


_ ? r 

or ^=gor( 


and the general valoe (d)tained Irom g^^*!*** > 






SOLUTION OF TRIGONOMETKICAL EQUATIONS, 39 


Sk, 5. Find all the p(»itive valaes of 9 not exceeding 180° 
which satisfy the following equations : 

(a) Tsiatf + %/3co8ff=0; 

{b) sin 39 + cos 5 ^ =008 

(a) 88in*9-7Biii9+\/3oo8^ss0. (i) 

As sin 39=3810 9 -48m’9 {see p. 32), 

8 8X0*9 = 6 sin 9 - 2 sin 39. 

Substituting in (i), 

(68in9-2sm39)<‘7sin9 + N^coB9=0; 

>/3co«9-8m9=28in39 {iij 

Also cos 9 - sin 9=2 sin (60° - 9). 

Hence (ii) becomes 

28in (60"- 9) =2 sin 39 ; 

39 = 60"-9+{-I)’'(2n+l)T, 
or 49 = 60" and 9=15°. 

Other values arc 39= 180" - (60" - 9) ; /. 9=60" j 
and 39 = 360“ + 60" - 9 ; 9= 105". 

Hence the values are 15", 60°, 105°. 

{b) sin 39 + cos 59 = cos 9 ; 

sin 39= cos 9 -cos 59 

=28in 39810 29.... (i) (p. 28) 

The value sin 39=0 will satisfy this equation; 

39 = 0, 180° or 360°, 
or 9=0, GCr, 12(y. 

Dividing by sin 39, we obtain 

l = 28in29; 8in29 = L 

or 29 = 30“ or 150“ ; 

9 = 15° or 75°. 

Hence, the values are 0°, 16°, 60°, 76°, 120°. 

PlimitiAhlnn. — In trigonometrical, as in algebraical eqna* 
tions, from a sufficient number of distinct and independent 
equations one or more unknown terms may be elitnioated. For 
thU purpose the relations between trigonometrical ratios, such 
as 8m*^+co8*d=*l, aec*d-l+tan*^, etc., are very important. 
The following examples will serve to illuataate some of the 
processes whi^ may be adopted. 
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Ex, 1. EUmiiiAte $ between the equations 

a8ia4+&coe4=m; (!) 

acoe4-6sin4=ii. (ii) 

Square equation 0), then 

a*8in’9 + Mco^ + 2ci&sm^oo8tf = (!!!) 

SimiUrly squaring (u), 

a*coe^+6*sm^-2ei58intfco8tf=n*. (iv) 

Adding (iii) and (iv), 


a’lsin*^ + cos’^ ) + ft>{iin’(? + coe*^) = w* + »* : 


Ex. 2. Eliminate ^ between the equations 

z-=2hcoe^coe2^-fi)cos^; 

y = 2hco8^sin2^-68in0 

Divide each ^equation bj 6, then 

f = 2 cos * cos 2* - coe 0 j= (cos 3* + cos ^) - coe ^ = COB 3^ 
0 


Y = 2coe^sm2^-sin ^=(sin30 + sin^) - sio^-sin 3^ 

p 


Square and add, 


I® I/® 

* p + |5='«»*30 + «n*3^-l I 
, /. z* + y» = 6». 


M) 

.(«) 


Ebe. A 
Show tut 


(^+ooetf+oo4»3)* 


(I+oob4)* 

ie. fll+ooetfJ’{;^-l)+j5^V*+{q*+ooe4+ooe^)*»0. 

hence (!+ooed)^(f^- l)+pV+(9*+coed+ood*4)* 

*(1 +coetf)»(/>*-l)+;>»(Uj)^«00i*4) + (l -fj^+coid)* 

=s ( 1 + eoe 4)* Ip* - 1 ) + j!^( I - one* 4) - jK* + (1 + coe 4)* - 2/)* ( 1 + cos 4 ) + J5(* 
*(l+coe4^p*+p*|I o00e*4)-‘S^(l+00B4) 
«p*{!+2coa4+ooi44+l'Ooe*4-2-2eoe4}:sO. 


Ar.A If psl+dfl^4l 

• q«l-hooi^4/’ ‘ 

Show that 2(;4+q*)-f'99*siS7U+ooc*4). 
Vnn (1) we obtain 
Alta y*l-fl-oo^4B2-coB44, 

gsl-fCO^I. 



EXKRC1S]E^ 


U 


Multiplying 

/. 2(p» + 9>) + »9«=2(/»+g)(j7»-p9 + 9») + 93» 

sa6(4-4coe*<? + co«*tf-2-co^^ + ccw*^ + 1 4-2 cos’ll +o(M(*d) 

+ 9{I+2co8*5 + co8*ff) 

= 6 { 3 - 3 COB* I? + 3 coe* ^ ) + 9 ( I + 2 008 * 4 . coK* 

=27(1 +<»8*^)- 

EXERCISES. IV. 

Find values less than 180* which will satisfy each of the 
following equations : 

1. 5 tan*x- 80 c*j: = ll. 

3. 2cosld8m.d=\^cosl^. 

e 

5. cos".4+2iin*jl -^sin j4=0. 

4. tan if 4 - 3 cot X =4. 

8. 2BinM -5 co8^ =4. 

6. 8in7ic-8ina: = 8iii3ir. 

7. (i) I78ind=15gmfl3*18'; (ii)c<tttf=cos3r59'co*153*18'; 
jiii) tan29= -sis 52*2'. 

8. 28m*^ -(1 4-N/3)8in2Ld4-2>^co8*i4=0l 

9. 8is*sr4*cria*x = 3co88;, 

10, cosa;+N/S8ina: = l. 

11. itanx^s/^sec^x. 

13. tanxtan2x=l, 

18. Un*x-(l4-^/3)tanx4-\/3=0. 

14. cos344 4-co8 5.4 4-s^(cosil4-sin,d)coajf=0. 

15. What is the value of $ less than 380* which satufies 

equations; 58in^ + 3=0, and 5 cob84-4=0. 

16. Find a value of 0 which satisfies the equation 

sin + 2 cos r 4- 4 tan j = 1 . 

IT If 008 41*24' = ! 5nd an angle 0 which satisBes the equation 

4co820 + 3=O. 

18. Find the value or values of 6 less than 180* which saUafy 
the equations : 

(i) 2costf4-l = 0, tii) tantf-pl = 0, (iii) ISain^S. 

19. Find the values of $ between (T and 180* which satisfy the 

equation tan^-4tan¥+3sr0. 

90. The sine of 28“ 24'=0’4448 l Write down the' vidues of 
ooa243*36' and BinS33*86'. 


V.PIL 


b2 
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SI. Find the four least positive values of 9 which satisfy the 
equation 2tan*2^=4’6. 

SS. Calculate the values of 6 between 0’ and 360“ which satisfy 
the equation 1 7 tanV - 14'4 = 0. 

S& It is known that A and are each less than 90“. If 

A-tan ~*2 and tan21 $:^ n^‘165 

o 

find the values of A and B correct to the nearest minute. 


SI Find the least positive value of B which satbfies the equation 
24 ton* ^-15 = 0. 


S5, Find a positive value of 9 less than 180“ which will satisfy 
the equation 



Mil ■ 


719 

1719* 


Sft Solve the equation 

6tan*ar+8ec*j~7, 

37. Calculate the value of e less than ISO' w'hicb satisfies the 
equation cos ^ = cos 45“ coe 139“ 6'. 

S9, Find all the positive values of $ less than 360“ which satisfy 
the equation ^ 4sin*fl -2ain^ - I ^=0. 

29. Show that 8(8in*42“-co«*78') = v^+l. 

30. Find a value of $ which will satisfy each of the following 
equations; (a) 28m*^ = 3cosS, {h) I + 2 sin- ^ 2 cos^ <?. 

31. Determine the least value of ^ which will satisfy the equation 

v^3^tan* 0 + I - ( 1 + v^) tan 

32. Find the two least positive values of A and B such that 
sin A -f sin and 24 taa^2.5- 15-0. 

33. Prove that coe 9“ - sin 39“ - cos 60“ + sin 99“ - sin 

JO 


34L Find the least poeitive value of B which satisfies the equation 
24 tan* 2^ -H '97=^0. 

35. If 4ootS9=oot*5-tan*5, prove that all p^sible values of 0 
are given ^ $snv±^- 

39, Find a nine of 0 which satisfies the ^oation 
5coe5 + 7sin5=:5’915. 

S7. Find tbs valnes of A which satisfy tbs sqaatlcm 
cos 8A - cos 6A + cos 3iA «s 1. 
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INDICES. LOGARITHMS. 


Indices.— Tbe l«tt«r or ntunber. placed near the top and to the 
rli^t of a quantity', which exineeaee the poorer of a quantity, ie 
called the index. Thus, in a^j a\ the numbers 5, 7, and 9, are 
called the Indlcee of a, and are read as a to the power fire” 
“a to the power seven,” etc. Similarly a* denotes a to the 
power 6. There are three index rules or laws. 

First index rule.— To multiply together different powers of the 
same quantity, add the index of one to the index of the other. To 
divide different powers of the same quanti^, subtract the index of 
the divisor from the index of the dividend. « 

Thus, X fit* = (a X a X a) (a X a) = 0^+2 

Ex. 1 , a* a® = a*'*'® = a*. 

Ex. 2. o»xa»xa«=a*+»^‘=a* 


These results may be expressed in a more general manner as 
follows : 

«"• = (a X /? X a. . .to m factors) 
and a" = (rt X a X o. . .to ?i factors), 

a"*xtt'‘-(axaxa...to m factors) (axaxa...to n factors) 
“(« xa xa...to ni^n factors) 

=a"*+". 


This most important rule has been shown to be true when 
and n=5. Other values of f» and it should be assumed, 
and a further vecification obtained. 

fit* axaxaxaxa 
a®" ax ax. a 


Also 




a”* axaxatom factors 
a" ~ a X a X a to « factors 


Similarly 
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In like manner, the product of anj number of positive or 
negative integers m, n, p,... is given by 

a* X a" X 

It is often found convenient to use both fractional and 
negative indices in addition to those described. 

The meaning attached to fractional and negative indices is 
such that the previous rule holds for them also. When one 
fractional power of a quantity is multiplied by another 
fractional power, the fractional indices are added ; and when 
one fractional power is divided by another the fractional 
index of the latter is subtracted from that of the former. 


Hence, the meaning to attach to is the square root of a ; 
to is the rube root of a squared ; and to the cube root of a. 


Thus, 

Alscs 

and 

Again, 

AJso^ 

Similarly, 


^ can be written as 
ifa can be written as a^. 


1 


o'i 


— »a’xa *. 

o* 


axaxa 




axaxa 

General^, since «■* x o" is true fmr all values of m and 
If a be 0, then 
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Again ( j) = | ■ 5 - to « factors=^. 

If a=l, then 

a" 

Similarlj 

Hence, anj quantity except zero raised to the power 0 is 
equal to 1. 

Second index rale.— To obtain a power of a power, multiiay 
tbe two indices. 

Ex. 1. To obtain the cube of a® we have 

(a®)® - (a X a ) (a X a) {a X a) =: a*** = o*, 
where tlie index U the product of the indicee 2 and 3. 

Ex. 2. Find the value of {2*15*)*. 

=215«=98 72. 

or, expreselog this nile as a formula, 

{«"*)" = 

a quantity a"* may be raided to a power n^by uxtTig as an index 
the product mn. 

To show that (a*)" =«’"*. 

(a"*)'*=a*"xa’"... to n factors; 
but each a"* contains a repeated m ttme^ therefore 
(a’")"“axa ... to mn factors; 

If we assume m to be 4 and n to be 2, 

(a’*)-=(a<)2=(a x a x a xa)(a x a x oxo) 

Sx, 3. Which is greater v'S or 4/6^? 

Raise each of the given quantitiee to the sixth poe^r t 

(3^)»=3«=27 

{(6l)*}‘=(si)*=(W=27<H. 

Eoioe is greater than 
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Third index nile.--Te niie a proeuot to any powtr laiM oaen 
ftotor to tliat power. 

Ex, 1. (oAcd)** =a’" x t"* x c* x rf". 

Ax. 2. Let a=l, 6=2, c = 3, rf~4, and m=:2. 

Then (ai>cd)*=(lx2x3x4)*=l«x2*x3»x4» 

= 24*= 576. 

In fractional indices, the index may be^written either in a 
fractional form or the root symbol iikay be used. The general 
form ifl o". This may be written in the form Va", which is 
read as the »** root of a to the forcer m. 

^,3. 2^=4^= 4^=3174. 

Sx, 4. Find the valnee of 8*, 64"i, 4“^. 

Here 8^=4^^= 4^=4. 
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EXERCISES. V. 




1. Simplify 


i. Show that + 42^ is one of the factors of 
** + - 42 * - 162 ^). 


S. Multiply together x* - and x" + 1 + x~ 

4 Divide • 

,,»+^+fi(^+^) + 15(r‘ + ^)+20 by ^+^ + 3(*«+i). 

5. ExprcM -Jx 4- V[xy)-\-*Jy with fractional indices and multiply 
it by + 

Simplify 

6 . 

7. [(»‘i6{a'<6*(a»hs/Si)8}V*- 

8. Solve the equations 

I8y'-y**=81; 

3*=y*. 

8. (a) Assuming that a^xa^^a*^ is true for all values of 
m and n, hod the meaning of the symbols and 
(6) Simplify 

(e) Find the product of 

10, TMvWe *~^i56v^by 4x~^+y“^. 

11. Multiply a+h^ + c^- - ah^ by, + &^ + c^. 

13. (i) IVove that 

x^ + y^‘fxy(x'‘^ + y~^) _ x4-y 

-y^->zy(x”*-y"^) 

(ii) Find the value of 

x*+2y* + 22 *+&tys, when x=y+*=s^ 

18. Find the value of l+2'’*+2‘>x6'*+2-»+2-«. 
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Simplify tb« following oxprmons : 

!*• ^>'{N^?T)4/(Fr,}t 15. 

1& (i) _ W~'+P~*? + g . (U) 

17. ' 

18. (o^-o^6^ + 6^)to^+a^6^+6^), wd Bod its value when a=3| 

6=4. 

19. Find the value of * = 0*008. 

IiOlPtritllllls. — Logarithms of numbers consist of an integral 
part which may be positive^ negatiTe^ or tmro, called the index 
or charaetertattCf and a decimal part called the mantiwa Re- 
ferring to Table II. the reader will 6nd that opposite each of 
the numbers from 10 to 99 four figures are plac^ ; these are 
positive numbers and each set of four is called a man/iMa. 

The cAaracierutic has to be supplied when writing down 
the logarithm of any given number, liogarithmic tables hax-e 
been calculated for*all numbers from 1 to 100,000 giving seven 
or more figures in the mantissa, but for all practical purposes 
the numbers in such a table as that referr^ to, and known 
M ffyur-Jigurt logaritAmSj are very convenient 

By means the numbers 10 to 99 in the left hand column 
with {a) tboee aloDg*the top of the table, and (6) tboM in the 
difference column on the right, the logarithm of any number 
ooDsisting of four significant figures can be written down.*^ 

* The numerkal values of logarithms increase much more rapidly and 
the numbore In tiis differenoe oolumns are greater in the sarlter part of 
Table !L than elaswhen, and there is more Tiahihtv to error here than at 
any otha' pkee. Several methods may be daviseo to make such a table 
uniformly aoeurate, one is to ealonlate two or more columns of differencee 
for each « the ten boriaontal raws { 10<20). Another method is ae follows . 

l«t N denoft a given Domher, writo down log^, and finally add log 2. 

£c. Find logim 

Using seven figure logarithme, kg IKSw 1^1458. 

From Table iT., log U*78=l‘97l% the last figure Is In error. 

Uifiiftbendo;l^=5'fl9; /. kg6'89d-kg2«mL 
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In logaritluns, all numbers are expressed as the powers 
of some number called the base. 

TlM lofazlthm of a namber to a given base is tbe index Bbowlng 
tbe power to wUch that base most be raised to give the nnmber. 

liet N denote an^ number, and a tbe given base, then if 
by raising a to some power x we can obtain A, 

, (I) 

Thus, if the base be 2, then 2*=8; or, 3 is the logarithm 
of 8 to the base 2. This can be expr(^sed as log 28 =^ 3 . 

Also, as 64=*2*-43=8* 

Hence 6 is tbe log of 64 to the base 2, 

® jj » » 

2 » ' » ]i 8. 

These facts may, as just indicated, be expressed thus : 
lQgj64 “ 6, log464 = 3, logg64 = 2, 
using in each case the abbreviation log for logarithm. 

ChAracteristic and Mantissa. "-As will be seen from the 
preceding paragraphs any number can be used as base ; but 
the system of logarithms in which the ba^ is 10 (known as 
common logarithms) is that generally used. It js then only 
necessary to print in a table the decimal part, or mantissa; 
the chai^teristic can be written by inspection. 

As tbe base is 10, Eq. (I) above may be written * 

A^-10*; 

logj^A’^j?. 

Substituting powers of 10 for y, 

ls=10®; log 1=0. 

Also 10=101; log 10= I. 

Again 100=10*; Iogl00=2. 

Again as 0*1, 0*01, and 0*001 can be written in the form 
A or 10'*, iJj or 10“*, ^ or 10“* respectively, * 
logO’l B>log lO'^aa — I, 
log 0*01 *slog 10"* a* “ 2, 
and log0-001«logI0-*=-3. 


M. P.M. 
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The in the tables is alwajs a positive number. 

In order, therefore, to preserve its character, and to indicate 
that the ne^tive sign attaches to the characteristic aJone^ we 
write the native sign over the characteristic, Thus, logO'l 
is not written -1 but as f, and logO'Oi^i In the preceding 
cases onlj the characteristic has been inserted, for each mantissa 
consists of a series of ciphers. 

log I =0i)m 
log 10=1-0000 
log 100= 2-0000 
logO-Ol = 21)000, etc. 

As the logarithm of 1 is 0, and log 10 is 1, it is clear that 
the logarithms all numbers between 1 and 10 will consist 
only of a series' of figures after the decimal point Thus, 
log 3 =0 477 1 indicates that if we raise 10 to the power 0*4771 
we obtain 3, or 10>'*^=3. 

In a similar manner, 300 might be written as lO' x 10* ; 

300=ltf ^. 

Thus, we write log 300=2-4771. 

Similarly, J)'0003=Y(fJnir“3 x 10“* ; 

0*0003 =10*<^‘, 
or log0-0003 = 4-4771. 

The most convenient rule by which the characteristic 
may be foufld is as follows ne clianeteilatle of any number 
greater than iml^«ls poettlTe. and is leee by one than the 
number of flgnrei to the left of the decimal point The obarao- 
teilttLe of a somber lew than unity is negatiTe, and is greater 
by one than the number of seroe which fbUow the dedm al 
point 

JUk. Write down log 30 and log 0*00003. 

Here log 30 == 1 *4771 , 

and log0*00003 = 5*477l. 

• 

Mhltiplicatioii.— Add the logaitthms oT the mtdtipller and 
mBMpUcand togetiier; the smn is the lognilthm of thMr prodsot 
The number oarreqxmdinc to this lognxtthm, called the antUog, 
M the pfodnet xeqtUred. 
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Let a and b denote two numbers. 

Let \o^a^x and log&»y ; 

/. a =^10^, 

!()*+' 

or logigoi = jT+y = log a + log 6. 
Ex. J. Multiply 0-03056 X 0-4105. 

From Table 11. , log 305 = 4843 

Diff. col- for 6 9 

log0-03056=2-4852 


Similarly, log 0 *4 105 = 1-6133 

log of product = 2-0985 

From Table III. , antilog 0 -098 = 1253 
Diff. col. for 5, 1 

autilog -0985= 1254 

The numerical part of the product is 1254, and the charac* 
teristfc is 2. 

Hence 0*03056 x 0*4105 = 0-01254, 


Division. — Subtract the logaiitlmi of the diTiMU* from the 
logarithm of the dividend and the reeult ia the logarithm of the 
quotient of the two numbers. The number a>rre8pondiiig to this 
li^parithm is the quotient required. 

Let a and h be the two numbers. 

Let loga=j? and log5=y; 


Hence 


a =10* 


h 


= 10 », 
= 10*'» 


or log a --log 6. 


Ex. 1. Divide 30 56 by 4105. 

Let z denote the value required ; 

log z = log ^ -56 - log 4 • 106 
= l‘4862 - 0-6l33 = 0-8719; 
2=7-446. 

Hence 30-66 t 4-105 = 7*446. 
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I&Tdlutl(m."To oMn Um poww ot % lunMr, ttOMpKj th* 
kifuittim of ih« aomlMr ^ tin indtt wprwiwitti>g powtr 
nqviredr Um inodiut !■ tiw lofirtUun of the BnmlNr nqvlrdd. 

Let loga>-4r. 

Then a=lO'. 

And a"*{10»)"»l(r; 

logioa^'Wiur-ftloga. 

i^. L Find the Hue of 4106^^. 

Let t denote the ralue required. 

log z = 1 -23 log 4105= 2 -23 X 0^133 
=0‘7544 = log5-680} 

*=5-680. 

It should be ^refuUf noticed that the logarithm of a 
decimal number consiata of a negative characteriatic and a 
positive mantissa. 

Evolotion.— TO obtain the root of a nnmoer, divide the 
lofiitthm of the namber hj the sninber irtdoh Indlcatie the root 

Ex, L Find the cube root of 32*4. 

Let z denote the value ; 

av:(32'4)*; 

* l(%z«|log32*4»ix I*5l05 = 0*5035=log3-188; 
z=8*l88. 

No difiSculty will be experienced when^ ae in the preceding 
example, tbi eharacterietic and mantiaea are both poritive. 
Bat, as already indicated, althbngh the characterirtic may be 
n^ative, the mantian remains poative, and a little alteration 
in form ia neceesary, in order to make sucdi a logarithm 
exactly divisible by the number. 

£r. 2. Find the afth root of 0*0324. 

AMQme cs (0*0324)^} 

Iog0*0a24»2*5105. 

_ To nakn this exact)/ divisible we Inarsaw the eharactcristio to 
5, and make the neoenary oorrectkm. Thu^ 

2*6i06iS^8‘510& 

lQ8«-i(i4'S«l06)«iT'7021 •logOaOM i 


Hence 
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The ftlterstioD may be made as suggeeted; but, after a 
little practice, the steps indicated are most easily carried out 
mentally. To extract say the I*065^b i^Mt of 0O3S4, it is 
adrisable to make the mantissa of the logaiithm negative 
in order to cany out the division indicated and finally to 
make the mantiesa positive before referring to the table of 
antilogs for the result 

When it is required to raise a nunilhr less than unity 
to a negative power, it will usually be found moet convenient 
to Dudce the mantissa of the logarithm negative before pro- 
ceeding to multiply. 

Rt, 3. Calcalate the value of 0'04105~'*. 

Log 0*04105 s; 2 *61 33, in which the characteristic is negative, hot 
the mantissa is pceitive. When both are made negative 
2*6133 = - 2 + 0 ‘6133 = - 1 *3867 ; 

Jjet X denote the value required. 

.*. log«=-2‘3x{-l*33«7)^3'lS94=Iogl546; 
z=1546. 


Ex, 4. Compute the value of (6)*+(31* + (0'042y, where a =2*43, 
bs: -0*246 and c=0*476. • 

Let X denote the value required. Then substiAite the given 
values, 

x=6»^-f3-‘^+0*042f'«. 

As the three terms are connected by the signs V addition it 
is neceuary to evaluate each sepekrately aad*afterwards to add. 

Thus, Iog6^*=2*43log5=00990x2*« = l*«986=»log49*96; 

.*. 5’«=49*06 


-0*246 log3==0*4771 -0*246) 

= -0*n74«T*8826=log0*7632j 
3-«*=0*7632. 


Again, 

Hence, 



k)g0’042 = 2*6232»- 1*3768. 

logO^>42^=: - 1‘3768S( 0*476= -0*6554 
=I*3446=kg0‘2211 ; 

,*. 0<042'«*0'22U.* 
all tiie separata terms ^ 

»»49il6’f0‘76324*0*S2U»50'M. 
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Hapieiun logarithnu.— The ejetem of logarithms employed 
by Napier> the discoTerer of logarithms, and ^led the Hapierlaa 
or OTpeitolio syitam, is used in all theoretical investigations 
and very largely in practical calculations. The 'hsM of this 
system is tiie number which is the sum of the series 

l + l + i + ^ + ^|74 + -(P-283): 

Uus sum to five figures is 2 71 Usually the letter e is used 
to denote this number, as for example log 2 to base 10 
would be written log,oS or more simply as log 2 , but the 
hyperbolic logarithm of 2 is written as log« 2 . 

Tranafonn&tion of logarithms.— A svatem of logarithms 
calculated to a Imse a may be transformed into another system 
in which the base U b. 

Let S be a number. Its logarithms in the first system we 
may denote by x and in the second system by y. 

M 

Then . iV=<T*= 6 *' or 6 = 0 ' ; 

- = log .6 and = t = Iogfca. 

y ^ JF log.6 

Hence, if the logarithm of any number in the system in 
which the base is a be mintipUed by obtain the 

logarithm of the number in the system in which the base is b, 

'fhe common logarithms have been calculated from the 
Napierian logaritbma. Let I and L be the logarithims of the 
same number in the common and Napierian systems respec- 
tively, then 

log, 1 0 = 2*30268509 » 2*3026 approx.^ 

'PP™*- 

Hence, tiU comtnon logirltmn of a Biimh#may he ohtalaed by 
ntttplriaff the KapMrian logariUim of 4e eaae ntunber by 
0 * 4113 ..,. 

lb floovert cmaim into ITugglin logarillnBe antt^ly by W|Mi 

•loetentf of the meoe affffBmtf *■— **■> fOOMOOOi. 
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The preceding rules will be best understood \>y a careful 
study of a few examples. 

Ex. 1. Log 10 to base < » 2 3028. 

•• Iog4l0=2'3026, 

or €'*«=10. 

From this relation iny number which is a power of 10 may be 
expressed as a power of e. Thus, log 19 5= I -SO. 

or logiol9'5 = l'29, log, 19*5 =2-9703. 

Ex. 2. Find log, 3 and log, 8 '43. 

Iog,3 =0-4771x2'3026=l-0986, 
Iog,fl8'43=0’9258; 

.. log, 8'43 =0-9258 X 2-3026 = 2 1317. 

Ex. 3. Find log 13 to base 20. 

Here logl3 = lil39, also log20=l-3010. 

1 .1 1^0 

Metbodfl of compatatioiL— Careful attention should be 
given to the method adopted in carrying out all computations. 
These should in all cases be so arranged that any r^ults 
obtained can be checked from time to Ame as the work 
proceeds. Finally, where possible, any convenient* rough check 
should be used to make sure that the result obtained is a 
reasonable one. In working with four-figure logarithms, the 
results obtained are only approximate ; they give^results true 
to three significant figures, the fourth figure although not 
necessarily accurate is usually not far wrong. When greater 
accuracy is required, five, six, or seven-figure logarithms should 
be used. 


Ex. 4. Find the value of 

3I42'*xO<165x 10-17*®*. 

Denoting the value required by x we have 
r=.3*142‘«x0-063xl0-I7*®*; 
log log 3-142 + log 0-063 -0*09 log m? 

s 1 '3 X 0*4972 + 2-7993 - 0-09 x 1 -0072 
=0-64636 + 2‘7993-(H)8065 
= l-3660=l( 

.% XttO- 2266 . 
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Ex, 5. The rel&tioa between Qf the qouitity of water in onbio 
feet per second passing over a triangular gauge notch, and if, the 
height, in feet, of the surface uf the water abovo the bottom of the 
notch, is given by Q x 

When Hn 1> Q is foood to be 2*634. What is the value of Q 
when // is 4T 

If the area of the reservoir supplying the notch is SOOOO square 
feet, find the time in which a volnme of water 80000 equare feet 
in area and 3 inches in depth will be drawn off when ff remains con- 
stant and equal to 4 ft. 

The relation between Q and ff may be written Q = 4ff^, where k 
is a constant. 

When ^ U 1, Q2=4 x I ; /. f;=2'634. 

When is 4, ^?=2’63ix4^, 
or log log 2-634 + 1 log 4:::: 1*9359: 

84 *31 cub. ft 

Volume of water = ^^^^— = 20000 cub. ft. 

Time required = minutes. 

Ex. 6k If ptf* is ooDstsnt ; and if p = l when I, find for what 
value of r, p is 0-2^ Do this for the following values of 4, 0‘8, 0-9, 
10. 1*1. 

Let c deot^ the constant, then = c. 

Subetituting the simultaneous values p- 1, e- 1 ; 

. l»^c; .’. c=l. 

Thus when paO-^ we have 

* 0*2r‘ = l; 

1 

» = 5V=:6i*. 

Iog9ai-251og5a 0*8736; 

.*. 9=7-476. 

Similarly, when 4 ban the values 0*9, 1*0, and 1*1, corresponding 
values of V are found to be 5*98, 5, and 4*32 respectively. 

Ex. 7.* In steMD venels of the same Ihpd it is found that the 
relation between AT, the hone power ; K, speed in knots ; and 
Df the diiplaceinent in tone, is given hyHvt 

Given /f=3564a,£«.23,anai>«23000, 

6nd the probable nanwriod of if when F ia 24. 
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The relation may be written in the form 

where i{; is a constant. 

To find the ralue of substitute the given (quantities 
356«)~ix(123)»x(23000)^; 

. 35640 

23*x23O00J 

To find H when K is 24 we have 

H=ix24»x{23000)^ 

-•“■(SHS)' 

log log 35640 + 3 (log 24 - log 23) 

= 4-5519 + 0 0555 = 4-6074=:log40500 ; 
40500. 

Ex. 8. In any cljws of turbine, if /* is the power of the water, 
N the rate of revolution, H the height of the fall, and R the 
average radius at the place where water enters the wheel, then 


it is known that for all sizes 

(i) 

•. (ii) 


In the list of a particular maker a turbine for a fall of 6 feet, 
lOQ horse-power, 50 revolutions per mjnnte, is 2-51 feet radina 
By means of this n and R may be calculated for all the other 
turbines of the list. Find n and R for a fall of ^ feet and 75 
horse-power. • 

Here (iii) 

where it is a constant. 

Substituting the given valnea 

50=ix(6)**x(100)"*; 

, 500 ’ 

When H is 20, is 75 ; to find n, we have, from (iii), 
ii=500x^^y*x(76)“^ 

Iogn»^lpg500 + l*25(log20>logfi)-|log76 
c2-41fi0j 

. »=a6a 
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In a similar manner, from (ii), 


..(iv) 


Sabetituting this value for h in (iv), we have, when is 20 
and P is 75, 

IV 


if = 2-51x( 


■©■■>© 
=2*51x(0'3)*"x(0-75)“‘: 
log I? == 0-3997 + T -6078 + r-9375 = 1-9450 ; 
i? = 0-881. 


Logarithms of trigonometrical ratios. -In Table IX. the 
sine, cosine, tangent, etc,, for angles of a degrees from 0’ to 
90' are tabulated. In addition, by means of the nundwrs 
arranged in a horizontal direction, and by the columns of 
difference, the value of any of the above ratios can be obtained 
to the nearest minute. These ratios give the magnitude of all 
such angles with the csmvenlions referred to in (Tbap. II. 
Having obtaine<l the requii*ed number from the table, opera* 
tions involving m^iltiplicatton, division, involution, and evolu* 
tion can be carried out in the usual manner. 

Kx. I. From Table IX. find the values of 

sin 16 U, tanl27\ and cos 104”. 

t 

As shown on p. 17, sittJ =:sin(180''-.d). 

Hence * sin 161”-sm(180” - 161*)=:8in 19”, 

and sin I9”~0'3256=:sin 161”. 

tanl27’= -Un(180’~ 127”)= -Un63*. 

Hence, from Table IX, tan 127* = - 1 -3270. 

Similarly, cos 104" = - cos ( 180” ~ 104”) = - cos 76* J 

cos 104*= -0-2419. 

Ex. 2: •Find the valne of 

•b 161* ten* 12r + <i^{casT0i^ 

Since cos 104*= -cos 76*, 

this may be written as ^ 

*.sinirtan»68*+^(w^ 
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From Table IX sin 19” =0*3256, 
ten 53" =1*3270, 
cos 76* =0*2419. 

Now -a:=«ml9*taii^53*-r\/(ooa76"). 

.*. log( - a:) = iogO‘3256 + 2 log 1 *3270 - i log 0 2419 
=1-5127 + 2 X 0-1229 - ^(1*3836) 

= I 5127 + 0*2458 -T-7945 
= 1*9640; 

.. - 0*9204. 


Ex. 3. Find the values of 

5400 
m = — 

T 


I + sin f 
1 -sinf 


When 

(а) When 

(б) When 
Substituting in (i), 


/ = 0*, 35*, 65* 

7 = 0*, J7i=0. 

7=35*; sin 35“= 0*5736. 


5400 , 1 *5736 


=^(^0*1970 - 1-6*298^2*303 
X 0-5672 X 2-303 


(i) 

(a), (&), ic) 


{() Similarly, when 7 = 65" 

5400 
m- 


log. 


1-906 3 

0*0937 


=5180. 


Ex. 4. If a=5, 6 = 200, c = 600, sr= -0*1745 radian, find the 
value ol 

ae‘**8m(c^+y) ...(i) 


(a) When 7=0*001. 

(5) When7=-0*01. 

(c) When 7=0'1. 

Denoting the value of the given expression by y, and substituting 
the given values, we have 

y=5e-*»Mn(6007-0*l746). (ii) * 




(а) Whea t U 0'001> we beve, from (ii), 

y=5e‘«8io(0-6-0*1746)==5e-®-»rin(0-4256). 

From Tfcble VII., or by moltiplying 0'42M by 57* '3, w4 find 
0*4255 redium to be 24* 23'. 

log y ~ log 6 -0-2 log e+ log MB 24* 2y 

=0*6090- 0*0882+ I‘6157=0-2278=l«>g 1*«9 ; 

/. y=l*e9. 

(б) When t is 0*01, we have, from (ii), 

y=5e**sm{6-0*n45)= -5i'*Rn2r 12'. 
logl - y)=0*6090-0*8686+T *6442=1 •4753=log 0*2087 5 
.*. y= -0*2987. 

(e) Wbeo t is 0*1, 

y = 5f - ■»«n(60-0*I745)=-fa’»eiiir 44'; 

*. log ( - y) = 0*6990 - 8 686 + 1 'I290»91420 = log 1*387 x W*, 
y=- 0*1387 X 10 ^ or, 0*000000001387. 



Sobetitiiting this valne in Eq. (ii), we bare 
5y*6-«* ; 

logy = -3*31 logfi- logs 
«- 3*81 X 0*7782 - 0*6990 
»4^291 : 

A y=0*000631. 

Hence the valoee are sa wS' 31, yaODOOSSL 



gome simple artifioee.— WbeD a given algebraic or otber 
expression contains terms connected by the signs of addition 
and subtraction, the terms must be separately evaluated {Uid 
afterwards added or subtracted as required. 

By means of a few simple artifices it is sometimes possible 
to change such expressions into the form of products and 
quotients. 

The artifices are not, however, of much value except in those 
cases where many examples of the same kind have to be 
evaluated. 


Exy 1. Calculate the value of the expression, 

when a = U78, &=5'674 9=0*4712 radians. 

From Table IX. 0*4712 radians =27^ Hence, if x denotes the 
value of the given expression 

x:^(ll-7S)hin27‘'(ll-78+5-67r*(ll’78-5'67r^ 

^ ( 1 1 -78)^ 0 -454 X ( 17 *45 X 6 ' 1 1 r ^ ; 

Iogx=flogll-78 + log0-454~^(logW45 + Iog6il) 

= 0 -6427 + 1-6571 - 1 ( 1 -241 7 + 0 - 7860 ) ’ 

== 0-2998 - 1 -01 38 = 1*2860 = log 0 1932 ; 
x=0'1932. 

% 

Again, in dealing with quantities of the form we 

may use tan^=«^; and, as tan ^ may have any value, the 

solution is always possible; Thus, if tanO— 

a* + 4»=a’(l +^) =o’(l + tan’ ^ 

=a^sec*^, 

a form adapted to It^aritbmic computation. 

In a similar manner the fraction beoomestan 
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% Evaluate a^8Ui^(a*+6*r^, 

vbftu a=U'78, 9=: 0*47 12 radians. 

Id Table IX. , 0'47]2 radians corresponds to 27* and dn 27* -0*4540. 

Putting tan ,^^=0*4812. 

O 1 J /Q 

From Table IX. t ^ is found to be 25*42'. 

^9 

Now o* + 6®= o®sec*^ = — y-i 

cueV 

and oo«25*42'=0-90n. 

Hence, if x denotes the value of the given expression, we have 
X - { 1 1 *78)^ sin 27* (o* -r coa?^}" ^ 

= (Il*78)^xO-454x^j^‘. 

log X =: j log U -78 + logO'454 + log *901 1 - log 1 1 *78 
==0-6427 +1-6571 +1*9547 - 1 -0712 
=1*1833; 

1=0*1525. 


, EXERCISES. VI, 

Find the valne of 

1. 2-«J5»*x 011625x161)6-** 2, 231)7 x 0*1354, 2307 + 1*3.54. 


1 How tnany ciphers are there between the decimal point and 
the bret stgniticant Bgore in (01^104)^! 

Evaluate 


. (0-07197)* 

Vw ' 


». (i) V0-0!B48: {ii)U] • 


6. Find without using tables the value of x for which 

logx=3log 16 -4logl2L 

7. Calc^ie the numerical value of 

10*084)4(0*34)*. 

1. Evalyte 2*.307**‘^23D7’*». 

9. In the formula I-=:(Z)+rf )|5 + fl+-J-- 5 l, 
y£ vM 

givwi 

•find the value of L when c»20 ft, i>s6 It, and (fi=3 ft 
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10. The loB8 of energy B through friction of every ponnd of 
rater flowing with velocity v through a straight circular pipe of 
engtb 7 ft. and diameter d ft. ia given by 0 *0007/0® -rd. 

Given v=8*5 ft. per ecc., 1=3000 ft., d=6 inches, find E. 


11. Find the value of E from the formula 


vhen ir=15, 1 = 18*23, d=3, a = f. 

12. If a: = e^*, find a; when e = 2718, /t=0'4, 0 = 3*142. 
Also find X when /i=0‘7 and 0 = 180*. 


Evaluate 

/ 8^x11* (21 43)®x.314‘2 x 0-0642 

l*236xv/«^“' 

15. From the equation 

0^806300 

LxD ' 

find P when 7^ = 20, i) = 36. 

Also find the value of P when ^ is used instead of the more 
accurate value 


16. The relation between p and v may be expressed by 
(i) py=c, (ii) (iii) pw^“=c. 

If when p is 1*5, v=I, find p in e^h case when i^3*5. 
Also find in each case the value of v when p is 0*5. 


17. If u? = 144{pj(l + log,r)-r(p 3 + 10)} and if pj = 100, p. = 17, 

find 10 when r is Ii, 2, 3, 4. * 

18. Compute 2 307"« and 23 07-** 

19. To what base would the numbers given in Table IL have 
logarithms double those actually given? 


90. Find the square root of 

%/0^^xs/3rT5 

0*00081 

<« o , . (7-26|ix 1-005 
a, Evaliute — (o - qg^r, — ■ 

98. Evaluate I from the formula 


I I iV 

given 4=88'2, 
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n. Find X uid y from the equations 

iogi# + logio y* = 1-407 1, 
logjoX-logioy^OiWOa 
M. Find the valne of one root of the eqnation 
(4)»*-S{4)'+12=0. 

25. Find to three decimal places a value of .r which satiafies the 
equation 5 »+s_gii-i 

*6. Find log 

Solve the equations 

27. 2» = 9. 

oa . 11*6x0-4785 

“■ owr- 

W'f* 

29. Evaluate jfiT fronr the formula given IT- 16, f=90, 

/ = ^(0-373)^ and 4 = 2-44 t25-4. 

64 

90. Find the value of x correct to three places of decimals that 
satisfies the equation 

21. Solve the equation lOo'^lOO. 

92. Find the lo^urithms of 

V 6 ; |viT?: 


29. 

91 


Find the lo^rithms to base e of 


(i) 


H 


(ii) 


51*2’ 


(iii) 




Prove that 7log|| + 5log^ + 31og|i = l<^2. 


85, Solve the eqttation 

6r=(»)-. 

86. If 

and if * D^Xf ^=0*4, L*=10, <?=*149 

be a set of ^ultaneons values, find D when 
L=:5000, Q=^M. 

What ia the value of the oooataot Ot 
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8T. Find the value of 

when sc=r0’62. 

\/(l ~x) 

38. Evaluate 

gco8 [pf - 

~ v^^ + 2nV^co3^+^^*"* 
when £r=100, n=5, p=3, /3 = ^. 1^1-2, 

39. Find V and v from the equations 

Va-nrr‘“«'sis«-‘'« 

r=60N/7ra^+120i?^ sin^tf ; 

(i) when R-S^ 6^0‘(]Q', 

(ii) when J?=2*56, tf=0'144. 

40. Find to four siguificaut figures tlie value of 

Bmll6’tauS218“v v'icos 102’). 

41. Some particulars of steam vessels are giteu. Assuming in 

each case the relation H.r. at to hold, where V.F. denotes 

the horse^power at a speed of V knots and displacement D in 
tons, find in each case the probable H.P. necessary to give a 
speed of 24 knots for same displacement,' • 


Name. 

H.P. 

• 

V 

D 

(i) Paris, - * 


20-25 


(ii) Teutonic, * 


19-50 


(iii) Campania, * 




(iv) Kaiser, - • 


22*62 


(v) Oceanic, 



28500 

(vi) Deutschland, 

35640 

230 
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When water pours over a triangular notch Q « //^ (where Q 
denotes the number of cubic feet per see., and // the height of 
the surface in feet), when /T is 3, Q im 14 '9, find the numMr of 
gallons per minute when H is 4. 

43. Find the value of lOe sin (2»/l + 0-6) when/ is 225 and t 

isom 


44. Find the value of when a = 5, 6 = 3, c=0’04‘2, 

/>=2*43, 9 = -o-ew, r=om 

45. Evaluate tan40* when 

*=50-9, y=U-8, ==29*29, 

46. If p is the pressure and u the volume in cuhiu feet of 1 1b. 
of Bteajii^ then from pi<'^=479 find tt when p is 150. 


47. If 


£nd the values of y which correspond to ^le following values of jc r 
z=0, x = 0-4, x = l. 

Assume that the given angle is acute. 


48. Solve the equation 

(2'Oe5)-o-«“=0-8*26. 

Evaloatet 

49. (i) (0*9415 x2*,3(M)’'^ (ii) (0*94I5x2*304)-*'«. 

80. y = ae-**8in(ca:4-al) 

w^hen a=6, 6 = 30, j = U’5, f = 4, 6=2*718, <f=--0*l. 

81. y = e**'sin (p/ + 7) 

when 4'=0 L p=0'3, 7=0*2, « = 2'718. 

(i)when/ = l, (ii)whent = 5. 


52. Ify = |(e" + < and # = 

Find c, y and x, when s=290, y=50 + c. 

68. The loss of prearore of water flowing wiUi velocity r in a pipe 
.of diamAer d and length I is equal to 4 ft. of water where 

k m tf* 

mud n are constants. 

(Kveii f=100, d=:2, if when p= 0, A=M2 and v=8, 4 = 1’99. 
Find Taloea of m sod a. 




CHAPTER VI 
EQUATIONS. 

Sqo&tioiut. — A Btatement that two arithmetical, or alge- 
braical, expressions are equal is called an equation. 

Identity. —When ^ equality exists between two quantities, 
ivnd the two expressions are equal for all values of the quantities 
involved, such a statement is called an identity, thus 
a(6 + e)=a6+ac, 

(a + x)® = + 3ar + jc*, * 
(a+6)(a-6)=a--*6», 
are examples of Identities, 

Equation. —An algebraic expression in which an equality or 
relation exists between certain known and unkno'<^n quantities, 
which is only true for certain values of tho quantities involved, 
constitutes an equation. Known quantities may be indicated 
by the letters a, 6, c, etc., and unknown quantities by the 
letters x, y, 

An equation consists of two equal parts, one on the left, the 
other on the light of the sign of equality, and the equation 
will still be true when both sides are ; 

(i) Equally increased, or diminished ; which is the same in 
effect as taking a quantity from one side of an eqibtion and 
placing it on the other with altered sign. 

(ii) Equally multiplied, or divided ; this includes changing 
the signs of all the terms by multiplying both mdee of Uie 
equation by -1. 
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Degree of an eqoatioiL — When a given equation expressed 
in its simplest form contains only the first power of one, 
or moi'e^ unknown quantities, it is called a itmple eqnaUoa. All 
such equations are said to be of the first or linear 

equations. 

Similarly, if an equation contains the second power of an 
unknown quantity, it is called a qnafimtlQ equation. If it 
contains the third power it is called a cubic equation, etc. 

Solution of an equation.— The symbol f{x) is used to 
denote any expression which involves a ^"ariable quantity x, 
and is read as a ftincttfa of x. 

If y stands for the value of such a function, then we may 
i^T^te y=/(x); and by giving a series of numeri^il values 
to .r, a corresponding series of values can be obtained for y. 

Thus, 2x~16, 2x^-ar+6, j-3-3xS-10x+24, 
may be called functions of x. Tlie highest power of x in the 
first is one ; it is two in the second, and three in the third. 
Hence, these may l)e described as of the secoiuly and 
third degree, respectively. 

If a given equation be written in the form y(x) = 0, and 
the substitution of any quantity a satisfies the equation, 
then x-a is a Ibctor; or, x~a is a root of the equation. 
Such an equation is said to be solved when all those values 
of X are fopnd which when sulistituted in the expression 
makes it vanish or makes one side identical with the other. 
Again, if by giving two different values to .r, results are 
obtained with different signs, the curve joining the plotted 
point* would obviously intersect the axis of x at some inter- 
mediate point, that is to say at least one root of the given 
equation lies between the assigned values of x. 

* As a simple example let f(x)=2x-16; then, if y denotes 
the value of the function, y-2x-16. 

Let , x=9; then, 2x~ 16=18- 16 = 2. 

Again, let x=7 ; then, 2x- 16=14- 16= -2. 

Hence, the root lies between these values. 

By substituting x=S, it is found that this value satisfiefi 

• the given equation ; and therefore x=8 is the root required. 
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First subtract 3, and next subtract Zx from each side, and we 
obtain 

Multiplying both sides of the equation by 4, then 
3ar+2a;-I23:=-28; 

/. -7x=-28; 



To prove that this value of x satisfies the given equation, it is 
only necessary to substitute 4 for x, and each side is seen to be 
equal to 8. 

Instead of subtraction we may remove any term, or terras, 
from one side of an equation to the other ; or, in other words, 
we may transpose a terra, or terms, taking care to alter the 
sign, or signs, as in the case of the terms 3 and 3x in the 
preceding example. Hence, for the solution of a given simple 
equation we may detiuce the following rule : 

Transpose all the unknown quantities to the left and all the 
known quantities to the right-hand side of the*eqaation. Simplify 
if nacessaiy, and finally divide by the coefficient of*the unknown 
quantity. 

Some of the methods w'hich may be used in the solutions 
of equations may be seen from the following examples ; 


Bx. 2, !?+ 

z 12c 24 

Multiply both sides by 24x ; 

288 + 2 = 29x, 
2da?^290, 
x = 10. 


£x. 3. Solve 


N/4xTr+'^4x 

\^4x+l ->/4x 


(i) 


This is a typical example in which, if we multiply out and 
afterwards proceed to square, troublesome expressions result. 


But if 


o_c 


, then 


o+6 _ c+d . 
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i,r. w« may add tlw amiurator to the deaomiaator to obtain a 
now nomorator and rabtraet to obUin a now donomlnator. This 
must bo done b<^ sidos o( the etjuatiou. Xbus in (i) 
2v^4jrrr_9+l_10. 

Sonariog both sides, *^-1.1;=: 

4t Id 

64x+16“100r; 


Fractdonal equations. — In the solution of equations iiv 
volving fractions it is in many cases advisable to commence 
by clearing of fractions. This may be effected by multiplying 
by the ucu. of the denominators. In some cases each side 
of a given equation may be simplified as in the following 
example : 


Ax, 4. Solve 


-15 x-4 x-6 x + 5 
■ i6 x-5~x~7 x-j-4’ 
This may written in the form 


1 + - - ( 1 + - : \ - I + — ^ - fl + ' , 

x-lD \ x-o/ z- i \ x + 4/ 

I _ I 1 , 

x-16 x-5 x~7 x + i' 
x- 5 -x +'16 _x + 4 “X + 7 
(x'-~5)lx ~ (X + 4 ) IX ^)’ 

ii n 

(x-5)ix-]6r{x->-4)|x-7)* 

(x + 4)(x.~7) = {x-5)(x-l6), 
x*-3x-28=rx*-2lx + 80; 


£:r. 5. • 

Square both sides. 

Divide by 2 ; 
H«ioe, 


18X5=108, x=6. 

\^X' 9=\/x- 1. 
x-9 = x-‘2N/x+lt 
2v^:=10. 

Vis»5. 

Xa2A 
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Ex. 6. Solve s/ia + x - a/* =2\/6 + x. 

Square both aides. 

4a + 2a: - 2\/4aa: + a:*= 4(6 + a;). 

Tranapoae and divide by 2 ; 

V4axT^=-a:+2(a-6). 

Square both sides. 

a:(8a-4A)=r4{a-6)« 
or 4x(2a-6)=4{a-6)2; 

• r-1^' 

2a-6’ 

In the preceding, and in all cases where the solution of an 
equation ia obtained by the processes of involution or evolution, 
it is necessary to test whether the value obtained satisfi^ the 
given equation. 


EXERCISES. VII. 


Soive the equations : 

1 3X ,1 

* Is"** T2 ’20“ 

3, 

2’ 11 “^■^2 

g ^-5 x~2 x 1 
4 6” 7 “ 4* 

. :>^ + 2 r + 4 x + 6 

~3- + ^~-~g- + — • 
9 ^ ~ ^ I ® 2a:+ 1 

3 


2- i(*-l)-J{2-*) + i(a: + l) = x. 

4. x-3 ^ x-5 ^ 

4 ’ 5 " 2 

« 3j:h5 6x + 5 2 


o 3x “J3 4x4‘fi , X — 1 

' *• -8 9-=‘-T0 • 


10. + L 2 

(x“l){x-2} (x+I}(x + 2) (x-l)(.r+2) 

11 -V-L M- ^ 

i-l sU-l 3/ lO(x-l)' 

13. h6x-1) + t^=x. 14. 

/ 0 3 4 6 
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Solve tbe eqn&tione: 

W. ll(jc-5)-5(x-n)=5}. 

2 ii O-Oftr-O-OS 0-03x-0‘08 

le. + — ^^=0’88 


17. 


ar- c 0-1? 


IS, \^et+ 7 = \^+l. 


oh 


19. 


~=.o* + 6*. 

20. 

a-x 



bx 

ax 


be 

ae { 

21. 

i£± 


5a* 

22. 

xa xh_ 
b ^ 

22. 

1 

1 _ _1 


21 



aix 

-6)^6(x-c)~a(j:-f)* 



25. 


Ti) + %’(IrTT0) = ^^2. 

26. 

\^ + 

\^x T 3 — " 

\ 

27. 


3)>-3(x + 2l» + 3(x+l)* 

-a^=2 

r-j-3. 



=a 


= ar + 3. 


Pro]>l6mB producizig eQnation8e--When told in words how 
to deal arithmetically with a given quantity^ it is of im- 
portance to be able to state the matter algebraically. Tlie 
true meaning of'such a question, or problem, must in the 
first place bb perfectly understood and its conditions exhibited 
by algebraical symbols in the clearest manner possible. ITie 
following are a few typical examples of problems of this 
kind. * 

Ex. 1. Twice a certain number exceeds four-fifths of its half by 
40. Find the number. 

Let X denote the number ; then, twice the number is 2x. Also 

four-fifths of its half is - x ~- 
5 2 

Hence, by the question 

2,-|xf=40; 

203r-4a:==400, 
or 16x^400; 


Bobstitating this value the equation is satisfied. 



PROBLEMS PRODUCING EQUATIONS. 


73 


Ex, 2. The total length of 4 pieces of copper wire is 50 feet ; 
the second is twice, the third three times, and the fonrth is four 
times as long as the first. Find the length of each piece. 

n X denttes the number of feet in the first, 
then 22 ; „ „ „ second, 

Zx „ „ „ third, 

and 42: ,, „ „ fourth; 

a; +22: + 32: +42; =50, 

10a:=50; a: = 5ft. 

The lengths are 5, 10, 15 and 20 ft, respectively. 

Ex. 3. In ascending a mountain, a man took half as long again 
to climb the second third as he did to climb the first third, ^nd 
a quarter as long again for the last third as for the second third ; 
he took altogether 5 hours 50 minates. Find the time be spent 
on the first third of the journey. 

If X denotes the time taken for the first third, 
then \x ,, ,, ,, second third, 

andj^ ilr ,, ,, ,, last third. 

Also 5 hours 50 minutes = 350 minutes. 

Hence 2: + |a; + 'Y'’^=350 > 

352: = 8 x 350, 

2 :=:S 0 minutes. 

The time spent on the first third = 1 hour 20 minutes. 

Ex. 4. The sides of a triangle ABO are together 61 miles long; 
BC is |th cl A B and 3 miles longer than CA. Find Che lengths 
>f the sides severally. 

Let X denote the length of AB. 

Then f r will denote the length of BC, 
and yaf-3 „ „ AC. 

Hence 2 : + |z + yz-3=61 ; 

162:=384, or *=24. 

Also ^*=20, and ^*'-3=17, 

The three sides are 24, 20 and 17 respectively. 

M.PM. c2 
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Ex, 5. The perimeter of a triaogle is 22 feet, the base is 3 feet 
longer thoa one side, and 5 feet longer tbui the other. Find the 
lengths of the sides. 

Let X denote the length of the base. Then « - 3 and * - 6 are 
the lengths of the sides. 

x + r-3 + a;-5=22, 

3r=:30, a: = 10, 

Aod the sicles are 7 and 5. 


EXERCISF^, VIII. 

1. A person is walking with nniform speed, and when he has 
eoinplete^t half his jonniey he increases his pace in the ratio of 

3 to 2, and arrives at his destinatioo 40 minutes earlier than be 
would otherwise have done. How long was he walktug the hrst 

haUr 

2. A and B distribute £00 each among a certain number of 
persons. A relieves 4U persons more than ll does, and H gives to 
each person 5 shillings more than A, How many persons did A 
and a relieve ? 

8. Two cyclists, A and B, ride » mile race. In the first heat 
A wins by 6 seconds. In the second heat .4 gives B a start of 
yards and wins by 1 acoond. Find the rates of A and B in 
miles per litwr. 

4. At present £'s age is to A’s in the ratio of 4 to 3 ; but 
hf:een years ago it was m the ratio of 3 to 2. Find llieir ages. 

6. Divide £490 among .4, B ami C, so that B shall have £2 
more than A, and (J ss many times share as there are shillings 
in A’s share. 

6. I have thought of a number; I multiply it by 2^ and odd 
7 to the product ; I then multiply the result i>y 3 times the number 
thought of; next 1 divide by U and siihtmct fn>m the quotienl 

4 times the number thought of : 1 thus obtain 2^152. What number 
did 1 think of? 

7. A distributes £180 in equal sums amongst a certain nnmlrer 
of people. B distribates the same sum in e^tal portions amongst 
40 persgns fewer, bnt gives to each person io more tlian A does. 
How much does A give to each person 1 

8. A traveller starts from A towards fl at 12 o'clock and another 
starts at the same time from B towards A, The^ meet st 2 o'clock, 

24 miles from A t and the one arrives at A while the other Is still 
20 miles from B. WbM is the dtstonoe betwemi A and B ? 
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9. A man walks a certain distance in 4 hours. If he were 
to reduce bis rate by one-sixteenth he would walk one mile less in 
that time. What is his rate? 

10. If one part of £400 is put out at 4 per cent, and the other 
part at 5 per cent., and if the yearly income be £18. 5s., what 
are the parts? 

11. A sum of money amounts to £546 in three years at simple 
interest, and to £728 in 7 years. Find the sum and the rate per 
cent. 

19. A sum of £23. 14«. is divided between A, B and C. If B 
gets 20 per cent, more than A, and 25 per cent, more than C, how 
much does each get? 

13. A man spends £1000 of his capital, and then spends ^ of the 
rejitoinder ; then after receiving a legacy of £100 he has half his 
•<riginal capital. Find its amount. 

14. A person has £1750 invested so as to bring in an annual 
income of £77 ; part is lent on a mortgage at 4 per cent., the rest 
on loan at 5 per cent. How much is in the mortgage? 

15. Ijhnw that the square of the sum of any two consecutive 
numWrs is greater by 1 than four times the product of the numbers. 

16. Show that the cube of the sum of any two numbers is equal 
to the sum of their cubes together with three* times their product 
multiplied by their sum. 


SinmltAneoils equations. — Equations containing two or 
more unknown quantities are called slmultaneotis equations. 
The simplest case occurs when each of two given equations 
contains the first pow'er only of the two unknown quantities ; 
in such an equation, if values of one variable at^ assumed, 
then corresponding values of the other can be calculated. 
When there ai'e two distinct and independent equations, only 
one pair of values will simultaneously satisfy both equations. 
Equations of this kind which are to be satisfied by the same 
pair of values of s and y are called atamltaneouB eqtiationa 

B’x. I. 2Lc + 5y=:48, — ........{i) 

This may be written in the form y— — g — i and if we substitute 
values 0, I, 2 for ar, corresponding values of y can be calculated 
and the assemblage of plotted points will lie in a straight line. 
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If, in addition to (i), we have the equation, 

3x + 4y = 44 (ii) 

then the equations (i) and (ii) form a pair of simultaneous equations, 
and the process of solving them simply consists in 6ndiug those 
simultaneous values of the variables x and y ^hich will satisfy the 
given equations. 

First method. —Three methods may be used, the first, which 
should always be used, being the most imjwrtaut. (o) By 
raultiplicatiou, or division, the coefficients of .r, or ^/, are made 
the same in bt>th equations. Then, by addition, or subtraction, 
an equation involving only one unknown quantity is obtained, 
and this may be solved in the usual manner. 

Thus, multiplying Eq. (i) by 4 and Eq. (ii) by 5, 

15a-4-20y— 220 (iii) 

gx4-2(>y=192 

By subtraction lx = j 



Substitute *this value of x in (i) and we get 
48-2x^40; 



Hence, the pair of values jr=4, y=8, satisfies the given 
equations. This result should l)e verified by substituting the 
values obtained in the given equations. 

Second meUlod. — The valu^ of x and y may be obtained by 
substitution. 

Thus, given 24r+5y=48 (i), 3Lr+4y=44 (ii). 

From (i), y=^^. 

Sabatituting this value in (ii), 

a,+4<ii-^-44 

O 
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Multiply both sid^ by 5 ; 

16d;+I92-8d?=220; 

7:r=220- 192=28, 
or jr=4. 

Substitute this value of x iu (i) or (ii), then y is found to be a 

Third method. — From each of the two given equations a 
value for y in terms of x may be obtained. Then, by equating 
the two values so obtained, another equation is obtained 
involving only .r, and this may be solved in the manner shown 
for equations of one variable. 


Ex. 2. Solve 

3-1=5 

(i) 


1-^3 

(ii) 

From (i) | = 3x-5; 

II 

? 

P 

(iii) 

From (ii)| = 3-|: 

■ 

11 

(iv) 

Equating (iii) and (iv), 

we have 



6r-10==J2-YJ 

&c + ^=22, 

or 22x^66; 

a:=3. 

Substituting this value for x in (iii) or (iv), we obtain 2^=8. 

EUmin&tioXL — From two distinct and independent equations 
containing two unknown quantities, one unknown can be 
eliminated by the processes just referred to, the resulting 
equation will then consist of an unknown and a known 
quantity, and its solution can be effected in the usual manner. 

Similarly, three equations containing three unknown quan- 
tities may ^ be reduced to two equations contaiffing two 
unknowns. Jhen the two can be reduced to one equation 
containing only one unknown ; and from this, the value of 
that unknown quantity is obtained and the remaining two 
found by substitution. 
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8. Sol^e the simultaneous equations, 


2r+4y:s20, (i) 

3jc+2y==l8 (iil 


From (i) y=-la:+5. 
When 

y=-3+6=2. 

When 

ae=:0, yss5. 

By plotting th^ \‘alue8 
the lino (i) is obtained. 
Similarly, from (ii), when 
ar=8, y=0; 
and x=:0, y=9. 

By plotting these values 
the lines can lie drawn 
through tlie plotted points; 
f the point of intersection 
of the two lines iFig. U) is 
a point common to both 
lines and the co-ordinates 
of point y, x = 4 and y = 3 
arc the values which satisfy 
Fio. 8<^utlon of Kiniultansou* equatlona g*vcn equations. 


AV. 4. Solve the equations, 

2r + 3y=l3 (i) 

2x+3y=:l7 (il) 


Tbese form two distinct equations ; bat, assaming a series of 
values 0, 1.2, etc., for z, and calculating correaponding values of y. 
it will be found that none of the valuoi obtained from (i) coincide 
with those from (ii). In other words, stiniiltaneous values of 
X aixd y »tisfying the two equations cannot l)e obtained. On 
pl<^tiiig, It is seen that the two lines are parallel 
13 - ‘ir 

Thus (i) may be written y=— g — . 

When z=2, y=:3; and whmi yssl. 
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The line passing through the points *=2, and a;=fi 
or (2, 3) (5, 1) is shown at ab (Fig. 15). ^ 

From (ii), 


17~ar 

y=“3-' 

When 

a:=l, y=5; 

and when 

x = l, y=zl 
The line is indicated 
hy cd (Fig. 15). 

Some of the arti- 
fices which may be 
usefully employed in 
the solution of equa- 
tions may be seen from 
the following examples. 



(i) 

az = hy, liij. 

Multiply (i) by b and add to (ii) 

a:(a-f-6) = 6c; 

be 

3-= 

a + h 

From (i), y=c-x:=c--^ 

a + 6 

a + 5 

a: + 2y + 33 = 17 (i) 

2x + By+ 2=12, Z!!."”...(ii) 

. .» y+^=i3 (jiij, 

Multiply (i) by 2 and subtract Eq. (ii) from it; 

22: + 4y+62 = 34 
2 af+3y+ 2=12 

y + 5a=22 

Multiply (ii) by 3 and (iii) hy 2 and subtract; 

6ari-^-|.3z=36 
fe c+2y+4z=2 8 
7y- 2=10 
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Multiply by 6 and add to {iv) ; 

.. 36y-62 = 50 
y + 5z=22 
36y=72, 
2 . 

._22-2 


From (iv)» 
and from (i), 


x = 17~4-12^1. 


Ex. 7. Solve 


From (ib 


fe-f-e-o c^a-b o + 6-c’“' 
a:+y + z = rt. 

- = etc. = * ^ ^ ^ ” - f roE 

a o+fe+c a+6+c 

0 + 6 + C 
nte+a-b) 

n(a + b - f) 


In maDT cases it is more cotivenient to solve for - and 
* u* y 

instead of j; y. 

Ex. S. Solve - + -:=2, (i) 


J5gr + y=;ry. , 


I>ivide both iides,of equation (ii) by xy. 

‘4=1 

X y 

Multiply (iii) by 5 and subtract (t) frtmi it; 


giving y=6. 

Substitute this value in li). 

:e 6 6' 


It is better to keep the fractional form. The attempt to clear 
the eqaatioDs from fiactlona would Inteodnoe a new teno xy. 
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Solve the equations : 

3. i±i-f^=2*-4, 


EXERCISES. IX. 


7 

2y- 


4-- 


4 

3a:- 2y 
3 " 

6. 12ar+lly=^J2, 
42x + 22y = 40-5. 

• 

Z 

y-a;=5* 


3a;. 


2, 3a;-2y=2a;+3y=28. 

4. r;+^y=4, 
y + 2a=12, 

- iz= 1. 


7. 2x+|=a: + 12, 


y-x + 20= 


a; + 40 


^x-gy=9=fy-a;. 

11. x-|-2y = 3. 2r-.3y=3. 
13. 3-4x-0-02y=0'OI,'j 
a: + 0-2y=0*6. j 


8. 7a:-4y = 6~a, ) 

8y + 21x = 5p - 3a - 26. J 
10. 2a: + 3y=13, .5x-3y=l. 

12. 3x + 2y + 52 = l,] 

5x + 3y-22 = 2, [ 

2a;-5y-32 = 7. J 

+ y -2((m= - m(z~ avt% 

15. az-by=2adt 2bz-i-2ay = 3b^-al 

16. x + y = a+6,) 

6x + ay =2a6. / 

18 . ] 

b-a a + b' | 

x+a y-b j 
a “6 a + b'j 
19. aH-y + s = 6, 2x + y-z = l, 3a:-y + 2=:4. 

‘ a^6 3a (J6"'3' 

21. a;-y+z=:n, 

V 



6+c-a c+a-6 a+5 
22. y4-2=a;+4a, 
z+a;:=y+2a, 
ar+y=:z. 


::) 


^1 
a+5-c J 
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S3. Solve the einuiUaneous eqaatione : 

(i) y*=pr.y=iftt+^; 

X y z X y z x.y.t , 

(u) o"^ 3 ^ ~ 3^ j 4 

^ r. .. w .^r*-lar + 9 

m. From the relation y “^^rn^x+U’ 

prove that y ia never greater than | or than for real valuea 
of X. 

Problems producing simaltaneotu etiiuttio&a.— In pre> 
ceding examples the condittons of a given problem have 
been express^ in terms of one unknown 'quantity jc. It is, 
however, much easier in many problems, and indeed indis' 
pensable in others, to use two or more unknown quantities. 
These are osually expi^essed by the letters r, y, t, ... . In such 
equations it is necessary to obtain as many independent 
equations as there are unknown quantities involved. From 
these the solution is effected either by elimination or by 
substitution. 

Ex, 1. If 9 horses and T cows sell for £300 and 6 horses and 
13 cows sell for the^samc amount, what is the price of each? 

(o) Let X depote the price of a horse, then 300- 9jr is the price 
of 7 cows. 

/. is the price of each oow. 

i 

Also, in the^ secoiM case, i* 

. 3M-9x 300 -Or. 

.. . ^13 » 

i 300 -9jr 

2 s£^, and — sr— = £12. 

i 

(6) Let X denote the price of a horse ^and y the price of a cow. 

Then ftr + 7y = 300 (i) 

Also 6irfl3y=300 (u) 

MoJttply (i) hy 2 and (H) by 3 and sobtrict ; 

• /. lgx + 30y=900 

I8x^j4jf^6q0 ; 

y-EVL 

And by sabetitoUon in (i), xs:£21 
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Ex. % A number cooaistiug of three digita (those in the tens’ 
and buodreds' places being equal) is 49 times the sum cd its digila. 
If the order of the digits be reversed, the number so formed will be 
less than the original number by 297. Find the original number. 

Let Xf y and z denote the three digits. Then, the numb^ 
required is represented by lOQx + 10^+2. Also the sum of the 


digits is ar+y+i. 

Hence, JOOx+10y + 2=49(a;+y+2) (i) 

The number reversed would be lOCfe + lOy + x; 

{100a;+10y+r)-(10(h + 10y+x)=297 (ii) 

Also, as the digits in the tens’ and hundreds’ places are equal, 

^=y (iii) 

Substituting from (iii) in (i), 

12x=48z, or aT=4z, (iv) 


Also, from (ii), r-z=3; 

a :=2 + 3 . 

Substituting this value in (iv), and we 6nd 
12(2 + 3) =:43z; 

362 = 36, or 2=1. 

Hence, from (iv), a;=4=y, 

and the number required is 441. 

Ex. 3. If 3 thalers exceed 11 francs and 59 francs ex(^d 16 
thalers, the excess in each cose being a halfpenny, find the English 
equivalents of the thaler and the franc. ^ 

X denote the value of a thaler and y the talue of a franc. 


Then, from the first condition, * 

,te-Uy = i (i) 

Also - 16x + 59y=y (ii) 


Mnltiplying (i) by 16 and (ii) by 3 and adding, 
y = 9-5. 

Substituting in (i), 3a? = J + ( 1 1 x 9-6) = lOo j 

Jc = 35. 

Hence, the value of a thaler is 35d., and of a franc is 

Ex. 4. The receipts of a railway company are apportioned as 
follows: 49 per cent, for working expenses, 10 per cent for the 
reserved fund, a guaranteed dividend of 5 per cent, on one-fifth 
of Uie capital, and the remainder, £40,000, for dhdsion amongst 
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the lioldeiB of the rest of the stock, being a dividend at the rate 
of 4 per cent, per aunutn. Find the capital and the receipts. 

Let C denote the capital and It the receipts; 41 %, or 0*41 /f, 
is available for dividend. Of this A of or 0*01 C, goes to pay 
guaranteed dividend ; ^ ® 

. . 0*41 R - 0*01 C remains for ordinary dividend ; 

0'41^-0-01C^40000 (i) 

Also X 40000 ; 

(7= £1,250,000. 

Subfitituting in ^i), 

0-4iy?- 12500 = 40000; 

. fi='’2^®^ = £138048. 15». U 

When the data of a problem furniabes only one equation 
involving two unknown quantities the ratio between the two 
may in some casc^ be obtained. 


Ex. 5. An alloy of copper, zinc, and tin contains 91 per cent, 
of copper, 6 of zinc, and 3 of tin. A second alloy containing copper 
and tin only is fused with the Ursc, and the resulting alloy is found 
to contain R8 per cent, of copper, 4*875 of zinc, and 7*125 of tin. 
Find the proportion of copper and tin in the second alloy. 

We may assume tAat in order to form the resulting alloy r i^arta 
of the second alloy are fused with 100 parts of the tirat. Then, as 
there is no zinc in the second alloy, we have the relation, 

4 -ST.*; 

4-875ir = 600-487-5=n2*5; 

” ^ 4875 "Is* 


Thos, in the resulting parte of new alloy we have 4* x 1— 
P«t8 of copper, 

Hence f 88 x - 91 ^ parts of copper come from second alloy, and 

in like manner ^'7*125 x - 3^ parts of tin come from second alloy ; 


therefore proportion is 



75 3 
** 13 ‘*‘13*1' 
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Ex. 6. The total increaae in the number of undergraduates of a 
certain university in a recent year over the number in the preceding 
year was 2^ per cent. In the number of resident undergraduates 
there was an increase of 4 per cent., and in the number of noii' 
resident undergraduates a decrease of II per cent. Find the ratio 
of the number of non-resident to the number of resident under- 
graduates. 

Let X denote the number of resident undergraduates, and y the 
number of non-jresident in the latter year, then we have, consider- 
ing the ratio in the former year, 


100 100 100 , 

Ioi*+WS'=wF6<*+J''’ 


89 X 1025a: 4- 104 x 1025y:=89 x 1040{j;-f'y) ; 
89^:=^936y, 

y 89* 


Ex. 7. The perimeter of a right-angled triangle is six times 
as long as the shortest side. Find the ratio of the two perpen- 
dicular sides. 

Jjet c denote the hypotenuse, a the shortest side, and h the 
remaining side. • 

Then a-l-6-fc=6o, or b + c-5a T (1) 

Also a- + b^=c^. 

Hence, substituting from (1), 

c^—ioa-b)^ 

= 25a=-l0a6 + &2. 

a3-^6-=c“ = 2rja2-10a6-t6S 
or 24a^=10a6; 


a o 


* 6"'12‘ 


Ex. 8. An examiner has marked a set of papers ; the highest 
number of marks is 185, the lowest 42. He desires jo changie 
all his marks according to a linear law converting the highest 
number of marks into 250 and the lowest into 100; show how 
he may do this, and state the converted marks for papers 
already marked 60, 100, 150. 

Let y=sax+b denote the linear law, where y denotes the 
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number of marks on the new Ryetein, and x denotes the number 
of marks on the oKl system. 

Then, substituting the given values^ we have 


250 = 185a + 6 {\} 

100^ 42a -ffr (U) 

Subtracting, 150- I43a ; 



and from (ii), 


6=100- 


42x150 8000 


143 


143 


Hence, if and y, denote the respcx'tive number of marks^ 
then 


ISO ^ 8000 


IW 8000 

y,=yj3xl00 + -j^-= 180-8, 

y. = ’®x 150.^ = 213-3. 


143 


Ex. 9 The electrical resistance of a wire of given material 
varies directly as the length and inversely os the ^ea of the cross 
section of the wirt^ 

Find the ratio of the electrical resistance of a wire 50 metres 
long and weighing 75 grams to tliat of a wire, of the same 
inatcrial, |()0 ft. long and weighing one ounce. 

1 •inetre = 3D'37 inches, and 1 kilog, =3*2 Iba, 

I.£t / denote the length, d thickness of the wire. 

Electrical resistance r t.t. ^ 

^Yctgllt 

KUctrical resistance of wire 

I I mPvp 

W IS 

wh^ m is a constant 
Electrftal restscance of 8rst wire 

m^(50x39*37l« ni^(50xaJ37p 



where weight and Imgth are reduced to pounde and inches 
respectively. 
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SimUarly, resistance of second wire 

= = I6wp7r(100 X 12)* 

TT 

Required ratio 

= ■!■ 100 X 12)5 = 1 -0193. 


EXERCISES. X. 

1 . In a certain fraction the difference between the numerator 
and denominator is 12, but if each be increasetl by 5 the value of 
the fraction becomes 7 . What is the fraction ? 

2, If a mixture of gold and silver in which 0*875 is gold, is 
worth £15. What will be the value of a mixture of equal weight 
in which 0’625 is gold? Assumtug tiiat the value of gold is 16 
times that of silver. 

8 . If a fraction be such that its denominator exceeds twice its 
nnnierator by unity, prove that if its numerator and denominator 
be each increased by unity, the result will be 

4. When unity is added both to the numerator and to the de* 
nominator of a certain fraction the result is f ; but when unity 
is subtracted the result is 2. Find the fraction. 

5. Divide £1015 atnong A, B and C, so ^that B shall receive 

£5 less titan A, and C as many times B's share as there are 
shillings in A^a siiare, * 

8 . Two passengers have together 500 lbs. of luggage imd are 
charged 6 s. and Su. lOd. respectively for the excess above the 
weight allowed. If the luggage had all beloogerl io one of them 
he would iiave been charged 1 5s. lOd. How much luggage is a 
passenger allowed free of charge? * 

7. A sum of £8000 is to he divided among A, B and G. If 

each had received £1000 more than he actually does, the sums 

received would be proportional to the numbers 4, 3, 2. Deter- 
ntiue the actual shares. 

8 . Divide 279 into two parts ; such that one-third of the first 
part is leas by 15 than one-fifth of the second part 

9. A person lends £5000 at a certain rate of interest. At jthe 
end of one year the principal is repaid tog^ether wdth the interest. 
He then spends £25, and lends the remainder at tha same rate 
of interest as before. Ac the end of one year more the principal 
and interest amount to £5382; find tdie rate of interest. 

10. A sum of money amounts to £546 in three years at simple 

interest, and to £726 in seven yean. Find the snm and rate 

per cent. 
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11. A body is made up partly of brass and partly of iron ; il 
the brazen parts had been trouy and the iron parts brass, its weight 
would have been f^ths of what it actually ia Given that the 
weights of equal volumes of brass and iron are as 9 to 7, dnd 
how much of the volume is of iron, and how much of brass. 

IS. Divide the number 500 into two parts such that tbe sum 
of -jih the greater and ^th the smaller shall be leas than the 
difference of the parts by 60. 

13. The volumes of two right cylinders are as U : 8, the height 
of the first is to that of the second as 3:4. If the base of the 
first has Ml area 16'5 sq. ft., what is the area of the base of the 
second? 

lA Betureen one census and the next, the native population of 
a town increasetl by 8 per cent., while the foreigners decreaseil 
from 200 to 150. The increase in the total population was 7 per 
cent. ; what was the total population of the second census? 


Qnadratie equations. — As already indicated (p. 68), when 
a given equation expressed in its simplest form involves the 
$q»ctre of the unknown quantity it is called a quadratio eqoa* 
tion. Such an equation may contain only the square of the 
unknown quantity, or it may include both the square and 
the first power. 

« 

Ex. 1. Sol^e the equation a;*- 16=0, 

/. x*=l6, x-±\. 

It is necessary to insert the double sign before the value obtained 
for X, as both +4 and --4 when squared give 16. 

The solution of a ^ven quadratic erpiation containing both 
X® and X can be effected by one of the three following 
methods. 

Rnt metliod.— The method most widely known, and 
generally used, may be stated as follows ; 

Bring all the terms containing x* and x to the left-hand 
side of Uie equation, and the remaining terms to the right- 
hand side. 

Simplify, if necessary, and divide all through by the vxh 

efficient of 

Hoally, add tbe square of one-half the coefficient of x to 
both stdea of the equation, take tbe square root of both sides, 
uid the required roots can be readily obtained. 
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Ex. 2. Solve the equation a:*- Ua?-'26=0. 

iia:~26 


Add to each side- one*balf the coefficient of x ; 


225 

^+T=-T’ 




>'• or- 2. 

Second method. —What may be termed the second and the 
third methods of solution may be indicated in the following 
manner. Where the given equation can be resolved into 
factors, then the value of x which makes either of these 
factors vanish, i.s a value of x w'hich satishes the given 
equation. 

Ex. 3. Solve the equation a:®- 1 lx -26=0. 

Since X'- llx-2G=(x + 2)(a;'- 13)=0, , 

X“13=0, when x = i3, 
and x+2=0, when -2. 

Hence x=13 or -2 is a solution of the equation zuid 13 and 
- 2 are the roots of the given equation. • 

Third method.— A given equation can be written in the 
form y—f{x\ p. 68. Substitute values for x and calculate 
corresponding values of y. Plot on squared paper and draw 
a curve through the plotted points. Then aa a function can 
only change sign when x passes through one of its roots, it follows 
that the points of intersection of the curve with the axis of 
X are the roots required. 

The general solution nmy be obtained as follows : — 

f{x) may be written aj;®+&r+c=0. 

-1 


Then 
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Adding to each mde the square of half the coefficient of 4 r, or 




vr^ have 


a 


hy 


_ c_ h*~4fte , 
4a^ 4<i* ’ 

b , s/b^-Aac 


*2a 


..(0 


The following important cases occur. 

If 13 gi-eater thl.n Aac^ i.e. fr*> Aac, there are two values 
of X, or roots, satisfying the given equation and the cur^e 
cuts the axhi in two points. 

If 6*=4<ie the two roots are equal and the curve touches 
the aria: each » 


If M there are no real valuea which satisfy the given 
equation, and the roots are said to l» imaginary, and the 
curve does not meet the ax la 


Ax. 4. 2x*-8x + 6=0. 


Solving this equation in the usual manner, the roots of the 
equation are found to be t or 3. 

Or, by subetilutidU in the fca-mnla, 

* h - 4«f 


a=2, 6:=-8. c = 6; _ 

• 8 N 84 - 4 X *2 X 6 

=2i:Ul or 3. 


&r. 5. 2r»-4xf2 = 0. 

4 v^«-4x2x2 

'"4* — ; 

x=J. 

In this equation t^:=4ac. 

JGr.‘6. 2i^-4x + 3=0, 

Bere aao .^4, 

4 , 

4 

Here M<4ac, and the roots are imaginary. 

AU these resulti are readily tukUrstood by asiiig squiied papw 
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I^fc y^f{x\ theh for a series of values of x the corresponding 
values of y can be calculated. The curve passing through the 
plotted points will for all p(»itive values of y lie above the axis 
of X and below for negative values. In passing from positive 
to negative values the curve must obviously cross, or intersect, 
the axis of x. Each such point gives a value of x which ^ 
satisfies the given equation, or, is a root of the equation. 

Thus, b)’ making the graph of y^fix), and measuring the 
intercepts on the axis of x, we may obtain approximately the 
values of x which make y equal to zero. 

Bv assuming values of in the neighbourhood of such a 
point, or points, and plotting the values obtained for y to a 
larger scale, a solution of a given equation to any desired 
degree of accuracy can be obtained. 

The two points of intersection may coincide ; the axis of is 
then a tangent to the curve. This corresponds to the case of 
ecjual roots. 

The plotted curve may not touch, or intersect, the axis of x ; 
the values or roots of the given equation are then said to be 
imaginarv. 

Kx, 7. Solve the et^uatimi x*-4*79^ + 4-843=0. 

Let y-;c®-4‘79a:-r4‘S43. 

When a:-0, y=:4'843; 

when x=l, 

Substitute other values for x ; calculate values of y and tabulate 
as follows : 


1 0 1 1 2 

3 

4 

14-843 1 1 -063 I - 0-737 1 

- 0-527 1 

1-683 


Prom the tabulated values of x and y a change of sign is seen 
to Occur in passing from »=! to *=2, and again from x===3 to 
«=4, It is clear that one root lies between each pair of these 
values. Plot the tabulated values of x and y, ihe curve repre^ 
seating the equation passes through the plotted points and 
intersects the axis of x at points £ and f (Fig. 16). By 
measuring the distances of these points from the origin we 
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PlQ. 16. 


wcnntty than three hgnret, then the curve near to E and F may 
be plotted to a larger «cale, and the raluea of z determined 
to any neceeaary degree of aocnracy. 

Ex. A Solve the eqnation a:®-‘4 79at + 5'736025=:0. 

Aa before, vala^ of y correapondlDg to vaHona valaee of z 
sboold caicnlated and tabnlat^ aa foUowa: 
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Plot these values and draw a curve paasini; through the plotted 
points. It touches the axis of x at the point x=2'395 (approx.). 
It will be noticed that in this esse 6*=4ac, as on p. 90. 

If the value of c is increased, b and a remaining the same, then 
the roots are iinaginary, and the curve does not cut the axis of z. 

Another graphical method may be u«efl to obtain the 
solution of a quadratic equation. 

I/et the equation be, 

(i) 

Set off on squared |>Jiper from any convenient point 0 a 
distance 0.1 =6; dmw' AB^ equal to c, and 0Z>, equal to unity, 
peri)endicuiar to OA (Fig. 17). 



Join 1>B; and on BB as diameter describe a semicircle. 
The two points of intersection of the semicircle with the 
line OA are two rcKJts required. 

Kx. 9. Solve the ei|uation, it:*~4‘79j; + 4*84J=0, ^ 

Comparing this equation with (i) it is seen that 6 = 4'79, c=4*843. 
Hence, make 0^^4 :{r and /l/l=4‘84a* Fmally, OZ)=r. Joiu 
BD, Then a semicircle described on BD as diameter cute the 
line OA at points A and F, wbers Oi?= 1 and 0/*=3*34*, giving 
the two values required. 
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Mt, 10. Solve the equetion z*-4'79 x4>5*736=0. 

Setting oft A B equal to c=:5*736i the eemicircle, on BB w 
diameter, loaches OA approximately, or, in other words, the two 
points of intersection are coincident, and the quadra tic has two 
equal roots. If c be increaseil, h remaining constant, the semicircle 
movm away from the line Od, and the roots become imaginary. 

A proof of the preceding construction may be obtained aa 
follows : 

Let fy denote the point of intersection of the semicircle 
with the vertical through B. Then because the centre of 
the semicircle bisects DB^ and A /)* = ()/)=» unity. 

By property of chords of a circle AF. AE-AB .AB ; 

OF . KA = AB^i\ but UA'-f EA - b ; 

OE and EA are the iwts required. 

If c is negative AB must be drawn in the direction opposite 
to ojy 

If c is positive, the roots may he either real or imaginary. 

If c is negative, the roots miut be real. 

EqnaMoas which may be solved ss quadratics. -'Muc h un- 
necessary labonriwill result if the attempt is made U» obtain 
unity as the coefficient of jr in all equations. It may Iw 
found better to use another letter, such as y or and then 
to prfKeed to solve the equation in the onlinary manner, finally 
solving tbc e<tuation for x. The following examples will 
illustrate some of, the methods which may be adopted: 


Ex. 


Put 


Solve 


40^x + J y - 28«f * + + 493=ft , 


= 

The equation beeonies 

-m; 

- 14.1 49.1. 


»* 


143 


20 


y+ 


(w= 


“ 40 


./14SV 729, 

iloj “i30o' 


143,97 17 ,,, 29 


.di) 

(d) 
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Prom (ii), 


Putting 

then 


^7 

~=:a:+- ; 

4 X 

or - 1, 

17^15 , 1 

r=-g-t j=4, or y 

, I 29 


x= 22, or j 


Hence the values are 4, 7, 2 k, or 
4 *■ 5 


Ex. 12. Solve the equation (s4-4x + 3)’-S(x*-4x + 3)=0. 
Writing y for x^-4jr + 3, the given equation becomes 
!/«-8y=0; 

.. y»-Sy-f(4i’=lC. 

y^4i:4=:8, or 0. 

Subetitute these values for y, then 
x»- 4 x + 3 = 8 , 

•. x=:2i3 = 5, or -I. 

« 

SiiuiUrly, the second value for y gives 
x»- 4 x^ 3 - 0 ; 

/. x=2 ±l 
= 3, or 1. 

The values of x are I, 3, .1, - 1. 

Instead of using the letter y the equation could be s<dved 
directly, thus: 

(x»-4x + 3)^-8(z»-4x + 3)=0; 


x*'4x+3-8=:0, (i) 

or x*-4x + 3-0. ^ {ii} 

Prom (i), a:*-4x-5-0: 

(x-5)(x+l)=0. 


x = fl, or -k. 
,ta- 4 x + 3 - 0 , 
or («-l)(z-'3)=0; 

zsl, or S. 


Hence, 
From lUh 
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Ex. 13, Solve a:*+^-4^x+?j-6=0. 

^ adding 6 to each side of the equation, the quantity on the 
left of the brackets becomes the square of the quantity enclosed 


by the brackets. 

Thus, i3 + |+6-4(x+jj=6+6=li (i) 

3 

Let y = 

Then (i) may be written 

y*--iy=l2, 

or y»-4y + (2f = i2 + 4=m; 


y=2i4-6, or -2. 

Substitute these values in (ii). Thus, when 



or x*“6jr + 3=0; 

x^Sdbv'e, 

Again, x + j= -2, 

i* + 2x + (l)*=:-3 + l=-2, 
and the roots are iqpginary. 

The values satUfyiag the given equation are 
x=:3iN^6=:5 45, 0-55. 

Equations reducible to quadratics* — Equations of the 
fourth degree can in some cases be solved as two quadratic 
«]uatioDa • 

Ex. 14, Solve x* - 17x»+ 16=0. 

The equation may be written 

fr»*8x»+l6)-9x*=:0. or (x*-4)*-(3x)»=0! 

<ac» + 3r-4)(x*-3x-4) = 0. 


Hence* **+3x-4=0, 0) 

or »*-3x-4=0. (ii) 


From (i), x*4lx~4 = {x+4){x-* 1) ; 

A /. x= --4* or 1. 

Prom (ii), x*-ax--4=(x-4)(x+l); 

xas4, or - 1. 

The valuM of x whiqb satisfy the given sqnsUon sre 
a* ±4, x= ± 1 . 
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Belatiioxui between the coefficiente and the roots of a 
gnadratic equation.— la the preceding examples vfe have 
been able, from a given quadratic equation, to find the roots, 
or the values, which sawfy the given equation. The converse 
of this is often required, i.e, to form a quadratic equation with 
given roots. 

It has been already seen that if we can resolve the left- 
hand side of the given equation, when reduced to its simplest 
form, into factors, then the value of x which makes either of 
these factors zero, is a value of x which satisfies the given 
equation. 

Thus, the I'oots of the equation (x- a) (x-^)=0 are a and 

Conversely, an equation having for its roots a and jS is 
(x-a)(x-~j8) = 0. 

, Hence, if a and denote the roots of the equation, 
ax^ + frx-f c=0, 

W e have aa*^ -f 6x + c = a(T - a)(x - j8) ; 

ax*-f fcx-)-c-«(4^-ttX- j8x-l-a/3) 

= a{x2-(a + y3)x+Vb 

Comparing coefficients on both sides 

a(a + j8)=-*6 and aa^ = r; 

a + J3=-~and ; 

^ a n* 

therefore, when the coefficient of x^ is unity, the sum of the 
roots is equal to the coefficient of x; and the product of 
the roots is equal to the remaining term. 

JSr. 15. Form the quadratic equations having roots 1 and 4, 

Her© {x-l)(x-4)=a:®-5a:-h4; 

Kequiiwl equation is x*-5x + 4=i0. 

Ex. 1ft. Form the quadratic equation having roots 
-.3 + V 2 and -3-s^ 

Hera we h»ve {*+ 3 -'.^)(*+ 3 +\' 2 ) = (»+3)>-2; 

the required equation is a:*+fi*+7— U* 
itr.M. D 
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Bx, 17. Fonn qutdraUc equfttioD haviag root! a and 
Han 

.% reqaired equation ie 

EXERCISES. XI. 

live the equations: 

**- 5 z + 4 =a 

8 . x* + 7 af+I 2 = 0 . 

.8. a:*-6-0ftr+9 179^0. 


9. i»-6r + 8=:0. 

A 2:»-70Kr4n*875=a 


e. 

2^x + 4 3’ 


* 5 *-7 U 
«. j» 48 *-a 6 =a 


- 3**-27 9 a + 4 x»__- 

•• 1^73 - 

10 . ?+-? 5 ^ + ft = 0 . 

jr x~ I 


11. ^ 

18 Prove that the roots of a:* + px4q-0 are e<|asl when 
also Itiat one is half the other, if 9q=2/^, 

11 If a*and fi are the roots of the equation a:*+/w + 9=0, 
eifpress 0 ’ + ^ and tt^ + pP in terms of p and g. 

15. SoUf the quadratic equation 

16 1 

r:= i; 4 - . 

15 X 

Solve the equations:^ 

18 . ^ + 

18. Find the mots of Uie moation x*4 7jr\^=i60, 6rst in a 
surd form and then in a decimal form. 

19. Fwm the quadratic eqaaticm wboee roots are 3 + 'n/^ and 

3 -^/l• 

Solve the etiuatiooii : 

90. X la = n/{o* 4 Wi2x* - o*)}. 

91. 2*»-^ae--«'(4?^ftrT)=2. 


IT. x»4y*44x-6y~13=0. 
3x-2y-l=0. 


It. a*-4x»43aa 



KXERCI8E& 




$8. a; + ^=2a+l. a5»-5a;+«=24-W(x»-&t+»>. 

z+l 

S5. x + -=2(l + 'V^). ^ JW. ** + 4* + \/{ai* + 4x + 10) -2. 

X 




at. x*+as/x»+2x^-3=l2-&f; 


89, „ + ^=(a + i»)*>. to. 2‘3**-6'72*-13*6»a 


SI. 0-24a^-4;nx-8-97=0. 


St. 

3S. 

$5. 


zje=y*, x + y + z=2I, x* + y* + 2*=l89. 
x*-2**-3fic+4=0. H j!*-517x+5*985=0. 

x = l-fi<-—i p-. S6. i^j. + 2-i-x~l-x^2-x 


87. x" + "-txi-- = 4. 

X* X 

$8. Find to three place* of deciniah, by the a»e of squared paper, 
the root* of the equation x*-5‘45r + 7'18l=0. 

St. x»-2x^^ + 2=0. 

40 Show that if *4 and B are the roots of the equation 
X* - px + q - 0, then will p = ^ + 5 and q = ^ A Fonri" the equation 
whom roots are 27 and - IS. 


41. Prove that the equation 

(rS>x+iP (g^-g + iy 

b satined by 

I g-l o 1 
o’ a ’ 0-1' 1-0* 


I -o. 


40. Prove that the roots of the equation 
x<-4x*+I=0 


Simplify these roots to a form suitoble for nomerical oompuUUon, 
and o&n1*te each of them to three decimal pboea. 



100 A MANUAL OF PRACTICAL MATHEMATICS. 


Sinmltoneous Quadratics.— Equatioiu involviug the squares 
of two unknown, or variable, quantities, such as and 
may be solved by methods similar in |pany respects to those 
adopted in the case of equations of the first degree. That is 
to say, we can, by multiplication, division, or substitution, 
obtain an equation involving only one unknown quantity. 
From this etjuation the value of the unknown quantity can 
be determined, and by substitution the value of the remaining 
unknown can lie found. 

If a giveu equation contains a factor tif the form .r+^y, wo 
may proceed to obtain x-y, and linally the sejiarate values 
of X and y may be obtained by addition or subtiaction. 


Ex. 1. x-ry=ll,... (i) 

Ty-30, ..(ii) 


From (i), a:*T2xy + y®= 1'21.. 

Mnltiply (ii) by 4, 4xy -120 . 

Subcract (iv) from (Ui) ; jc*“2iry 1, 

orx~y=±l. 

Hence, XTy = ll, 


,c-y=i:U 
With the ;upper sign 

x + y:=ll,) . 
x-y= 

With the^ lower sign 

x + y- 11*1 . _ - 

• I 3C=:5, y = ft. 


.(ill) 

(iv) 


Ex. 2. Solve the equations 

x»+jcy = »4,.. (i) 

xy^^^fSO. ,(ii) 

Adding (i) and (ii). 


*»+2ey + y»=144; 
x+y= ill 

Also (i), x(x+y)=rS4. 

and from (ti), y(x+y)^00; 

SubetitttU, i:12x;s84aiid i;l^=60; 

X2S ±7 and yss ±6. 

The values reqnfred are y=5, -T, y= -A 
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Kx, 3. Solve a;*+4a;y+y*=38, (i) 

T+y=2 (ii) 


Fi-om (ii), y=2i-a:. Sulwtitute in (i) ; 

A aj>+4ar(2-x) + (2-a;)>=38, 
or 2a^- 4a;-- 30=0; 

x>-2r-15=0, 
or (x-Sliar + Sli^O. 

Hence a; =5, or -3; and from (ii), y=-3, or 5. 

Or, we may proceed as follows : 

The given ^nation is a;* + y*4-4a;y=38 ; 

/. (jr + y)(a;*-a;y + y®) + 4zy=38. 

But from (ii), x + y-2\ 

A by division a:*-a*y + y*+2a;y=:19, 

or (ar + y)®-a:y = 19, 
ary =-16. 

And thus, from (ii), ar-y = 8; 

a: = 5, y= -3, x=: -3 ; y = 5. 

One pair of root* will x=2-y=«. 

It will be notice<l that this solution gives a methyd by which 
the order of one equation may sometime be reduced by using the 
other. 

EXERCISES. Xn. 

1. x*-2x + y*-2y=l4, 2. a:>-4y«=8, 

xy^^. 2(x-i-y)=7. 

8. 3x*+5xy-7a;-3y=128, 4. 3xfy=15, 

3y-2x=:2. 2x*-3y*=6. 

6. x>-hxy-6y*=6, '1 g 7 

*«+6xy + 6y3=3U.j x y~ 12 x+y+5‘ 

7. »»-*y-y>=^, 1 8. x 2y?=Z 

*-y=2. J ®* x*+y=5l, 2a;*+y*=102. 

XO. N^(x+y)+N/(ap-y)=6, \ 11. ar*-f-y=8,\ 

v'iP'^y*) =4-6. J 3a; + 2y =7. J 
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*+y+z=0,V 
**y + fc»-aJ 
11 *y+z+y=7, \ 

»+x+i=8, j- 
y; + y + Z=:17j 
IT. 2y*^23c*+l=xy + 2. 

Problems lending to qnadrstie eqnstioiis,— One of the 
greatest difficulties experienced by a beginner in Algebra is 
to express the conditions of a given problem by means of 
algebraic symbols. The equations themselves may be obtained 
more or leas readily, since the conditions are generally similar 
to those already explained, but some difficulty may be ex- 
perienced in the interpretation of the results derived from 
quadratic equi^oon. Since a quadratic equation which involves 
one unknown quantity has two solutions, and sinmltaneous 
quadratics involving two unknown quantities may have four 
solutions, it is clear that ambiguity may arise. U w*iU he 
found, however, ithat although the equations may have four 
sointions, only one solution is as a rule applicable to the 
particular problem. The fact that several solutions can l)e 
found and only one applies to the problem is due to the 
circumstanse that algebraic language is far more general 
than ordinary metbnda of expression. Usually no difficulty 
will be experienced in deciding which of Uie solutions is 
applicable to the problem in band. 

Az. I. A person bought a number of articles for £60; if he 
had received four more for the same prios, they would have cost 
him £1 each less than he paid. What number did be buyT 

Let X dsoflfU the given aomber. 

Then the price df each is 

e ^ 

If four more could bs obtained for the aams price, thp^ pnoe of 
CMh would be 

z+4 

80 80 , 
x+4 X 


lA x‘*+y'>+*-*=lS,\ 

x-»y‘‘“25'*=0L J 
lA x+y-»2=yx=12,\ 
x®=y*+i*. J 


1$. xV + xy»=018, \ 
x»+y»=0189.J 


That ini 
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Unltipljing both >ide« of the oqufttUm by x(ar+4h 
80to*80(ar+4)-a^-4af; 
a!»+4ir=:320, 

*»+4x+2*=320+4=384; 

ar=:-2±l8=16, or -20L 

It 18 obvions thAt 10 !e the oninber required. 

The value -20 doc* not correapond with the condition* of the* 
problem, and i* therefore not admissible. 

Ex. 2. Ad arrow is project^ vertically upwards with a velocity 
of 96 feet per second. After what time is it at a distance of 80 
feet above the ground * 

The relation between initial velocity { T), space described iS)t and 
time {t) is given by the equation 

Take g = 32 and substitute tiie given vUues: 

80 = 96/-Jx32x<*: 

.*. 16r«-90<=-8O, 
or + + 

^=3±2=5, or 1- 

Both valnee are adinisaihle ; the value one second indicating that 
the arrow is at the height of $0 feet at the end of the first second. 
It continues to rise until it reaches its greatest height and then 
begins to descend, and ui at a height of 80 feet above the ground 
at the end of S seconds 

Ex. 3. Find U o nnmbers whose difference is 8 and product 24(k 

Let X denote the least number, then x-fS is the greater. 
x(x+8)=t2W, 
x*+8x=240. 

2*+8x + (4)*5: 240+16=256, 
x= -4*16=12, 
and x+8w20, the greater number. 

The rejected solutioii is x»*20, the greater number being 

x+8«-12. 


Then 

or 

Hence, 
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Ex, 4. If in th« equation ax^+&r+c==0, the relations between 
h and c are such that 04-6+3-0, and 2a-e+l=0, what must 
be the value of a in order that one of the roots may baS, and what 
is then the value of the other root? 

In the givenr e<|hation aar*+6x + c=0. 

On Bubetitutbig the given values, 



25a + 56 + e=0, 

(i) 


o + 6 + 3 = 0,... 

<ii) 


2o-c + l=0. 

(iii) 

Multiply (ii) by 5 

and subtract from (i). 


we obtain 

20tt + c- 15 = 0 

2o-e+ 1=0 

(iv) 

Add (iii) and (iv), 

22ti-14 = 0; 




And by substitutioa, 


25 


6 


11 ’ 


- 7 j 40 25 „ 


This is the form of the equation corresponding to the conditions 
of the problem; 7 ji^ * 4Rr + 25 = 0, 

or * t7x-5)(j:-5) = 0; 

X:=:0, or 

$ 

Ex. 5. If z=ajr-6y^^. 

If z=:t‘32 when 2;=:1 and y-% 

and if • i = 8’58 when x = 4 and y=:^l, 
find d and 6. Tbew find ; when x=2 and y^O. 


Substitute the given values 

132^ 0-86 (I) 

8*58 = 40 - 26 (u) 


Multiply (i) by 4 and subtract from (U), 

.*. 3*3 = 306, 

6=0*11, and from (i) a-2iL 

Or, nse the positive sign, 

8*58=40+ 26 
3*28= 40 + 326 


3-3= -306; 6= -O il, a=22. 

Hence, the given relation becomes 

2«2*2x?0lly^* 

When xs2, ysO, that 232'2x2s4'A 
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In forming a system of alg^raic equations of second degree 
from given data, it is, as in simple equations, a matter of 
little importance in many cases whether the given conditions 
are expressed in terms of one or more variables, but, in general, 
it is letter to employ as few as possible. 

£r. 6. Find a proper fraction such that twice the denominator 
exceeds the square of the numerator by 2, and the product of the 
sum and difference of the numerator and denominator is 325. 


Let - denote the given fraction, then 

^ x^~2y-2 {i^ 

Also, {y+x){y-x)=^t (iil 

or y^-x^ = 325. (iiiO 


Add (iti) to (i); 

y»-2y + 323, 

or y*-2y-323 = 0; 

(y-19)(y+17) = 0; 
y = 19, or y- - 17. 

Subetitute these values for y in (i), 
when y = l9, a:* = 38-2=36; * 

z= i6. 

when y= -17, 

x=±\'-36. 

The latter value is clearly not admissible. 

Hence, the fraction is 

Ex, 7. There are two positive numbers whose suss is 6, and 
the ratio of the first to the second exceeds the ratio of tlie second 
to the first by 2 ; find the numbers. 

Let X denote one number and y the other. Then the first con- 
dition that the sum of the two numbers is 6 gives the relation 
Jc+y=6. U) 

y x‘~“* 

a:*-y«s=acy (E) 

Squaring both sides of (i), 

**-i-aty+y^*i6. .(iiil 

d2 


Also 

or 


M.P.V. 
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Adding (Uil to (u)i 

mad fn»n (i), ys 6 ^Ss^ 

Tho valud of x ^ it hiadmiMibU, tince both nombort tre 
pQtitiTe. Hence, UA two niunben are 3%^ and 6 - WR 

£r. A A person Undt £1500 in two separate tnmt, at the 
same rate of interest. The first tain ii repaid, with iotereat, at 
the end of eight montha, and amoiinta to £936 ; the aecond snm 
is repaid, with interest, at the end of 10 monthi and lunounti to 
£630. find the eeparate lams lent and the rate of interest. 

Let X and y denote the two soma lent, and r denote the rate 


pwflieruiniim; x+j,,iaoo. (i) 

o 

xf “r*=:936> <ii> 

and ]f + ^ry=630; (iii) 

D 


From (ii), *(3 + 2r)=2808 : ••*= 5 ^ 

From (iii), y|6 + 5r) = 3780; 

Snb.titnUDg to li), 2'^+^^=lS00, 

»r 125(*^ + I375i--99=0J (!10r-3)(25r + 3*)=0. 

The only adimseible value is 
TKttgiTea^x=£900, y^£«»0. ^ 

Bx, 9. Twice the area of the M]itare on the diagonal of a 
rectangle equals five tiroes the area of the rectangle; find the 
ratio cf the sides. 

Let X and y denote the two sides <d the rectangle. 

Area of rectangle -xy. 

Tsrice the area of the square on the diagonal is 2(x*4y*l, 
Then 6*y=2(x*+y*); 

ac^+Sy^-SxyaO, 

Henoe, x:y~l:2 or S:L 

Heooe, the aidea are as 2 : 1. 


or 
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JKr. 10. Wh«ii two equal reoluiglee an placed l^e by side 
It b found that the diagonal of the rectangle tbna lormed b 
three halves of the di^onal of one of the given rectangles. 
Find Uie ratio of the tides of one of the given rectangles. 

Let two rectangles be placed so aa to form one rectangb 
ABOFiY'ig. 18). 


Let the side BC^z and the side BA—y, 
.BF=sV{2a:^4-y*, 


But BP=\bD ! 

Vi**+ii*“|V**+i*- 

Squaring, 

4** + y»=|(j*+3f*). 
or l8**+iy*~^+ 



Giving Jc:y=:^/^:^/7. 



EXERCISES. Xni. 

1. Eight mOTe articles can be obtained for £l when the price 
b 5e. less per doun. Find the price. ^ 

S. The area of a rectangle is equal to the area of a square whose 
side b three inches longer than one of the sides of the rectangla 
If the breadth of the rectangle be diminished by one inch and its 
lei^h increased by two inches, the area is unutered. Find the 
len^s of the sidea 

t. The product of two numbers is 48 and the difference of their 
squares b to the sum of their cubes as 13 to 217. Find the 
numbsrs. 

1 Tbe diagimal of a recUngular field is to its length as 13 to 
12, and itt area u 4880 square yards. Find Hn length and breadth. 

i. A osrtain snm of money had to be divided equally amoi^^ 
100 peraoQi. If the sum bad been increased by £6, each person 
wonla bavs received 5 per cent, more. What urns the snm t 
6l Tbs ana of a square, with the addition of 31 square feet 
b equal to tbs area u a rectanj^e tbs sides of which are 2 and 
S fsM respsetivriy greater ^an the sides the squmrs. FM 
tbs bagtb of a luls of ^ square. 
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7. II » o^Uin room were half ae broad again ae it is, it would 
be square; and il it were 3 It. longer and 2 ft wider its area 
would be 6 square yards greater tbiw it U, Find its length and 
breadth. 

3. Find two uumbers each that their product is 01, and the 
difference oi their squares is to the difference of their cubes as 
20 to 300. 

9. The area of a certain rectangle is equal to the area of a 
square whose side is 6 inches longer than the breadth of the 
rectangle. The rectangle is such that if its breadth were decreased 
by 3 inches and its li'ngth increased by 9 inches, its area would 
be unaltered. Find the lengths of its sides. 

10. The sum of two numbera is 5, and the ratio of the square 
(d the first to the square of the second is as 1 : 3. Find the 
numbers. 

11. Three nnmbeni are as I, 2, 3; the sum of their squares is 
63 times the sum of Uie nombers. Find them. 

Cubic e^puatioos.— When a given cubic equation can be 
resolved into its three facton, each of these factors will, when 
equated to zenn, give a value of s which will satisfy the given 
equation.' Each such value is therefore one of the roots re- 
quired. 

Ax. I. Find tlft roots of the equation x* l()ix + 24 -0 
• x»-^3x*-lftt+24 = {x-2)(x + 3)(x-4). 

Put each of the factors equiU to sero, then 
x-2=:0; x=2; 

•x + 3=:0, or X- - 3; x-4 = 0; x==4. 

Hence, the roots of the given equation are 2, ~ 3, 4. 

One method, which may often be used with a given cubic 
equation, is to bring all the terms of the equation to the left- 
b^d side and simplify If necessary. Then, if by inspet^ion, 
c»r by trial, one root can be obtained, the remaining roots may 
be obtained by solving the resulting quadratic equation. 

Sx. 2. d<dir6 the equatioa x*+3x^>6x-8. 

Bringj^aU. the tenns to iY» left-hand side, and the equatiem be- 
oomea # -f 3a^ - 6r - 9. 

By trial x=2 satiafkw tbs equation; henM, is a ftet/or, 
Blviding the given equation by x-% we obtain 2*+0x44s(b 
Ike faetore of which are (x4’l)(x4‘4). Hence, the roote of the 
equation are x=% and *4. 
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The methods just indicated become very laborious when 
the roots of an equation are not whole numbers; in such 
cases, as well as in those referred to, the values can be 
obtained by using squared paper. 

Thus, Ex. 1 may be written in the form 

Put x=l, 2, etc. The following values of y can he 
obtained ; 


X 

-3 

-2 i -1 

0 

1 


3 

4 

CD 

y 

n 

24 j 30 

24 


B 

B 

B 

Q! 



Plot these values on squared paper and draw a fair curw 
through the plotted points as in Fig. 19. Then the curve m 
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seen to mtemct the exis of x &t the three p<^i» 4r-> ^3^ 8 
and 4, and theae^ are the roots required. It ehouid be 
noticed that on one side of each of tilieee p<Hnte the value of 
X gives a positive value for and on the other a negative 
value ; hence, we know that if for two aaaumed values of x 
the correepondiag values of 3 r are different in sign, then the 
reot required lies somewhere between these values. If neces- 
sary, that portion of the curve lying between these anumed 
values may be plotted to a larger scale and the value of 
X obtained to any desired degree of accuracy. 



Sk. X Solve the eqaatioo x*-16ir-4«(k 

Sabstftntiqf the valnes 8^ 1, 8, ... eta, far 
vabm ef y eaa he ^ alea ht s d and tabdated is fsUswsi 
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in 


n 

B 

B 

B 

B 

D 

B 

D 

B 

B 

D| 





B 

B 

B 

B 


D 

H 


Blot thew vilaes ; then the carve peeeiiig throa|(h the plotted 
poloU (Fig. 20) ie found to cro« the of x between x= -3 and 
<-4; alio h^weeu 0 mmI ~ 1, and at a=4. The ndnei ol x 
oorreepcmding to ysO can tbas be obtaned. 

The root! the given equation are fonnd to be 
*=-3*732, -0*268, 4. 

JBx* 4. Solve Uie equation **-0'2 Sx-16=0l 
W e may write ae*-0'25*- 15=y-yi=4, 


where y“**i -(i) 

and yi=0*2B(r+l6 (ii) 



The aolaUon k given when y -yi-0 or the value of x dlbennuied 
by the point of faiterMCtion of the onrve denoted by (i) awl the line 
denoted by (fi). Thni, for vaioee (d x ud «irreq[ioDdiBg valo^ 
y, lAa fa nner will ^ve a carve paadng through the phAted pointe ; 
tfa Utinr, n line. The pointe of btereection of the line 
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Kftd carve wiU give velaee of x which will satUfy the gives 
aqoation. 

Thus, from (i), when 

x=0, 3f=0; x=i. y=l ; x=2, y=:8 ; x=:3, y=27. 

From (uj, x=0, y|^15; when x=4, 

Plotting the former velaee we obuia the graph of the 

ioteraecUoa of which with the graph of the latter values gives a 
point of intersectioD at / (Fig. 21), where the value of x=^2'5, and 
this is one of the roots required. Other examples may be treated 
in like manner. 

If the given equation contuna not (mly x* but also x^, instead of 
a abaight line we should have a second curve to be plotted ; Uie 
intersection would give the valt», or values, required. 

£x. h. Find a value of x which satisfies the equation 
*»-5logt^-. 2*531=0. 

As in the preceding e sses, assuming values I, 1*5, 2*0, 2*1 for x, 
we find the correiqKmding values of y cluuige sign as x increases 
from 2*0 to 2*1. Hence, to obtain the value re(|uired, we may take 
X equal to 1*99, 2*00, 2*01 etc., and calculate values of y aa in 
the fdlowing UUe : 


1 

2-00 

! 2^' 

B 


y il -0*065 

-0*036! 
1 

-000(7 

1 0023 i 0*052 

( ( 


Plot these ^values and draw a curve through the plotted pointa. 
The curve is found te intersect the axis of x at a ^nt x=2‘012. 
This » the value required. 

Tmigtimy Qnantitiet.— The quadratic leada to 

x= ±^<-a* ; as DO number is known which by itself will give a 
negative value when multiplied, this value of x may be auppewsd 
to cotttttt of a real part ± a and an imaginary pari 
QfaphieaUjf.—Ti» real part +o is measured in tbs didrsetion 
OA (Figk 5, p. 10), and tbe part -a in the directicA 04 ' ; the 
multiplicitiOD by may be taken to denote rafehtion el 
a Itne^ throngb fiOT into the position OBf and maHtpHceMoft 
bj (^-l)*aa the rota^n «f 04 through IfifFluto the pwMon 
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Oi'. Similarly, (</ - If corresponds to a rotation through 270* 
to OB and (^/ - If through 360“ to the initial position OA, 

It is usual to write ^/^ =i, so that t*= - 1, t^= - 1 x ts= 

X t=t etc. Thus in the quadratic 
<Lr*+6jf+c=0, 

when 6* is less than 4ac (p. 90) the imaginary roots may be 

written in the form j:=a - — ± — iV4ac-t»^. 

2a 2a 

EXERCISES, XIV. 

SoWe the equations : 

1. jc*-12x*-96i + 512=0. 

5. *»-tlc*-3j:+4=:0. 3, 8j^-«ac5-3r+l=0. 

find two roots of the equation ; 

4. *»-3a*» + 2a>=0. 

Solve the equations : 

5 . x9-l9x-30 = 0. 6. a:»-15x-4=a 

7. 2»~91x- 330=0. 3 . af>- 12a:S + 36*«7. 

9 . Find to two places of decimals the ital positive root of 
a:»+2i»-4=0. • 

Find one root of each of the following equations: 

10. x» + 6i=20. 11. x*-ar=5. 

11 jc*-6jt:» + l8x = 22. 13, x* + 9as-16=0. ‘ 

14. Show by plotting y= a?*- 4x*~ 4a? + 1&5 + 1 between x= -2 
aad X = 4 that the equation jri *- 4*? -> 4a? +• 16x t I =0 has four real 

roots. 

Find to two decimal places the value of the root which is 
namerically the greatest of the four, 

19. Find two roots of the equation a? - 12£= 16. 

18, Show by plotting that the equation a?-2-4a?~3jc+7'2=0 
has Uuwe ml roots, and find the least positive value of x which 
•aiisfies the given equation. 

17. Solve the equation ar*-3a?+2’6=0. 

11 Find a value of x which satisfies the equation 
X* - 6 logi#« - 2'931 aO. 


V.MI. 




CHAPTER m 

GRAPHS. SOME APPUCATIONS OF SQUARED PAPER. 

CkaidiB.— Any expnesion involring a variable, each as 
a« well as known or unknown constants, may be briefly 
expressed by /(jr)[r«ad as^function x]. 

Thus, we may write /'(x)=i4^-7x+12. 

The value of such a function may be denoted by y. Or 
which is read as is a function of x.” 

Taking,* for example, the fmaer case 
y«./^)«jj*^7x+lS, 

then, by substituting various values for x, the ootresponding 
values of y can bf calculated The various values of y thus 
depend on ^oae given tox, and x is called the laflepudmit 
variable and y the depeadttt variable. 

The line, straight or curved, which passes through the plotted 
points is cajled the of the function. 

In many cases a few points are all that are neoessaiy to 
enable sodi a eor^ to be drawn wHb soflleieni aocuncy. 
In die cue of a straight line, two pointe are sufllcient. It 
may be assumed that the reader is eJready familiar, from his 
previous work, with the linear eqnaiton 

y«a+hr, (1) 

In which, when x hM die value 0, yno, and the line makes 
die int«eept on the axm of y eqoal to a. 

If a i| zen^ ^ equation becmnet y*»hr, and denotes a tine 
pirinng througli the origin. 

0M di iQSund pi^er.'-When two vviabte qoukdes are 
eonnectad by a relatSen each as y>*>/(s^ dm, lor assnmed 
valoss of one, eorrespondSag vakus of the odm ooa he oofoa- 
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loittA. UoBg % sbe^ of iqaared paper, two conTooient iinee 
at right angles are assumed as axes, the simultaneous 'values 
maj he represented by dots, or small crosses, and finally a 
curve passing through ^e plotted points may be drawn fne- 
ha|Ror by means of a flexible strip of metal or wood. In a 
siimlw manner, s series of experiment rwdte may be plotted 
and a curve drawn so as to pass as eVenly as possible among 
the points. In other words, about an equal number of the 
results should He on each side of any small portion of the 
curve. Such a curve may be assumed to give the most trust- 
worthy average for the constants in a general formula, the 
amount of deviation of any observation from this curve may 
in the majority of cases, be assumed to be due to errors of 
observation. 

In all cases, except the equation of the first' degree, in which 
the curve connecting the plotted point becomes a straight 
line, it is difficult to obtain the relation, or law, connecting 
X and y. 

By meaM of various artifices — some of which may be seen 
from the following examples ^it U possible by plotting the 
logarithms x and y, or their reciprocals, et(^, instead of their 
numerical values, to replace the curve by a straight line. 
From such a line the tot average values for the two con- 
stants a and 6 in the equaUon y^a+Ar can be obtained. 

Thus, if two variables x and y are connected by,the relation 
y»ax”, where a and n are known constats, then when a is 
known or assumed, the curves corresponding to various values 
of 11 can be drawn. 

Thus, the equation y^aat" becoraee, when a«=l, y«x“. 
Oiving various values 1, 3, L etc,, to the index n, then 

functions of the form y~4f*, y“X% etc., are obtained 
Assuming values 0, 1, 2... for x, corresponding vidnes of y 
can be found. The curves can be plotted and are shown in 
fig. ifi. It will be seen that the curves y«i?, y«x^, and 
the straight line y«x all intersect at the same point (I, IX 

It will also be noticed that, aa the,value of n is inmeased, the 
carve ^iproatffies cleser and cloeer to Uie axu of x. Dunin-' 
ishmg the value of a produces a similar effect with regard to 




116 A MANUAL OF PRACTICAL MATHEMATICS. 


the axia of y. This fact is of some importance in proceeding 
to plot tabulated raluee of x and and more particularly 
to obtain the lav, or relation, between x and y. Thus, if 
on plotting given values, a curve somewhat of the nature 
of the curve marked r» 2 (Fig. 22) is obtained, th^. it 
would at once suggest that the nuraerical magnitude of n be 

diminished. If, on doing so, a curve of the form 

results, the probable value of » would lie somewhere between 
the two Si^umed valuea 



In drawing a set, or family, of curves, as they are 
sometimes called, similar to the preceding examples, it will 
l)e found advantageous to use coloured pencils or crayons. 
Thus, the line may be indicated in red; the curves 

below, where a is an int^r, say in blue and green alternately ; 
those above, where n is fractional, in green or yelbw. 

A good plan would be to draw on a piece of trasspareBt 
e s Bsl si d 1 series of stsaterd sums such as for various 
values cl Hy marking on etch the value of a. This eui be 
placed on a curve drawn through a series of plotted pointei 
and the ooinddence wiMi one <k Uie curves win surest a 
probable valoe of m 
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Ad important caae of (i) 

occurs when « is negative. The equation then becomes 
y^ajT^, 

or yx’'—a, 

A»uine a series of values for then for various values 
of Xy corresponding values of y may be calculated, and the 
curves plott^ 

When n = -1, then (i) becomes 


xy = a (ii) 

For a de6uite numerical value for a the curve may be 
plotted. 

The relation expressed by (ii) gives approximately the 
curve of expansion for a gas such as air at constant tempera- 
ture, and is often taken to represent the curve of expansion 
of superheated or Katurated steam. 

If /) and V denftte the pressure and volume respectively of a 
gas, instead of the form shown by (ii), the equation is 
usually written pc = constant and is known as Boyle’s 
Law ; c is a constant, this is either given, or may be obtained 
from a pair of simultaneous values of p and r. 


Ex. 1. Plot the curve xy-9; 


Thus, let 2 s: 
then 


y=; 


From (ii), 

when 2 = 1, y = 9; 

„ 2=2, y=4‘5; 

*=u66'>'=9««'-- 

when 2 is very small, 
y is very great. 
_1 

lOOOOOO’ 

9 

Wh«o *=0, then y=^, or is 

infinite in value. In other 
words, Uie enrve geu nearer 


./u) 


m 



irr 




j 

r 




i 




n 











\ 










1 











\ 











5 

__ 













1 










!j 




Fio, 2S.— <3f»ph of 

and nearer to the Mie oy as the value of x is diminished, but does 
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not FMob tbo Axis at nnj flnito dktence (rom th« origiii. Thii U 
expmwd by tbe symlM^ ysioo wh«n n-Oi 


A« Eq. (U) can be written it foUowa «• before that when 
yi=0, ap=ae. ^ 

The two iinee, or axee» ox and ey are ealled a^ya y te tw , ani are 
eaid to meet (or toach) the conre at an infinite di it a no e. 

Arranging in two oolnnme a aeriea of valoea of x and oorreifKmd* 
ing valnee of y obtained from Eq. (U), we obtain, 


i ^ 

Vftlnat otr, | 0 

1 

2 


B 

B 

B 

B 

B 

B 


1 9 

4'5 

r 


IS 

1-5 

1-8 

1-18 

1 


Plot these valnee of x and y on iqaared paper ; the curve or 
graph paeaing through the {dotted points ia a hypextola, a» in 
Fig. 23. 

One of the most imp(»tant carves with which an engineer 
k concerned ia given by the equation where p de> 

notes the preamre and v the volume of a given quantity of 

The constant e and index n depend upon the substance 
used ; io, wheUier it is steun, air, etc. 

When, as in the preceding example, the values of c and n are 
known then for various values of one variable, corresponding 
values of the other can be obtained, and these can be plotted. 
The plotted pointa will be found to lie on a straight line 
when » is 1 ; and on a curve when a is greater or less than 1. 
In the latto* case, we may, by using logarithms, write the 
equation in the form 

logy«logc+nlogx. (i) 

This may be written r^C+nA, or the equation to a stnight 
line. 

Plot a eeries of valcrae of logy and logx and join the 
points Uy a tine ; from two pairs of stmoltraeous values 
of T mi I ttie values of the oonstant e mi n may be 
obUlimd. 

It is not of coarse eswntial thst the lattm x and y should 
denote the two variablea Other lstter% each as p and « 
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iH 


«(lhe MM letlero of pneouro and tvolume) ; $ and ff; etc., 
may be tued adiwitage to suggest at once tbe 

quantities to which reference b made. 

The converse problem may be stated : given various simul- 
taneous values of p and v to calculate the numerical values 
of e and n. 

To do this it is necessary to write the equation pjf*—c in 
the form logp+nlogv— logc. 

Plot iftgp and log V ami draw a attaint line lymg evenly 
among the plotted points, and from two simultaneous values 
of p and V the values of c and n may be found. 

To take the case of tbe stuff in the cylinder 6f a steam 
or gas engine as an example : the pressure and volume ai'e 
connected by an equation of the form constant ; from 
Tables tbe pressure corresponding to any given volume can 
be obtained, but unless the entries in such a table are very 
numerous it often happens that the volume corresponding to 
a given pressure, or the pressure corresponding to a given 
volume, cannot be found. The only means by which the re- 
quired data can be arrived at is by a process of interpolation. 
When values of p and r are plotted on squared paper and 
the curve lying among the plotted points is drawn, inter- 
medii^ values can be at once obtained from the curve. The 
process of interpolation simply consists in i*eading from a 
given value of p, or r, the corresponding value of the 
remaining quantity. , 

One objection to such a method is that errors may occur 
in plotting such a curve; another difficulty is experienced in 
reading the results with sufficient accuracy. When the oon- 
sUnUt n and e in the general formula are found, values 
intermediate between those given by oWrvation and, in 
some wws, even beyond them may be obtained by calculation. 
Some of the artifices which may be adopted to replace a 
curve by a stnught line may be seen from the fallowing 
axamplee ; 

2. The keeper of a reetanraat finds when he has 0 guesto 
in a day, his total daily expenditure (for rent, taxes, wages, wear 
and tear, food and drink) is B poun^ and ihs total of his daUy 
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reo^pte » A pounds. The following numbers •re- averegis- 
obtained by examinaiim of his books on many days: 


0 

210 

270 

m 


llQII 

167 


21*6 

2a-4 

A 

1 1 

21 ^ 

1 26-4 

S9« 


Vind A aud A and the day’s profits, if he has ^ gwesta. WBat 

dumber of guests per day gives him just no profit? What simple 

algebraic law seems to connect A, A, P the profit, and (?? 












■14 








B 


J 

■ 

■ 

■ 


1 

■ 


B 


1 

■ 

■ 

■ 


■ 

i 




J 


• 



Bi 

■ 





■ 

■ 

■ 


■ 

B 





■ 

■ 



■ 

B 




1 

E 

n 

■ 


■ 

B 


■ 

i 

1 

M 

■ 

■ 

■ 


■ 

B 



r 

1 

200 t 




H) 3( 

M £ 

10 ^ 

ani 

i 


F10.M. 

a 

On plotting the giroi rallies of U and A, and 0 and A, it is seen 
timt the enrre Jotidng tiie points is In each cate a strai|^t line; 
brace, the ndation betwera B and O may be rapreeaed by 


0*o+bJF, (i) 

ibd betwera A and 0 by Os<*fdA., (U) 
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Subatltut^ in (i) the values at / aud n (Fig. 24), 

340=a +22*66 (iii) 

230gg+ 17*36 
By subtractiou, 110= 6 *36 ; 

••• 

Substitute this for 6 in (Hi) and obtain a = - 129. Renoe, the 
relation between E and 0 may be written, 

G=aO-76J?-129. 

Again, we may, in like manner, find the values of the constants 
c and d in £q. (ii), by substituting the values at g and n; 

340= c +28 d 
230=c + 17-3d 
110= 107d; 

By substituting this value, we find £=52*2. 

Hence, the required relation is 0=52*2 + 10*28/?. 

It will be obvious that the profit will he R-E. At the point ft 
in the diagram R is ei|[ual to £; hence, 230 guests gives just no 
profit. 

In this manner we may find /* = 005^-11^5. 

Hence, the day’s profits when the restaurant keeper has 340 guests 
is given by P = 0‘0.5x 340- ll‘5 = £5*5. 

_ . , 7*35ac 

Ex. 3. Plot the curve y = ^ 

Calculate the average value of y from x^O to x=8. 

« Tail'S _14*7_,^„ 


Ex. 3. Plot the curve y = r 


When x=2, y = 


l + 3*2x2 7*4' 


When X is 0, 1, .. , values of y can be calculated and tabulated 
e follows : 


! '~r - * h h 



m A MANUAL OF PRACllCAL MATHEMATICS. 


Area from to «-8 ia 

J(2^ll+8mx4+6*2»x«)=47‘673-i-3=15-86. 

But average value of y mulU^iad by leugth of baae=:area; 

aven^ value of = 

In some caaes, when the expremion f{x) coDsista of several 
terms it* may he advisable to arrange the various parts in a 
table and aWwards to add these to obtain the value of y. 
The method may be illustrated by a simple example as 
follows : 



Pio. SS.'-Onpb of 


Ax A Draw the graph of the lanctioft 

The sepaiate parts of the eqnatkm may be arranged in vertical 
colooma For vuriona value* of x the resntU should be obtained 
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and Ulndatedi and Amdly, by adding the nnndwii togttibcr in 
the vertical ooltmni, the vnloee of y are obtained. Plotting the 
tabulated valuea of x and y, a curve, aa in Fig. 25, is obtained. 

Bx, A ExperiinenU made to detaraiine the (water) akin resiat' 
ance of planka whose wetted surface ia l(X) aquare feet, yield the 
following reeulta : 


r= Speed per | 
minute | 

20U 1 400 

n^n 

800 

A^Total resistance f 
in lbs. t 

3-28 j 11-7 

24*6 

41-7 

1 


Test whether the 
relation between R 
and F can be ex- 
preeaed by a law of 
the type « F", and 
if BO, find the valuea 
Ji and n in the for- 
mula ff = hSF* in 
which S denotea 
wetted anrface of 
plank. Find the 
probable value of R 
when V ia 1000. 

Plot log V and 
log R on aquared 
paper aa ia 1^. 2$, 
it will be foand that 
a atraight hne can 
be drawn to lie evenly 
among the points, 
thoa proving Uiat the 
auggorted formula is 
tnutworU^y. Now 
teke a ef aaOn- 
lotd on which a 
straight Hne ia 
nmrked and draw a 
Bm tooh M flh, the mteneotkn of the line with the axee will 
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itetenniiie Uie otioiericti ralues ot tlie coBtUmti, or they may be 
obtained by calralation. The equation may be written : 

log/f=logi:+log 5 +iil<^ V. 

At point a, log ^ is 0'7 and log T is 2 ‘ 4 , and at b the values 
are 1*6 and 2*9 r^pectively. 

Hence, snbetituting th^ valuee, we have 


l'6 = loglr-flogiS + »x2*9 (i) 

O^^lt^i + logiS + n x 2’4 (ii) 


Snbtractingt 0*9 = n x 0 * 5 ; 

ii=r8. 

Sabstitnting this value in (ii), as log 5 is 2 * 0 , we get 
0’7 = logi:-|- 2*0 + l 8 x 2 ’ 4 ; 

/. logt = 6 - 38 , or *= 0 * 000002 ^. 

To find Ji when T is 1000 , we have 

log /f =log ir + log 5 + w log K ; 

/. logi? = 6'38 + 2 0 + 5-4 = l'7S; 

*!•. /?=60'26ibe, 

£x. 6 . The following numbers relate to the flow of water ovei 
a triangular notch : 


H 

1 ! 

1*4 

16 

1-8 

26 1 2*4 

U 

i! i 

6 1 

8*5 

|ll '3 1 

146 128-5 1 


denotes the bead of water (in feetb Q tbe quantity (in cubic 
feet) of water Sowing per second. Try if tbe relation between 
Q and ff can be exproned in the form 

( 1 ) 

If so, oblain the beat average valoea of the eonatanta e and n. 
Abo find Q when if is 2*2 and 2 * 6 . 

The formnla (i) may be written In tbe fonn 

logQ^logc+nlogH^ (U) 
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Hence, if the rektion given by (ij is true, on plotting (ii) e 
straight line will be obtainetl. 

The given data may be arranged ae follows : 


j""// " j 

1-2 

1-4 

1'6 

1-8 1 2-0 

2-4 

^ Q 
\ ^ 

42 

01 

8-5 

11-5 j 14-9 

23-5 

1 log H ii 0'0792 

0 1461 ! 

0-2041 

0-2553 0-3010! 

0-3802 

logQ 

0-6232 

0-7Kr)3 

jo-9294 

1-0007 1 M732 

1 1-3711 1 



Fill. 2T. 


Plot the last two rows as In Fig. 27, end a straight line may be 
drawn through the plotted poiuta. 

By anbetitntu^ in (ii) the values of logQ and logff from two 
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pc^ti ndi w a tnd 6, the of c ud % toKf bo obtemect 
•s follows: 

log logo + » 

l’3=!og«+»>tO-35 
0^8alogc-mx0 16 

0-6=0-2»; 

5 

.. 

SubaUtiiting this valoe, we have 

l‘3=loge + |x0-35; 
loge=0'<^, or 

Heiuw, (i) may be written Q=2'S6//^. 

When B is 2*2, then we have 

log O=log21S0+? log22= I -asoe ; 

.. 0=19^ cnb. ft. 

Similarly, when H is 2*6, Q u found to be 29 cub. ft 

Ex. 7. In some experimenU in towini* a canal boat the follow- 
ing observatiMia were made ; P being the pull in pounds and v 
the speed of the boat in miles per hour. Find an approximate 
formula omnectin^ P and r. 


p • 

76 

100 

240 

320 

370 

V 

1*68 

2-43 

3*18 1 

3*00 

4-03 

logP j 

1*881 

• 

2-304 j 

2*.180 1 

2-506 1 

2-568 

logv 1 

1 022 S 

i 

1 0 ’ 38 e 1 

0];502 1 

0*356 i 

0-605 


Plot togP and logs cm squared paper and draw a line evenly 
through the plotted points. The equatfon to such a line may Iw 
written log P=B togr-^logc, 

Snbecitating iiiniilUuieous values, 

2*56B = 0-6ftH-loge 
12) «0’225a^loge 

Sdbtraetiog, O-MsOSTh a, 

Abi^ by mbstitiitioii, logr»S*0a8-O’6x}'7Swl*6wkf31t. 

HeMt» tha lomihU reqalnd ii 
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Kx, S. For the yuxt LS96-1900, tbe fi^bwing aventge numbers 
are taken from the accounts of the 34 most knportant electm 
oompanies of the United Kingdom. 

Ut means millions of unite of electric energy sold to ctutotners. 
U, means the total cost in millions of pence, and includes interest 
<7 per Mnt.) on capital, maintenance, rent, taxes, salanes, wages, 
ooal, etc. 


f 

j: 0*87 

j 1-00 

1*366 

1*46 

2*49 

c 


j 6-25 

1 8’fiO 1 

9U 

14*25 


Is there auy approximately correct simple law connecting U cmd 
C? If so, what is it? Assume that from the beginning there 
was the idea of, at some time, reaching a maximum output of 
13 ’9, so that f/4l'l'9 is called /, a certain kind of load factor. 
Let C~ (J be called c the total cost per unit; is there any law 
connecting c and /! 

Using the given values of V and C we may proceed to find the 
values of /s: I/t I3’9 and C-f i/ssc, and arrange as in the follow- 
ing table : 


c 

i 0*67 

1-00 

1*366 

1 .1-46 

2*49 


4-84 

6*25 

8*60 

j 911* 

14*26 

/=U+I3*9 

1 0*048 

0*072 

0*098 

j 0*105 

O’lS 

c^c-i-a 

7 ■*22 

6*25 

1 6*29 

i 6*24 1 

5*72 

1 

/ 

1 20-7 

1 13-9 

j 

1 10*2 

! 

j 9*52 

5*58 


Plotting the given values of U and C, a straight line may be 
drawn among the plotted points. Its equation may be written 
17=«C+ A Snbetituting simultaneous values of U and 0 obtained 
from the curve, we find 

1 =a X 6*4+6 

2=ok I2j^ 

Snbtrao^, l-5*6«; 

a=0 l8. 

And, by tobitittttioD. -0 16. 
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Plotting the valuw of logp and logtt as in Fig. 28, a straight 
line is obtained ; its equation may be written log p+n log tt=log c. 
To find the constanU it is only necessary to substitute simult^eons 
values of l<^n and logp from the curve. Thus at/, logp is 1'5, 
logtt=:M, and at a, logp is 1-9, loga is 0725. Substituting these 


values, we have 


1-5 + nx ri =logc (1) 

1 9+nx0725-Ioge (ii) 


By subtraction, 0*4 


= 0'375n; 
0-4 


’0-375 


= 1-067. 


Substituting this value for n in (i), we obtain the value of logc ; 
/. 1-5 + 1-067X 1-1=2-6737; 

■ c =47 1-8. 


It will be noticed in the preceding example that the two 
varying quantities follow a somewhat complex law. In such 



caw. it i. often po«ible to determino » simpler Uw, which 
between certain limit* will give valuee cloeely approximating 
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to the correct ones. And we niaj plot the reciprocals or 
squares, etc., of one instead of both the given quantities. Thus, 
in the preceding case, using the values of «, we may calculate 

values of the reciprocals and we obtain the following : 


P 'I 20 

30 1 

40 

50 

60 

70 

HO 

90 

* ; 19*75 

Ii 

13 49 1 

10-30 

8*35 

THU 

6*00 

5-37 

4*81 

1 ii 0*0506 

" II 1 

0-0741 0 0971 

1 0-120 

0 U 2 ■ 

0*161 

1 .,_,i 

0-186 

0*208 


Plotting ;>and ~ ^ ® straight lino may Ik? drawn 

amongst the plotted poinU Its equation may be written 

-=a+Ay>. (i) 

u 


At two pmnts / and u in the line the values of p and ~ are 

60, 0*1*1, 80 and 01 85. Substituting these values in (i), we 
obtain 

0185=^0+806 
, 0i 4 ^q+606 

Subtracting, 0*045 = 206 ; 

6=*0*00225. 

And, by substitution, « is found to be 0*005. Hence, the 
required relation is i =0<i05 + 0*00225 p (i) 

It will be seen that, for a given value of p, the i*alije of * 
or U can be obtained to a fair degree of accuracy. Thus, (i) 

ID.; be written (ii) 

The value of U when p is 80 is 5*37. 

Froia (ii) we obtain t^“o?oo5+o56ffl6xio”ai86 
- 5 - 406 . 


5-406 - 6 - 37 ^ 


Hence, percentage error- ^ 


5 ’ 40 & 
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Ex, 10. Given that 

y=5!ogi«2; + 6sm~a; + 0'084 (ar-3-5)* (i) 

Find a airopler function of x the values of which will have a 
small .percentage error between z=3 and z=i6. 

Since the angle -^x is in raduuw, and aa the values between 
3 and 6 are required^ we may use, for ease in calculation, numbers 
such as T, ^ and 2r for x. 

Thus, let x = r, then, by sul^stituting in (i), 

y = 5IogT + 6ein^ + 0'084 (3*1416 - 3‘5)* 

= 5 log r + 6 sin 18“ + 0*084 ( - 0*3584)* 

= 5 X 0*4972 + 6 X 0'309 + 0*0108 
= 2*488 + 1 *854 + 0*0108 - 4*351. 

In a similar manner, when x is 1'5 t, 

y = 5 (log 1 *5 + log x) + 6 sin 27“ + 0*084 (1*469) ; 
y=6*214. 

When x = 2r, 

y = 5 log 2 t + 6 sin 36“ +0*084 (7 *746) = 8*168. 

Plot these values and we find that a straight line can be drawn 
very evenly through the plotted pointe. Now, assume ^his simpler 
or linear function to replace the given oue. Its equation may be 
written in the usual form, 

y-ax + 6.... 

By substituting two pairs of simultaneous values, we tan obtain 
the numerical values of tlie two constants a aftd 5. 

Thus, 4'15 = 3a +6 

7*5 =5’7 5a+6 

Subtracting, 3‘3o=2*75a; 

3 *. 1.5 

Substituting this value, 

4*15=3x 1*22+5; 

5 = 4*15-3*66=0*49. 

Hence, Ute simpler functiou required is y=l*22z+0*49. 

It will be found on sulMtitution that the values obtained from 
the timfder function an?, for any value between the limits referred 
not more than 2 per cent, in error. 
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Sx. 11. At tb« following dnughto in mw wat«r» a partionUr 
yeosel has the following displiAoemonU : 


^ Draught A (feet) 

1 - 

nBO 

9 

m 

1 Displacement 7 (tons) 

j 9098 

151*2 

1018 

5S6 

I log* 

1 1-1761 

1*0792 

0*9542 

0*7993 

1 

: 3 3218 

! 3*1790 

3 0076 

1 2-T879 


(i) Plot logF and on squared paper, and obtain a simple 
relatiMi connecting T and h between the given limits. 

(ii) If one ton of sea water measures 35 cubic dnd the 
mle connecting V and A if T is the displacement in cubic feet. 

Plotting log T and log A, a straight line may l^e drann lying 
evenly among the points. 

Tlie relation may tie expressed by 

cA=r-. (i) 

where r and n are constanU- 

To determine the numerical valuoi of c and a, we may write 
the equation in the form 

nlog T=logc4’lc^A. ....(ii) 

From such a tine we find that when leg 7 is 3-0, log A is 0*95 ; and 
when log 7 is 3*3, log A is lifiS. 

Sabstitutiiig these vslues in {ii)» 

nx3-3=Iogc +1*153 (iu) 

nx3'0:s:logc+ 0*95 (iv) 


Sabtracting, 


0’3s ^0*203; 


Snbatitating this value in (iv), 

0*6707 X 3 0*95 s; Iciest 1*08^ Ic^ 12; 
.*. c=12 


Hence, (i) may be written in the form 

ywww.i2j^ 

or 7’»(12)""'x»***. (V) 
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Thi* ia not in aro^venient form for calculation, hence we may 
write (t) in the form 

and aa 2 -f 0*6767 - 2 *855 we may obtain a good approximation by 
using the nearest whole number 3 and adjusting the constant. 
Thus, (v) may be written as 

(vi) 

o 

or ^log T^log^+logA 

Hence, draw a line having a slope of ^ and passing as evenly 
as possible through the points. To obtain the constant 6, we hare 
from (vi) 

logh^^logT-logA; 

at e, where logT is 3*4, logA is 1^27. 

Snbetitnting. 

logA = ?x3*4-l*227 = l’040; 

/. 3log6 = 3‘120-logl318. 

Hence, the relation is 

r=.1318A®. 

Also, r-f3r)=7'; 

or P=:1615000A». 


Ex. 12. In the following table some observed values of x and y 
nre given : 


X 1 0 1 1 ! 2 1 3 ! 

4 

5 

6 

7 



y 

0 { 0*7485 j 0*5988 jO’ftdU 

0*5444 

[ 0'5347 

0*5284 ' 

1 0*6241 

i 


It will be noticed that as jc increases, the corresponding valnes 
of y atw decreasing. If the given pointe are plotted, a curte is 
obUined. To obUin the algebraic law connecting x and y— instead 
of yasa+Ax, try 
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Tallies of x and calculated values of - ore Mallows : 

y 


! 1-336 1 3 339 5*343 7*348 i 9 351 I II 30 i 13*36 i 

I I -- I i I j * 

Values of x and - are plotted in Fig. 30 and a line is drawn 

through the plotteJf points. To obtain the e(j[uation of the line, 

or to obtain tlie values of 
the constants, in (i), we 
may select two poiots/and 
; a, and sulistitute in (i) the 

values of x and Thus, 

y 

7^ax 13‘36 + h (i) 

j )^oKl-33»» + h (ii) 

■■■ “=liV2 = "'’- 

Hulkstituting in (ii), 

5 = 0*33. 

Hence, the relation con- 
necting X and y is given by 

t = 0*5- + 0-33, 

• Fi«. » y 

^ or ary “0'5x + 0*3.3y. 

H&rmoilic motioxL — a simple bannonle motion mity bo doflnod 
is ttte motion of the projeetton, upon a diameter, of a point moving 
nsiftimily In a cMe. Thus, let /* be a point moving uniformly 
in a circle of radius a ; the projections, M and ^V, of /' on the 
axes move with simple harmonic motion. 

Let w dmKite Uie angular velocity of P (t.e. the angle in 
radians described by CP in one second). Then the angle A CP 
will bp W; if X then denotes the displacement CM of the 

Cif=x-=acmut. (i) 

The ampittade ia the greatest displacement on either side of 
the mean position C ; hence, the amplitude is a, or it is the 
yaltie x when P metA* 
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The period or ]WElo4ic time is the interval of time taken by 
the point M to paaa from A to A' and back again. It U usually 
denoted by letter T. 

The fteqnenoy, /, is the reciprocal of the periodic time, or 



It will be seen from Fig. 31 that the motion of N is pre- 
cisely similar to that of k, the difference being that when 
the displacement of J/ is a 
maximum that of is a 
minimum, or zero. The 
motion of points M or iV is 
the simplest kind of vibra- 
tional motion, such as the 
up and down motion of a 
weight hanging from the 
end of a spiral spring, or 
the motion of the bob of a 
pendulum when the vibra- 
tions are small, or the 
motion of the prongs of a 
tuning fork, etc. 

Similarly, the harmonic 
motion of point may be Fw. s}. 

expressed by 

y = (1 cos PCiV = a sin (Of (ii) 

It should be noticed that the coefficient a in (i) and (ii) gives 
in each case the amplitude, and co the angular velocity of the 
corresponding circular motion. 

The period (7^ is the time retjuired for one revolution-— > 
and the frequency / is the reciprocal of the periodic time, or 

<o=2«/ 

Bx, 1. *=7cos3«f. 

This denotes a point moving with simple hannonio motion (usually 
denoted by the letters aH.M.), the amplitnde being 7, and angular 
velocity 3w radians per seconds 
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Ex, ^ Find the amplitude, anguUr ye|od^, period, aad fre* 
^nen^ of a point which hw a sim(de liMtnonio motion given by the 
equation x=0'15coel’6<. 

Comparing the terms in this with Kq. (i), the amplitude is found 
to be 0*15. The angulv velocity is the coefbcient of /, and is 1 *6. 
The period is the time required for 1 revolution, mid is therefore 

S->«' 

The frequency is the reciprocal of the period ; 

A frequency = 0-2546, 


If s denotes the distance of a moving point from its mid- 
position, at a time r, then if the relation between i and t is 
expressed by s^^osin^^ or asinSsr/f, where / is the 

frequency, then the point is moving with 8.B.11. of aniplitude a. 
tit 

The velocity (p. 337) s»2aT/oc»2sr/%, 

“ 4<iTy^sin ^rft ; 

«=;cisin ivfit 
iPt 


The acceleration 
but 




= - Aw^/*i. 


..(iii) 


Thus, Ufb fcoeleration at any instant i-nries with and is 
directly proportional to Uie distance of the moving point 
from its mid-position, but in the opposite direction. 

If J/ i» the mass of a body» H‘-r32*2, where If denotes 
the weight, then the force F acting towards the mid-position 
is given by 4 T*f*ix IT 

(iv) 


Ex. 3. The relmtkm between the distance ji, from the middle 
point of the line of motion, being given by A tin {pi -t)^ where 
A, p and t are all ooosUote. Find the velocity and acceleration 
at any instant. ^ 

9»~sJpcoa(p<-^e), 

Hence, as In the pmeediog case, the acoeleration is eqna] to p* 
tiunee Uie distance from n fixed point, thia Is the ebaraeterittio 
pro pe r ty of harmonic motloD. 
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It ihould b« carefully noticed from (iv) that f (the 
frequency) is squared. Hence, when the frequency is doubled 
the force required is four 
times its former value, when 
the frequency is trebled the 
force is 9 times, etc. 

The sinuous curve corre- 
sponding to (i) could be set 
out on a horizontal base, 
equal distances denoting 
equal intervals of time and 
the various valu^ of Cif, 
or T, as onlinates. 

If the moving point starts 
at some point, say (Fig. 

32X and is the interval of 
time required from A to 
then the angle PiCA may 
be written (i><o or e. 

Thus, when the point is at jPthe angle described is 

x^(i<m{uit + e) a (v) 

The expression given bv £<(. (v) is found not only in 
engineering, but also in mathematical physics, more frequently 
than any other. Every peruxlic function can be expressed 
in such terms, or a series of such ternm. The nJbst general 
form is expressed by Fourier’s Theorein (jx 451). 

It is more convenient in graphical work to project the 
various positions of point X (Fig. 3*2). 

For this purpose angles are more conveniently measured 
from the line or 90* Iwhind the initial line J.l', and 
Equation (vX defining the successive positions of point 

y«a8in(a^ + e). (vi) 

Other letters may be used instead of jr, tu, eto. Thus 

Eq. (vi) may be written y =a sin (6x +c)* (vii) 

Thus, when x^O, from £q. (vii) 

y sin c. 

«SMp.683. 
e2 



II.P.3I. 
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Or^ when z is 0, the point P is ahead of the initial position 
B by an angle BCP (Fig. 33^ 

The angle e when measured in a poxitice direction is usually 
called the angle of Imd or advance ; it is called the lag when 
measured in a negative direction. 

It is of the utmost importance that the meanings attached 
to the constants o, h and c should be clearly nnule out 

Px. 4. A point Jf has a simple harmonic motion in which the 
dUpUcementa x from the mid- position (7 U given in inches by 

x=:28in (I’.V -f 0 4014) (viii) 

Plot the carve and find the displacement of M when and 
also when Ms 2 seconds. 

From (vUi), when MO, x=^28m|0-40I4), 

From Table VII. 0 4014 radians = 23*, 

Hence, make the angle 

With C as centre describe a 
circle 2 inches nulius, then P 
is the corresponding point in 
the auxiliary citvle ; and pro- 
jecting on the diameter *4.4' 
the distance is the dis* 
placement rfw|uireii 

UJf = 2sin2r = 2x0*3907; 

= inches. 

Similarly, when / is 2, we 
have, from ji), 

x-2Bin/.T + 0‘40!4) 
=:2sin (34014) 

= 2sln 194* as*; 

/. CM* = X = 0'5 inches. 

The following important theorem may be shown either 
graphically or analyttcaily : 

A nothm la a stnlftt 11m whi^ la eompoudad of two ilnpla 
l«moBlo moOau ol «inal periods and la tlM naii ttnlflkt ttaa 
M ttMSf a risipla iMmoak motloa. 

Thus, lei two simple harmonic motions be eapramed by 
the eqaatmns 

a«n(«sf4»Si) and hsinfwf’f’St). 
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Add these, then we may write 

sin + tf) = a ain + Ci ) + 6 sin (o>^ + 62 ) (i*) 

Expand the rig}it-haiid side of equation and rearrange, 

^*»a“+&*+2aicoB(e|-eJ, also tan » 

. a ain e, + ^ sin e* 

tan«= ^ 1 

a CO 8 «i + 6 cos 

when c=90“, tanei=-. 

Given the elements a, 6 , Cj and of the component motion, 
the resultant motion can be obtained from (viii). 

Ar. A Given a = 2 inches, 6 = 3 inches, e, = 0*25 radians, 
radiana Determine graphically and measure the amplitude A and 
advance e of the resultant motion. 

Also Bud and measure the displacement x when < = 0, and also 
M'hen < = 3 seconds. The angular velocity u is ^ radian per second. 
Substituting, the e<]uation becomes 

jr = 2Bin («/r0-25) + 3sm{wi 



With u^tre C (Kig. 34) draw two circles of radii 2 and 3 inches 
respecUvely, When t = 0, the first component motion gives angular 

advMM5S=0*^radian=UM9'. The second component gives angular 
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ftdviuice^li raaiAn:=63^1\ Hence, make the Angle BCP^-UMO'. 
end the angle fl<7P,=63’ \\ giving two pointa, P* on the smaller 
end Pj on the larger circle respectively. ^ 

Complete the parallelogram of which PoC and Pi C are adjacent 
aides ; then CP, equal to 4*55 inches, is the amplitude and BCP 
is the angle of advance eqnal to 43*‘'5. ProjecUng P on to CA 
the displacement CM is found to be 3*15 in. 

Again, when Ms 3 seconds 

Sabsli luting the given angnUr velocity, the equation becomee 
jr-2»in (0*5/ + 0’23) + 38in (0‘5f4‘ li), 
and this, when /-3, gives for the first component an angle of 
ativance of 

0*5x3 + 0’25 = l 75 rmdtane^ 100" 16' very nearly, 
and for the second component 

3x05+1 1=2*6 radians = 148* -98, 

Set off the angle BCF^ eqnal to 10(P 16'. and the angle PCP| 
eqnal to 148* 58", giving as before the two sides of a parallrlogmm. 
Completing the parallelogram, CP is the resnltant amplitude and 
PCP the angle of advance, giving t Ai inches for the former and 
131* for the latter. The dispta«snicni CM' obtained by projection 
is 3*45 in. It will be nott^ that the parallelogram CP^PP^ is 
iKrely the parallelogram CP*PP| in another position. Or, in 
other vortis, the Wuitant motirm will be as though the parallelo^ 
gram CP#P ^2 ^ n>tate as a rigid framework attach«l to C, 
and made to more about C at a centre. Alt positioni of P will 
therefore lie on a circle centre C and ratlins CP. 

When the numerical values of the constants a, 6, and e are 
known, the corre. gr graph, corresponding to y=aiin(h£ + c) may 
be set ouL Then, for oMutned vatnes of x ootresponding values 
of y may be calculattul, and the cni-re passing through the plottetl 
points obtain«l. ^ 

As hr+< denotes the angle in radians it will simplify the 
ahthmetical work If ^ be taken to be a mnltiple or snb^mnUlpie 

of ». Hence, let and let c be 

If the amplitode o be S*5, then we have the necessary data, as 
in the foUowtog example : 

£k. 6. Plot the cares ya2‘5 sin 

Vitois of y eorreqK mdia g to eartoos ndoss of « nmf ho fooad. 

Tboa, wbsB sw4, sift (40*+ 10*) wMa TIT; 
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/. y=2-5«in7(r=2*5x0*9397 
=2-349. 

Other values of y may be tabulated as follows : 


( 1 
\—-J 

0 1 1 { 2 

3 

P 

4 

5 

6 1 

; 7 

3 

9 

i » ' 

l-25|! 807jl-9l5 

2 - 1 60 

2-349 12-462| 

2-5 

2462 

2349 ! 

2165 


From tbeee values the curve may be plotted. The siunous line 
is much more easily obtained by graphical construction, as on 
p. 145. 

The graph oi or y = ifr**--when the constants A and k 

are knoa-n and e is the l)asc of Naperion logarithnia=:2-7l8— can 
be obtained by assuming 
various values for x or ^ 
and calculating correspond^ 
ing values of y. 

Ex. 7. Plot the curve 

when A = l, ir=0’3. 

Sabstituting Ute given 
values, the equaUon be- 
comes 

y = 

Assuming values 0, 1, . 
for X, values of y can be 
calculated. 

Thus, let x = 4, then 

y=2-718*^ 

or iogy= 1-2 tog 2*718 
= 1-2x0434.3 
= 0*52116; 

y=l*82l. 


In a similar manner 
other valnee of y can !» aeoertained as follows ; 


i X 1 0 

» 

2 

3 1 4 

5 1 6 

7 

8 

L’' 1 ‘ 

1*35 


2*460 1 3*321 

4*481 1 6-040 1 

6*166 



A portioo of ihe oarre is drawn is Fig. 35. 



Fia 85.--<3rsph <rf 
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Damped oedUatioiU.— -A simple experimental appmtua 
illustrating what is meant by damped oscillations may consist 
of a comparatively heavy cylindrical disc suspended at one 
end of a wire. The other end of the wire is hxed to a suitable 
support^ and the disc may be made to oscillate in a liquid 
such as water^ oil, glycerine, etc. 

When displaced from its position of rest and alloa'ed to 
oscillate freely the amplitude of the oscillation diminish^ more 
or less rapidly, due to the viscosity of the liquid. 

If on a base denoting intervals of time, ordinates of the 
curve denote amplitudes, then the maximum amplitude is 
obviously at a time and therefore equal to .1, and the 
amplitudes in successive swings dimiuisli oa'ording to the 
logarithmic law jr=de"*'' 

Thus, a steel wire may be fastened at one end to a fixetl 
support, and at the other to a comparatively heavy disc of 
metal, a pointer Hxed to the wire can be displaced thmugli 
any convenient angle as indicated on a graiKiatcd disc. 
Then when released, the pointer will oscillate backwards 
and forwards, through its position of equilibrium, with 
logarithmic decaf ing amplitude. 

if i is tha displacement, or amplitude, of point p at the time ^ 
then the law connecting displacements separated by equal tin»‘s 
of one period is given by (i) 

The nuqierical values of the two constants A and t are 
readily obtained. ^ Thus, let the pointer p be displaced 
through (say) an angle of ISC' ; if this denotes the time 
then from (iX when t=>0, we have 
180 ^ 

or d = lH0^ 

At the instant the pointer is released, let a Btop*watch be 
stmrted. Then the time of successive oscillations and the 
amplitudes can W read off ; them may be tabulated. 8iniilar 
obeervations should be made wbeit different ftutdsy water, oil, 
glycerine, etc , are used. 

Eq. (i) can be written logs^logd-ifloge. 

Plotting t and logs as co-ordinates of points, the points will 
be found to Ik on a freight line, and the values of which 
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will express the rdaiive mKotitm of the liquids, can be 
obtained. 

The relation between t and % U given by the differential 
equation (see p. 4S0) 


The solution is s-fl«-**8in ((\^1 -P)/+6}, 
where a and b are constants to l>e determined (p. 480), 
Values obtained from an experiment are given. 



W»tcr. 

i Oil 


Glycerine. 

1 > j Ml* 

III l<^i 

t 

1 

log! 

i 

W 

2*255 

0 180* 12 256 

0 

180* 

2*255 

0 

164* 

2-215 

1 39 92* i 1 -964 

41*4 1 


1*380 

14*4 

149* 

2-173 

79 1 46* 1 1 -663 

83-6' 

3* 

0-477 

28 -4 

137* 

2*137 

119 22* ; 1 342 

126*2: 

0*7* 

0-L55 

42*2 

m’ 

2-097 

159 10^ i Ml 

169*0 




M.r 

2^1 

198 5* 1 0*699 

210-6 

: ; 




The values of the constants may be obtained by plotting, 
and the relations l>econie : , 

For water, ; for oil, ; for glycerine, 

#=180e-®‘« 

These values should l>e verified. Thus, in tj^e case of 
glvcerine, let f 14'4, and prtjceed to find ^le \aliie of a. 
log,««:lt)g,d-i‘xMog,e, or to base 10, 
logics = logiol^^ ^ 14*4 X 0*4343 
- 0T4 X 14-4 X 0*434a 

The product can obtainecl either by a slide rule or 

iogari thins. Thus, if denote the product, 

log log 0*14 + log 14*4 + log 04343 = 1*9423 ; 

/. ;f-.0*8756; 

.*. logJ-2*2553 - 0*8756=l-3797. 

In a stmUar manner the remaining two values may be 

verified. 
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Graph of y=»Ae*“ftiii(bx+c).’^iw of tbo most im- 
portant curvos in engineering is given by the equation 
Jtf** Bin(Ar+c). 

When i is negative this equation indicates a damped 
vibration. 

It will be noticed that this cune is a combination of the 
two preceding curves, i.e. and Rin(At+<;X and, if 
plotted on the same shee^ it is only necessary to multiply 
together the ordinates, for the same value of jr, of the two 
curves to obtain the ordinates of the new curve. 

Ax, 8. In the equation y = .4e^sin(6x + c), 

Ul.4=2-3.i = 0-3.6=i0.c = l 

Calculate values of y for \-aluea 0, 3, ... 16 for x, and plot the curve. 

Und the ak^ of the curve at the point x^4. 

SubetitutiDg the given values, the eciuation becomes 

(i) 

Snbstitutiug vduet 0, 2, 4 „ for x, then, from (i), cotrespoudiiig 
values of y can be obtained, or \'m]aet may be obtained from 
Eia $ aitd 6. Titos, when x=4 the ordinate of the curve y=:e*^ 
ia 3’33l. 4 

For the same value of x the onliuate of the curve 
«=2*5»in + »• 2*349. 

The product will give the ordinate of the new curve ; 

• 3 32 U2 349^7*1 

By sttbstitttting falncs of x. corresponding values of y can be 
cahmlated. Thus, let x=:4, then, substituting in (i), 
y«2‘5«»*sin|7(l‘) 
s2-5e»* a 0*9397. 

log y » Iqg 2*5 -i- 1 *2 tog e + log 0 9397 
=0*3979+0*5212 + 1-97.10=50^1 i 
.% y=7*8. 

Other values z can be aMoaiml and values of y calculated as 
foflowi: 
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The cam pMoiog through the plotted point* ma,y be obtained m 
in Fig. 36. 

To 6nd the elope at x=4» we moet find ^ (p. 903). 

When p=i4e**eiji(lw+c), 

^ = d / €*• iin (!!« + c ) + A he** CO* (6x + c) 

=2'6 X 0*3<*<«in 70*+2'5 x 4^ e'^coeTO* 

3 / '3 

=^2-8353. 

Kx. 0. Obtain the graphs of the following; 

<‘>!'>=2-5*in(^3 + ~). ,(i) 

(ii) y = 2-5.-««'.u.(^ + 0 

(i) Thie graph may be obtained, as in preceding cases, by cal- 
cnUttoD ; but, more easily, by graphical construction, as follows: 



Draw a circle 2*5" radius and divide its circumference iuto 12 
equal parte. Now draw a straight , line (Fig. 36) to denote the 
perln^C or time tak^ by the point to move once round 
the eireie. Divide the line into the same number of parte as the 
circle, it. Into 18 equal parte, and at each point set up or^na^ 
Then polnte te the curve may be obtained by projection. In thu 
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nuumer, bj dnwiog » curve Hiroagh the points, a curve such 
as oduhg (l^g. 96} is obtained. 

The sine of an angle has its maximum positive values when the 
angle is 96*, or of the form (4a-l‘ 1)90*.... Similarly, the maximum 
negative vtdaee occur when the angle is 270*, t.e. of the form 
(4 n 3)90*, the maximum poeitive values occurring at o and 6, where 
x^6 and 7=^ and maximum negative value at r, where x=:24. 

(ii) For various values of x, values of may be calculated 

and tabulated. Thus, when x=: 6, y 3 = «"’**= 0*8869, Multiplying 
th^ by the corresponding values of y|, we obtain the ordinate 
required as in the following table : 


X 

6 

15 

24 

3:t 

42 

yi 

25 1 

0 

~2*5 

0 

25 


0*8969 j 0 7408 

0*6187 

0*5169 

0 4317 

»i*y, 

=y 

2-2172 : 

0 

UvM67 

0 

1-0792 


As (ii) may be written in the form 

it follows tbit numerical values of y, when various values are 
assumed for x, can be obtained from the product of corresponding 
tenns y^ and y^; these are given in the Isst column of the above 
table. , 

Plottii^ values of ^ and y, the curve odf/g, patting through 
the {dotted points, SJ^ known as a dampiMj rurrv, is obtained. 

Eqnatioiu of the form When the relation 

between the variables T and r involves three constants some 
transformation^ as in the following example, is necessary before 
the constants can be determined. 

Si. 10. Two variaUe qoimtities v and T are supposed to be 
eoniMCtsd by a relation of the form 

r=o4 6if (1) 

When V is 3, f is 48*97 ; when r it 4, Tat4V4$ ; and when n is 6, 

S’ismA 

^ DstenniM the nninsrSeal valtiss of tbs tlnres ooostants Ot 8, and 
it Also find T wbea r is fi. 
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We may denote the three given values of v by Uj, and f*j; 
and the cor^ponding valaea of T by and respectively. 

Ai Eq. (i) 18 not a4]apted to logarithmic it may be written 
T-a- bi^. 

Writing J\ for T, and Vj for r, and take logarithms of both 
8id<*8c 

log(7’i-a) = log6 + nIogfi (ii) 

Similarly log ( Tj - a) = log 6 + m log r^. (iii) 

Subtracting (iii) from (ii), 

log( r, - a) - log( - a)=:n(log - log v^) (iv) 

In a similar manner we obtain 

log ( /\ - a) - log( r, - a) = n (log r, - log r,) (v) 

iHviding (iv) by (v), 

log (T, -al-logir^-g) ^ logri-logr j 

log { /\ - o) - log { a) log r, - log rg 

Tlnii, we obtain an equation involving only the constant o, which 
has to be determined. 

Eq. (vi) may be written 

•. fin] = _ log fi-logfg 

lt>g( r, - a) - log( r, - a) lag - log r,* ' 

The solution rer^uiretl being that for which /(o)=0. 

Subetituting various values for a in (vii), the value of a, which 
makes the expression sera, and therefore satisfies the given equation, 
ewi be obtained. Thus, let a =30. 

. log(4S-97 - 30)-log{41'4i^20)_log3^1og4 

” log (4S ^7 - 20) - log (M ’74 - M) log 3 - 6 

_ log 28*97 - log 21 *49 log 3 - log^4 
”* log *.&*97 - log li’Tli log 3 - log 6 
_ I *4620 ~ 1 *^322 0*4771 ~ 0*6021 
“ i *4620 -* I • 1685 ■ 0*4771 - 0*7782 
0*1298 0*1250. 

"^02^15 “0*3011’ 

.*. /[a)=0*4424 -0*4152=0*0273. 

Substitute values 10, end 30, for a, then corresponding values 
of /(a) may be obtained and tabulated as follows : 


/(o) |i 0*0540 0*0273 -0*0536 : 
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As Ui« nine oC /(a) chsogss sign in psiung Arom a =20 ta a=80, 
it follows thst ths Tsloe of a which will make /(a) eqoal to sera 
lies between the two vslnee. By plotting, or by trials a is found 
to be 2j. 

Hence, the given equation may be written 

T^25^hv". 

and mbetitatiog in £q. (iv), we find 

sgitin, from £q. (ii) or £q, (iii) 

6= + IOO. 

Henee, the reqaired relation is 

r=25+100r-v«. 

Sobetitnting for r, the givmi value 

^-2j-^100x5-**=37•34. 

In some cases, by asenmiog a value for 3, etc., it is 
possible to obtain the Uw, an in the following example : 

£r, II. A aeries of rslues of two variables (which may be 
denoted by x and y) are given in the following table. Find the 
relation between x and y. 


i ^ 

0jli2i3i4|5 

0 1 ■ 1 

} 

1 » i 

j »35 1 2 77 i 4-03 6 13 | »1 j 12*85 

1 17*5 i 220 j 


When these TiUacn are plotted a ennre passes through the 
plotted potnU ; but, by plotting ralnea of y and x^, a straight line 
ia obtained. Ilta equation may be written yssa + hi*, and by sub- 
atitutioQ Um Constanta a and b are found to be 2*36 and 0*42. 
Hence, ibe required relation is 

y=2 33 + 0*422«. 

It wi|] be obvio«ts that the same result wontd have Iwen ob- 
tained by ludng the general fonnuU 
yao + te*. 

Instead of the preceding, a still more general formola may be 

need, vis. : y=o + h.l0^, (•) 

and from three givmi values of x and y the valnea of the three 
eoDitaoU 0, h, and e, may be found. 

Thnsb if three given valnes of x and y are denoted by x,, Xy, 
and x^ and tbs oorTespoodli^ valnet of y by y^, y» and yt, re* 
^•etively, then eahatitttti^ in (i) 

lefUft - «} w log h 4* esci U)g 10 i 
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bat M logi^lO^l, we obtain nsing common Ic^rithms 


log (yi - a) = log 6 + car. (ii)^ 

Hence, aa in the preceding caaee, 

log(yi“a)-!(^(y,-a)=c(*i-«2) (iii) 


«>d log (y, - a) - log (y, - a) = c(x, - Xj), 

and by division 

log(yi - tt)-l og(y^-a ) ^ Xi-x, 

log(yj-al-log(y3-a) Xj-x,* 

From this reeult the value of the constant a can be obtained, 
and by suljetituiion in (ii) and (iii) the values of the remaining 
two Constanta b and c are found. 


Kx. 12. In how tnan}'^ years will a sum of money doable itself 
Rl r jier cent, per annum ? 

Let A denote the amount, P the sum of money, and n the 
number of years. 

..(i) 


Then 


A = F\ 


('■^luo) ' 


When A=2r, then from (i) 


2P^P 




..(ii) 


Taking various values 2, 2^, 3, etc., for r w^ may calculate 
n in each case from (ii). 

If the values of r and n are plotted a curve can be drawn 
through the points; plotting n and - the points found to lie 

nearly on a straight line ; and when r does not exceed 5, it will 
he found that the approximate relation 

n = :0-rr (iii) 


may be used. 

'Hius, if rasS, then from (ii) 

= log2-flog^: 


1 + 


100 / 




Hence, a sum of money at 5 per cent per annum will double 
itself in 14*2 years. 

Using the ^^noximate relaticm given by (iii), we have 
years.. 
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EXERCISES. XV. 

1. Th« following oboen-ed value* of A and H are suppoeed to be 
related by a linear law A=a4-6At but there are error* of obeenra- 
Uoo. Find by plotting the valaee of A and E the inoet probable 
values of a and 6. 


(i) 


l^il 

2-5 

3’5 

4-4 

5 8 

7*5 

9-6 

IQQI 

151 

18*3 

In 

13« 

17-6 

22-2 

B 

35-5 

47 4 

56i 

74*6 

84*9 

(n) 









Ui 

5 

944 

13 37 

15-56 

2m 

2612 



L!1 

14 

•28 

4i 

56 


84 



(Hi) 









^ r f 1 

1 A ■ 1 

\ Jk- .... 

I 1-84 

1 2‘75 : 

3-62 

4*56 

S-4 i 

618 




i 28 

i « 


m 

i 84 ! 

98 


(iv) 










1 K } 

7 

’ 8 ‘5 


!i.-5 

13-25 

; 

16-25 

17 75 


R 

27 “O 

41-9 

{ 55-9 

169 9 

! 

83*9 

j97'9 ^ 

III9 

125-9 



t. The relation between two variable qoantitiee A and A ii 
given by • 

If when A » an, F i* 140. and when A ia S0» F it 3»5. Find 
the nnineriad valnea of c and d. 

A The ex^wMioii or* + 6* -30 ia equal to 240 when and 
eqoala lOO when *=: -A Find iU value when jr:= 11. 

1 If 7=:a(^-ainH y»a(l-coe^h iHen ukina 

variooa value* of bHween 0 and, aay 1 *5, calculate x and y, ana 
{dot thi* part of ^ cunra. 

i. Hot iJte curve ys>nnx; 

Gtve X Tilses which an mulUplea and aub-muHtplea of 

15 • 

Kotloa that y ia a nmaimum wb«i xs:>ir» etc., and y ia a 

13 ^ * 

BrfMfnnm whao - ^tr, ala 
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8. The following values of p and u, the pressure of specific volume 
of steam, are taken from tables : 


p 

15 

20 

30 

40 

50 

65 

80 

100 

« 1 

28-87 

19-72 

1 13 -48 : 

10-29 

8-34 

6 52 ^ 

5 ',37 

4-36 


Find whether an equation of the form />M’*=:con8t. represents the 
law connecting p and u ; and if sn, hnd the best average value of the 
index n for the range of values given. 


7. Values of p and « are given in the following table. Find the 
best averajje values of t* and c iu the equation pw’*=c for the range 
of values given. 


P 

: 100 

1 91 3 

S4-5 

78 23 1 68-71 

1 

67-85 

63-54 

56*19 

tt 

1 30 

1 32 

* 34 

1 3-6 ! 3-8 ; 

4-0 

4-2 

4-6 


Also find the value of p when tt = 4'4. 


8 . A series of values of x and y are given in the following table ; 
assuming that the relation lielween x and y can be expressed by 
y =n + Find the numerical values of the constants a and 6. 


X 

I ^ 

1 ! 2 i 

3 

1 * 

5 

•a 

7 

8 

y 

!' 3-25 

3-45 1 3-65 j 

51) 

\ 6-4,1 

; 8-25 

10-45 

12-0 

16-0 


9. A series of values of // and Q are given in the following table. 
Trj' if the relation lietween If and ^ can be lexpressed in the form 
V = If so, obtain the best average values of the oot^tants c 
and ft. 


If 

10 I 1-5 1 2-0 

2-5 

Q 

■26 

7-3 149 

26-0 


10. The following ubie gives the ordinate of a rarve at 
variotu distances (x) measurea from one end of the axis. Find the 
mean ordinate and area of the curve. 


Ordinates 

53 j 75 

84 

94-5 

123 

139 

134 

106 

76 

45 

xinehsi 

1 0 1 9 ^ 

B 

D 

m 

m 

m 

m 

m\ 

144 
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IL Th« foUowbg T&lnM d x luaA y are eappoeed to )w related by 
an eqafttion of the form y:=a + bx*. Plot on equiured papery %ud find 
naioericid valuee of a and 6. * 


1 * 

1“ 

1 

2 

3 

4 

* 

6 

7 

* 

I y i 



2^ 

2*45 

2'8 

3^ 

38 ' 

4‘45 

5‘2 


lA Two variables x and y are connected by the relation 
y:=a+6sz+c3c^: the following eimnltaneous values of x and y are 
given. Find tbe numerical values of a, h and f. 


jxj 0 

1 1 

2 1 

3 1 

4 

5 

6 

f~ — 

7 

8 

i»i M 

1*85 I 

1-8 ■ 

1*85 1 

! 

El 


2^ 

3'()4 1 

36 


lA Two varUblo quantities x and y are found to be related to 
one another for certain values of x as shown in the following table : 


X 

2 

3 

4 i 5 

1 ^ 1 

V 

i j 

11-2 1 

1 

1 15-7 1 20-7 

l'”-« 1 


Tij if the qnantitise are connectetl by a law of the form y=ax*; 
and if so, fina appreximately tbs values of n lutd a. 

H. The f^lowing quantities are thought to follow a law like 
pifs constant Try if they do to ; find the most probable value of a. 


BHB 

2 ’ 3 j 4 i 3 


114 HO 1 63 

! : 1 



II, Taking 1, ... 5, find values of y if 
and draw tbs curve, 

lA Plot the followiii| obssr^ sd valosa of A and B on squared 
paper, luid dstemthiA most probabls Uw eoonectiiig A and 
if. Tbsn asnme thU Uw to he corrset and find ths percentage 
error in tbs observed rains of B when A la 150. 


M 


50 

100 

150 

jo 


Ug 

400 1 

m 

13 

01 

Q| 


ra 


la 

I4‘5 ! 
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17. The following valuM of z and y are connected hy a 
relatioiL of the form y=iax^ + b. Find toe numerical valuea of 
the coilltaaU a and b and the area of the cur^^e from ar-O to 
x = 8. 








im 















18. The following values of x and y are connected by a relation 
of the fcMTo) Find the numeriosl values of the constants 

A and h. 


1 0-1 j 0-2 j 0-3 1 0-4 

0-5 

0^ 

o: 

0-8 

0-9 

10 

I 0-4524 1 0‘4<W3 j 0'3704 j 0 SS52 

j 0-3032 

1 0-2744 

0-24^ 

0-2246 

0 2033 

0-1839 


19. Work the following three exercises as if in each case one 
were alone ^iven, taking in each case the simplest supposition 
which your information permits : 

(а) The total yearly expense in kwping a school of 100 boys 
is £2100; what is the expense when the number of boys 
is 175? 

(б) The expose is £2100 for 100 boys, f3050 for 300 boys; 

what is it for 175 boys? * 

(c) The expenses for three cases are known aa follows : 

£2100 for 100 boys, 

£2050 for 150 boys, 

£3050 for 200 boj»s. 

What is the probable expense for 175 boys? 

If you use a squared paper method, show a 
together. 

80 . A sttNiai electric generator is found to use the following 
amou&ta of steam per liour for the following amounts of power : 


Um. of steam per hour 

4020 

6650 

10800 ; 

Indicated horse power 

210 

480 

706 

Kilowatts produced 

1 

290 

435 1 


Rnd tlM iiidioate<l hone*power and the weight of steam used 
per hoar when 830 kilowatto are being produced. 
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(i) (Jiven r, = 28-689, 7’a=‘28-i49, r, = 27-M6, p,=2150. 
r^=1900, r,= 1600. Tb« relntum between T and v may be 
expreseed by 7‘:sa+^ip*. Calculate the uuinerioal values of a, b 
aiul a. 

(ii) II the relatimi Is + find the values of a and h 
which will make the fornuila best represent the obaervationa 


tt. Experiinents on the loss of head in a lead pipe of 0*4 
inches diameter give, for a length of 3| feet, the following 
results : 


Velocity of flow in feet If .jvi i 

per%«conJ = e | , H-fl. 

14 43 

17*41 

199 

Olwerved difference of bead 1 1 ^ 

in feel of water = A |i | " 

: 9^17 

12-21 

15*62 


Test whether the results can be exprottiwd by a formula of the 
type is: r*; and if so, obtain the value of n. If we aasiime that 


in which the length / and diameter d of the pi|>o are in feet, 
wlutt U the best value of the coefficient /? Take 

98. A is the horizontal sectional area of a vessel in w^uare feet 
at the water level., A being the vertical draught in feel. 


f A 



^ 14H59 

; 14400 

13780 1 13150 ; 

’ t t 

i * 

i 236 

^ 20-35 

i 17*1 1 14-6 1 


Plot ; and read ofTtvalnes nf A for values of A - 23, 20, 16. 

If the vessel chanj^ in draught from 20 5 to 19 5. what is the 
diminntion of its duplaccment in cubic feet? 

M. A scries of vala<» of r and T are given in the following table. 
AaRnmiiig the nelatioo between T and r to be given by 7*=o-rAi!", 
find the numerical values of the constants a, o and a. 


T ^-2*80: I 2*876 ’2-884 

2-891 

2f^j2^J6 

i| 3*0 1 8-2 

3*4 

3*6 

3-8 jA-O 


11. Two varUblea and e are aasnmed to be connected by a 
relato of the form 5ec4iie*. Three valaM of rare 2 8, 34 and 
4-0, and the (mrrespoftiUiig values of Af are 7-358, 7*88 and 7*9 
rapsetiveljr t find tbs otuaerlod valoss of tbs ooitataau e, a and m 
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S6. The slide valve of a horizontal steani'engiDe derives it* 
motion from a point in a link where 

The horizontal displocemente of dj and A 2 for any crank posi- 
tion 0 are given by tlie equation* 

X, = 2 ‘ rrsin (^ + 27 ■'), Xj = 2 'B^sin -f 1 50"). 

The resulting inotiuu of the valve being defined by the equation 
x = a''sin(d + a), 

find the half travel a" and the atlvance a. 


27. A series of sounding taken across a river channel is given 
by the following table, x being the distance in feet from one shore 
and y the (corresponding depth in feet : 


X I 0 

10 

m 

23 

30 1 

38 

43 ^ 50 

55 

60 j 70 ^ 75 

80 

y 10 j 

20 

! 26 ; 

: 28 

30 

.31 

■ ■ ,■ 

1 28 j 23 1 

1.0 

i 

i 

“I 

i 0 


Find tlje area of the cross -sect ion. 


2$. If x™flsiu;rfr/*co8p^ where n, 6 and p are constants. 
Show that this >s the same as r- A sin (;) if A and e are 
properly evaluated, and find the values of A and e. 

29. The relation l)eiwecn /», the space desvibed by a monng 
liody, and /, the time in seconds, is given by • 

4 = A e “ cos 2 t T c y 

•Show that iU velocity at time t is (p. 337): 


80. (liven y = cAlcuIate y for each of the following values 

of X, and plot the curve. 



Find the slope of the curve at the point x=4, also the average 
value of y from x 0 to x=8. 


81. Plot the curve y-3ainx + 4cosx, and from your curve see 
that the 6aan obtained is really a sine curve with different con- 
itant*. 

89. Plot the curve y=25e-®^tin(5a;+c), where 6 =^ 3 * c=^ 



156 A MANUAL OF PRACTICAL MATHEMATICS. 


S3. A body weighs 1610 lbs., the force F ia Ibe. neoessuy to 
raise it s diaUmce x feet is sutomatically recorded, and is m 
follows : 


I " 

0 


20 34 

45 

55 

66 

70 

1 F 1 
{ ( 

j 4010 

j 3915 

3763 1 35:e 

3366 

; 3206 

3100 

3007 


Find the work done on the body when it has naen 70 feet? What 
is then the velocity of the body? 


31 A car weighs 10 tons ; what is its mass in eti^eers’ units ? 
It is drawn by the pull P ibs., varying in the followiog way. f 
being seconds from the time of starting : 


P[il(fi0 960 

862 

7-20 

; 702 

650 

j 713 

1 72i 

805 

'.jijj. " i 

; A 1 

6 

Mm 

13 

! ‘® 

i '» i 

22 


The retarding force of friction is omistant and equal to 410 lU. 
Plot P-410 and the time and 6nd the fiW arefti< 7 <; of this 
excess force. Whst does this represent when it is multiplied by 
S2 seconds? What is the speed of the ear at the time 22 seconefs 
from rad? 

S3. Plot on the Aune sheet of paper and to the same scales, the 
corves pjfsc* from r=£l to rslO, for values of «. 0*8, OD, 1, i’13, 
1'3, 1*414. Given that p:= 100 when rssl. 

86 . Plot the corves -5 + ^= 1 , 

^ a* ’ o* 5® 

(i) (f-4. 6=3, |ii) a=2, 6=2. 

37. On the ^aamo axes and to the same scales plot the cnn'ca 
y=siDx, yase'*, Haw^ at the pointa oi intersectiem of the cun*cs 
find the valnos of x. betweoi 0 aiM w. which satisfy the equation 
e'sinxisl. 


33. The coefficient of feietlon in a certain boaring running at a 
velocity erf P feet per minute, was femud to be in Beauchamp* 
Towers^ expcfimenu on friction as follows ; 


V 

j I® 

157 

200 

262 

rg 

366 

419 j 

a 

|<PCI01S 


lODOSfil 

1 j 

0*0028 1 

0*008 

[0*0083 

0*0036 


If the lav cottnecUng fi and F ia of the form fi=6F% find (be 
vabiaaof kanda, 













CHAPTER VIIL 

SOLUTION OF TRIANGLES. 

Isolution of triASI^OS. — In every triangle there are bIz 
BlBBMata, viz. : the three angles and the three iddea To 
solve a triangle, three of these elements must be known — one 
at least of these being a side. The angles are denoted by 
the letters d, C, 37), at each angular point. The 
angle ACB^ for example, is simply referred to as the angle 
C. 'riie side AH opposite the angle C is denoted by the 
letter c, and similarly the other two sides of the triangle by 
a and A 


C 



c 



When the angle // (Fig, 38) is a right angle, the three 
sides are oonneeted by the relation 
It is adTisable in the solution of triangles to have some 
convenient method of checking the results obtained. This 
check is jhimished by dnwing the triangle on iqnfitTtd papo'^ 
using the sides of the squares as suitable units of length, and 
Mtting out angles by means of (a) chords of angles fFable 
VIIL); (6) a table of tangents (TUble VL) ; or (c) a protractor. 
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It nmy be difficult to measure with sufficient accuracy by 
graphical methods ; hence, the magnitudes of lines, or 
angles, are most conTeniently obtained by calculation. 
Tarioos formulae adapted to logarithmic computation, to- 
gether with the tables of ratios of angles (IV., V. and VL), are 
used for the purpose. 

The remaining elements of a triangle may be obtained 
eiOier by construction or by calculation when the data 
include 

(a) Two Mdoi and an angle. 

(h) The three tides. 

(c) Two aagleo and one side. 

The following formulae may be used : 

... a _ h c 
iun.I sinl5~sin C* 


or 


abated 

b“«tnB 


The sum d the three angles of a triangle is ^ual to 
IBO*. so that when J and B are known, C is also known. 




ooeA 


rt* = fcs + c* - cos A , 
h*+c*-a* 


fbe 


The cyclic arrangement of letters on the right-hand side 
of the equation should be carefully noticed; it will then be 
an rasy matter to •write down the corresponding formulae 
for cos B and cos C Thus, 




c»+a»-h* 

2«i * 


co«C= 


’ M ‘ 


The preceding formulae, except in the case of (»>mpara' 
tively simple numbers, involve somewhat tedious «id trouble- 
some CEdculaiions ; hence, other formulae better adapted for 
the application of logari^tns are generally uaecL 
ttna lulA^tn a triangle ABC^ the sines of the angles are 
proportloiMS to the lengtiis of the opposite stdss. 

. sini stn^ sinU 
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results are alsf* true when the given triangle is obtuse 


<Fig. 40). 

^^=ein Ay or BD~csinA, 
c 

Thus, 

Also, 

~-=8in(180"-C)=8mC'; 

n 


BD^amCy 

giving 

asin Cnesinii ; 


... 88 before, 

c ainU 
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jEe. 1. In a tmngle ARC, given A -38*, R=s72*, €=2^*66 


C 



(Fig. 41), tind the reoiaioiDg 
lidee of the tmngle. 

Here 

(7= 180* -(as* +72*) =70*, 

c~Bin<J * 

B 

“ iinC' 

_ 2116 X tin 72* 

” ftiu 70*™^ 
_2*66xO-<«ll 
■“ 0-93W 


Iog6 = l(^2'd6 + log0’d5n -togO-O^T 

=0'4249^‘i*8:82 - 1 *9730 = 0*4301 = log 2*09.3 ; 
A 6=2*693. 


Siinilerly, 


c*in A ^2*66*in3S* 
“ iinC iin?^ 

= 1*743. 


£x. 2. ' At a certain (dace R. the angle of elevation of an object 
ii 46^ At aootbei* place C, diitaot 2U0 ft. from R, and in a straight 
line witA thd object between them, the angle is 10‘. Find the dis- 
tance from C to the object If the actual dUtanoe from R to C ia 
199*7 ft, koA the angle at C ia l(f 20^, what ia the percentage 
difference u^Uie anaver? 


• A 



. . . 200 - • ‘ " — - *• sc 


Fto. 41 


In ^g. 42 BC k 200 ft, and the angles at R and 0 are 46* and 
10* reepectivdiy, A k the object, and the dktanoe AO or 6 in the 
trkni^ ARC k required 


and 


A*l8(f-(R+(7)=I80‘-65‘=125* 
6 sin R tin 46* 

5’"irA*iSSW* 


/, 6 « 


900kn46‘ 
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Wh«Q th« angle at U it 10^ 20', the angle at A 

= (180 - 46*- 10" 20') = 124*40', 
and tin 124" 40' = sin 55" 20' ; 


6 = 


lOO*? X tin 46* 


-=171*9 ft. 


sin 66* 20' 

Hence, by ooinpariaon of lengths 172*6 and 171 -O 

0ifference=^ j^Y^= 0'4O7 % m excess. 


Kx. 3. Id a triangle ABC, the Use AB ]& 1000 feet long, and 
the angles at .4 and £ are 31" 20^ and 125" 19' respectively ; find 
the length of the perpendicular let fall from G on AB pranced, 
and the distance from A to the fcxit of the perpendicular. 

Let D (Fig. 43) be the foot of the perpendicnlar. 


1000 sin 54" 41' 
im23"21' 

1000 x 0*8160 
“* 0*3964 

=2050. 

(7Z)=2059sm3I’30' 
=2059x0*5200=1071. 
.ID = 2069 sin 58" 40 
=2059x0*8542 
= 1759. 


C 



EXERCISES, XVI. 

1. Two aides of a triangle are 2*5 and 3'f5 respectively, the 
angle subtended by the longer side is 85" ; find the remaining side 
and angles. 

3 . The angles at the base of a triangle measure 43" and 67" 
respectively; the bUe is 2**5 long. Find the remuning aides. 

3. If d=55", 5=65" and c=270, find a. 

1 Given 6=106, c=66, d=51", find B and G 

3. In a triangle d JSC. the basedi? is 1000 feet long, and the 
noglea at d aM JJ are 31" 20' and 125" 19' reapMtively ; find the 
lengU> of the perpendicular let Wl from on d C, and we distance 
from d to Uie foot of the perpendicnlar. 

6. 'Two of a triangle being 160" and 11" 40', and the 

longeet aidaU^ 100 feet long ; find Uie Iwgth of the shortest 
side. 


M.Ms. 


f 
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7. In the triangle ABC, 15^ £==54" 30' and 

yards; find AC. 

8. A station B is dne north of a station A. Two cyclists 
leave A and B at the same time and ride along straight road8-~ 
AC, BC, to a station C, which bears 35“ N, of E. from A and 
10“ S. of £. from R. Compare their average speeds if Uiey reach 
C at the aame time. 

8 . If the angles adjacent to the base of a triangle are 22“ *3 and 
U2f“'5, show that the perpendicular altitude will be one-half the 
base. 

10. A passenger on a steamer moving due north along a straight 
reach of a lake, at a uniform speed of 10 miles an hour, obeerved 
at a certmn iniAant that the bearing of a tower on shore made 
an angle of with the direction of the steatner, and 3 minutes 
later an angle of 54“. Fiod the distance of the tower from the 
track of the steamer. Find, also, the time from the second ob- 
servation before the steamer will be abreast the tower. 

11. In a triangle AfiC, having a right angle at C, CB is 30 

feet long and 20“. CB is produced to a point /* such that 

FAC=55“. What is the length o! PC? 

12. A bridge has five eoual spans, each 100 feet in length. A 
boat is moor^ in line with one of the two middle piers, and the 
whole length of the bridge subtends a right angle as seen from the 
boat Show that the distance of the boat fn»u the bridge is 245 
feet 


Btdnt&od of % TiiucU itt tbm anv 

triangle ABC to prove that 

a*«A»+c*-26ccosA (i) 


I 



Fiom B (Hg. 44) draw BD perpeodiettlai' to Uie baae A( 
•od nwelbg H in If the Itngtli AP be denoted b:f 
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Let y~BD. Then, from the right-angled triangle ABD^ 

or c*=a?*+y*. (ii) 

Similarlyt from the right-angled triangle BDC^ 

Suhetituting from (ii)^ 

a*ssl>*+<^-26x. 

Al«o, x=ccoflA because AZ> U the projection of iR on the 
'»«; o»-ft*+c>-2iici»si. 

When the angle at A ia an ohtuae angle, then, with the 
eame notation as before, 

ai-y*-|.(6+x)*=3^*+(^+2iLr+ja. 

Aieo, c*«PX*+3>*> 

Suhetituting this value, 

= i)? 4. c* + 2fcx, 

Alto, x^coo^DAB. 

But coe Da B = “• COB A . 

Substituting, we obtain a*=M-i-c*-2V:co8A. 

tX X \a ^ 'urvan^e'Sa fv^Van^edi. 
But coeSO^^O; 

hence, a*=6*+c*. 


Eq. (i) may be written, cos A - 


6Hc*-a* 
26c • 


In a similar manner, if perpendiculars are let fall from 
A and C upon the opposite sides, the corresponding ez- 
pressioDS for omB and cosU may be obtained. Or, their 
values may be written down by noticing the cyclic arrange- 
ment of the letters. Thus, 


oos^^ 


Sioc 


and cosUi 


'“2^* 


FVom tile three formulae for cos A, cosB, and coeU, the 
■angles ol a triangle can be obtained when the three sides 
are given. These eziffessions are tiiiefly useful for those cases 
whers the given numbers are such that the opmationa 
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indicated can be readily carried out When the numbers 
indicating the lengths of the sides consist of three or more 
figures, formulae adapted to logarithms should be used. 


Ex. 1. The rides of a triangle are 5, 6 and 7 re^ectively. 

Find the three angles. 



Pio. 


Using sqaared piqMf, set out AB 
as base and equal to 7 units (Fig. 45). 
Then, from A aiitl B as centres, with 
radii 6 and 6 units respectively, de- 
smbe arcs intersecting in C. The 
angles can now be measured. Or, 
nsing the formula 

%c ^ 2x6x7 "'W 


=0-7143. 



Bx. 2. Find the cosine of the largest angle of the triangle 
whoee ridSs are 8 feet, 11 feet uid J4 feet long re^Mctively, and 
find the angle itsdlf. 

Let the three sides 14, 11 and 8 be denoted by a, & and c 
reflectively. The laigeet en^e A is opposite the largest side a. 


Then 


cofA = 


h»+c*.a» 


121 +64 -196 I 
2x11x8 ““16 


= -0*062®. 


From Table V., A=®3* Sy. 


FonnolM idf rted to logailthnile eeapatatloa. 
To prove Umt rin 

ud ^ 

2 
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where s denotes half the sum of the eidea 

(p. 32); 

„ . ^ , 6*+c*-a* 26c+o*-6*-c2 

gsm^TT^I-coail — 1 ST 


a*^(h^cf _ (a-^h-^c)(a^b'-c) 
^5e ibc 


e*^(a+6+c). 

a-fi+o— 2(#-6) 
a+&-c=2(f-c). 

mJ.JEaO. 

1 ▼ be 


coe J=2coe*^- 1 ; 


2coe*^-l+ c<»i4«l + 


%C ^bc 


(6+c)*“a*_(i+c+a)(ft+c-<i) . 
" 2bc ' 2bc 

.A 4#(<-a). 

•'* 2^ ST** 


l>ividh)g (i) by (iiX tan “J 


■■■ •-5-V¥'- 


8iD/(»*2am -^ooa^ ; 
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Ana of a trian^a— The area of a triangle can be found 
in any case when the triangle can be solved. 

Let ABO (Fig, 46) be a triangle. The two sides, b and c, 
and angle A being known, the area 
of the triangle is where p is 
the length of the perpendicular BR 
Also, A, Hence, 

Area of triangle tin A (i) 

or one-half of the product of two rides 
and sine of Included angle. 

When the included angle is a right 
angle or 90°, then sin 90" « 1, and 
Eq. (i) reduces to half the product of the sides which contain 
the right angle. 

When the three sides of a triangle are given, it is cmly 
necessary to substitute in (i) the value of sin^l (p. 166), 

/. area of triangle-J&cx j^>/f(#-a)(<-T)(<-c) 



“ v^j(s~a)(*-6)(* - c). 


It is always ^advisable to check the results obtained from 
the above, formulae by graphical methods 
When only one angle is required, we may use the formula 


A A 

for sin or “o ^ ; hut if all the angli^ are required, the 


most Biutable fondula is tan 


A 

9 



because it will only be necessary to look out the logarithms 
for the four terms #, (<-a), (s-6) and (s-4 
One method which may be used will be seen from the 
following example : 


Bx. Z. The rides a, 6, e are 1 iS, 1 '6 and 2 feet respectively ; find 
the angles of the triangle and iU area. 

U = 2 ‘ 4 , 



•Beep, 691 
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, A ,/0*8x0'4 
‘*"2~V2-4^1-2“V2‘88‘ 

logtan^=l(logO-32-log2'88)=T*5228 ; 

/. Ud ^=0-3333. 


From Table VI., j- 18* 36' ; 


A=:36“52'. 

“f-vw’-viji 


D 

tan -g^O’S, 


- = 26* 34'; 
5 = 53“ 8'. 


Having found A and B, then C is known fnma the relation, 

A + 5+(7=180“; 

0=180“ -(A +5) = 90’. 

Area=v^«{ji-a)(s-6)(«-c)=\/2'4 x 14Zx0'8x0‘4 
=0'96 square feet. 

Bx. 4. The sides a, 6, <; of a triangle are 5, 6, and 7 inches 
respectively. Find the smallest angle. 

The smallest angle will be the angle opposite the side a. 

s=^(5+6 + 7)=9, 4-6=3, «-c=2; 

, . A if^ 

’• — 6 ^ 

••• |= 22 ‘ 12 '. 

.1=44*24'. 
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Kx, A The three skies of « tnaiitgle are 3745 ft., 5762 ft. aod 
7593 ft respectively. Find the largest an^e. 




#(s-a) 


4805 x 2788. 
'8650x967 * 


/. =52" nearly, 

A = 104". 


EXERCISES. XVII. 

I. The three sides a, 6, c of » triaagle are 2 and 1 re* 
spectively ; dnd the angles A, B and C. 

A The sides of a triangle are 242, 1212 and 1450 yards respec- 
tively ; show that the area is 6 acres. 

3. The sides a, 5, e of a triangle are 0*9, I *2 and 1 ‘5 respec- 
tively : find the imgle B and the area of the triangle. 

1 The sides of a triangle are as 4 : 5 ; 6 ; find the angle opposite 
to the side 5. 

5. The sides of a triangle are 35, 40 and 45 feet respectively.; 
find the larf^t angle. 

6. The sides ed 5, e of a triangle are 12‘5, ]2'3 and 6*2 respec- 
tively ; find sin 1 ^ also R 

7. The sides of a triangle are 1*8, 1*9 and I ft respectively; 
find the angles. 

8 . The aides of a triangle being 20 ft, 21 ft and 29 ft, find the 
angle subtended hy the side 29; sJso find the area of the triangle. 
Prove the formnlse yon use. 

9. Given a = 13, 5=9, c= 12; find the notnerical value of tand, 

and then the angle A. ^ 

10. The sides of a triangle are 6*25 feet, 6‘50 feet and 7*77 feet 
respectively ; determiiie the smallest angle. 

II. Find the smallest angle of the triangle whose three sMm are 

200, 300 fert nspeetiVMy. 

lA. Find the smallest an|^ of Uie triangle whose tides are 8, 9 
and 13 unite respeotively. 

U. Bi a triangle ABO* nel?, 6=20, c=27 ; find taa^A ; also 
find A. 

l4 Determine the malleri; an^ in the triangle whose udee are 
in the ratio <A 9 : 10 ; 1). 
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Id. Determine the Biitallest angle and the area the triangle 
whoee side* are 72*7 ft, 129 ft and 113*7 ft Prove any formula 
you may uae in the calculation. 

18. Prove the formula tan ^ 3= and uae it to find 

2 1 ai«-o) J 

the angles of a triangle whoee aides are 40(^, 9760 and 7942 feet 
respectively. 

17. In a triangle ABCy a^s/B, d=2, sbov that 

$ COB A 006 C-Z COB B, 

18. The sides of a triangle are 36. 48 and 60 feet respectively ; 
find the values of the angles opposite to them. 

10. In a triangle ABCy given o=3, 6=2*75, c= 1*75 ft, find the 
angle Bi also find the length of the side of a square the area of 
which is equal to the given triangle. 

90. The sides of a triangle are 1*3 ft, 1*4 ft. and 1*5 ft ; a 
rectangle eoual in area to the given triangle has one side 1*4 ft 
long : find the reiuamiog aide. 

81. The diagonals of a parallelogram make an angle of 35^ with 
one another, and are severally 117 72 and 157*41 feeMong. What 
is the area of the parallelogram ? 

88. (a) Find a formula for the area of a rectangle, having mven 
a diagonal and an angle contained by the diagouala (6) It the 
diagonal is 63*86 ft tong, and the angle 106’ 9\ calculate the ar«». 

83. Find a formula for the area of a parallelogram, having given 
the diagonals and the angle between them. If the diagoi^ are 
30 ft and 55*44 feet long, and the angle 140° 54', calculate the area. 

81 If the sides of a triangle be 7*152 inches, 8*263 iiich^, 
9*375 inches, find its area. * 

86. The tidea of a triangle are 1 ‘3, 1*4 and 1^5 feet respectively ; 
find the angles. 

Show that rile area of this triangle ia 0*84 square feet What is 
the area of a trUngle whose sides are 13, 14 and 15 feet respectively ? 

86. The three sides of a triangle are 524, 566 and ^ feet 
respectively, lletertnine the three angles. 

Solntioii of a trUngle gim two aidao and the included 
angle.— When the data ioclade two aides and included angle^ 
we ma^ use the formula 

whidb may be obtained as follows : 

r8 
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fVom the aioe rale (p. 159) 

8in5__6 . 
sin 6^ c * 

ain - Bin C 
sin fi+siu (7~6+? 


Using the results given (p. 28), we obtain 


Sain 


2cos 


h-c n^c 

2 2 5-c 

2 2' 


tan C) h-e 
tan^(5+(7)“6+c’ 


or tani(B-C)=s|qj;^cot^ ». ^since 

Hiis determines (5- CX and since B+C~]SO~A, it follows 
that B and 0 can be obtained. 


The remaining parts of a triangle may be obtained more 
easily as foHows : 

la Fig. 46 let x and y denote the segments of the base AD 
and DC respectively. 

Then • x=ccos p^ctiin A, 

*tanC«=p*ry, and a-p-rsinC, 


iKx. 1. H the rides 6. e of a triangle ABC (Fig. 46), are 5 36 ft 
and 4‘65 ft, mclnded angle 51^ 2(K. Find the remaining parts. 


*= 4-65 coe 61" 2(y = 2-905 ft; 

y=^5*35-2fl05 = 2-446H.; 
p^4'65an61"2(T=3-631ft 


/I 3-631 
C=^66"3'. 


F=M0*-(6l*aK+6r 31=72* 37'; tf=3‘63Urin66*3'=4-376 ft 



SOLUTION OF TRIANGLES. 


m 


Ex. 2. Given the two eidee of a triangle b and e equal to S’4d 
and 1*74 ft respectively, and angle 2(y t find the angles 

B and C, the remaining side a, and the area of the trianj^e. 


_346-174 
“3-46+ 1-74 


ootl8*4(y 


= ^x2'9600 = 0-9752; 

J(5+O=7r20', *>. J(180’-3r20'), 
■. 5= 1 15“ 37', and C=2r3'. 

The side a may be found from the relation 

a sin if . 
c ” sin C ^ 


/. a 


!748in3r20' 
sin 27*3' 


l'74x0'6065 

04548 


=2*32 ft 


if -area of triangle =|bc sin if 

=|x3’45xl*74sin37*9(f 
1-726x1 ‘74x0*6065; 

Iog(if) = logl*725 + logr74-fjog0*6065=0‘2601; 
if =r 1 -82 sq. ft. 


Bx. 3. Two sides of a triangle are nMasured and found to be 
32*5 and 24*2 inches, the included angle being 57* ; find the area 
of the triangle. If the true lengths of ^ sides are 32-6 and 
24i, what is the percentage error in the answer? 

Area 32*5 x 242 x sin 57*-329'8 eq. in. 

„ si X 82*6 X 24*1 X ain sr ~320'8 „ 

£rror=0'3 aq. in. ; percentage 
:=0‘09%. 

^Tables of Cotangents. Pp. 682 b, 582a 
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Ex. 4. Two aideo of o triangle are 383 feet and 231 feet 
rapectirely, and tlie inoladed angle i« 30*. 

Find Um oUier two angles and the remaining aide. 


tani(5-<7) = ^taQi(fi+0 


tan 65* 
x2'1445=0*5361. 



From Table VI., 


|(P-C^ = 28“ 12^. 

Also, y(P+C7)=fi3’; 

5-93" 12^, C=36"48'. 


Ex. 5. ABO is A triangle in which a and 6 are together twice c ; 
ehow that the area equals 3<**taniC'-r4. 

What is the greatest value of C consistent with the given 
conditions? 

o + 6=2c ; 

1. L V 3c 

/. #=2(o + &+e)= 2‘ 

Let A duiote the area of the triangle. 


A - aKs - b)is -V) 


V-ijTirTj— 


tan^C 


-3«»UDiC-i-4. 

If o+h=2fe, BinA+Mn5=2sinC; 
jj. A + B A B C 

2sin-^coe~^=48ln2( 


C 

2' 




Bat rinoe A + 5-f C- 190, 

A^B C. 
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Obrioosly, ~ is greatest when A = B. 

C 1 

In which caw rfn 2=gs=8in30*; 

/. C=6(r. 


EXERCISES. XVm. 

1. The tides of a triangle are 535 feet and 465 feet, and the 
angle between them is M* Sd' ; find the other angles to the 
nearest minute. 

2. Id a triangle ABC^ given 6=400 feet, c=100 feet and 
A =64* 20' : find B and C. 

8. In a triangle ABC, given a=3, 5=5 and C=120*; find 
tan \ {B-“ A), 

4 In a triangle di=60*, 6 = 9, c = 6; find the other angles. 

6. In a triangle ABC^ 6 = 14, <r = ll, i4 = 60'’; find the other 

angles. 

6. In a triangle ABO^ - = ? and ^4=6* 37'; find the other 

angles. ^ * 

7. Two of the sides of a triangle are 1 1 and 5 respectively, 
and the inclnded angle is 60* ; find the other angles. Also find 
the length of the other side of the triangk. » 

8 . Two sides of a triangle are 1’5 and ]3'5 respectively, and 
the included angle is 65* ; find the remaining angles. 

9. Two sides of a triangle are 4 feet and 6 feet in length re- 
spectively, and the inctuow angle is 30*; find the area of the 

triangle. * 

10. Two sides of a triangle are 9 and 7 feCt respectively, and 
the angle between them is 60* ; find the other angles. 

11. The two sides A B snd BC of a triangle are 44*7 and 69*8 

respectivelv, the angle ABC is 32*. (a) Find the length of the 

(lerpendiouW from A to BC^ (6) Uie area of the teiangle ABC^ 
(c) the angles A and C. 

12. Two sides of a triangle are 729 and 353 feet respectively, 
and the included angle is M* ; find the other angles, and the re- 
maining side. 

18. Two sides of a triangde are 3747 and 1528 feet respectively, 
the inclnded angle is 33* ; ^d the other two angles. 

14. Prove that the area of a trl^igle If 

A»75*, (7=60* and a=S(i+>^), show that the area fa equal to 
6 + 2 ^ 
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Solution of a triaaale given tvo of its aides and the 
angle opposite one of these sides.— When the given data 
include two sides and the angle opposite one of these, we ruaj 
use the sine rule. Thus, let a and b (Fig. 47) be the two 
sides and A the given angle. 



The angle B may be obtained from the relation 

8in o=-8in A. 
a 

The angle B is obtained from its sine, but, as two angles 
less than ISO’’ may have the same sine, this case is usually 
known as the ubUgnona case. 

This may be shown graphically as follows : 

Draw two lines, AC and dZ7, at an angle A (Fig. 47). 
Along one side measure a length AC^b. From € as centre 
and radius a, describe an arc of a circle. 

(i) If this cuts Ihe base AD in two points B and i7|, then, 
on joining B and to C, we obtain two triangles ABC or 

either of which satisfies the given conditions. 

But if a is greater than b there is only one triangle. 

(ii) If the circle touches AD at then the triangle is 
right-angled. 

(iii) If the circle does not cut dZ) (as indicated), then there 
is DO solution. 

It will be seen that the three conditions just referred to 
are obtainable from £q. (i) as follows : 

(i) TSniai, if 68ind<a,8m^is<l, and there may be two 
•Motions. 
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(ii) When h&inA then ; 

sin^sl and ^s=90". 

HencOj the triangle is a right-angled triangle. 

(iii) If 58inil>a, then is greater than unity, and 

there is no triangle with the gi^en parte, 

Algeteiic solution.— It will be obvious from the preceding 
paragraph that from the data given we may obtain two values, 
one value, or an imaginary or impossible value of the re- 
maining side c. 

Thus, from the equation 

a 2 = c* - 26c 008 A, 
c* - 26 c cos A = a* - 6 *. 

This is a quadratic equation from which to find c; 
c’-' 26 cco 8 d +( 6 co 8 d)*=d*- 6 *+ 6 *c 08 *d 
-a*-6*(l-C06*A) 
=a*-~6*8inM ; 

cs =6 coe A ±>/a* - ^ sin , 

(i) If 68 m A < 0 , there are two values of c. * 

(ii) If 6810 d= a, the two roots are equal. 

(iii) If 68 ind>^*, the quantity under the root sign is 
negative, and the values, or roots, are imaginary.* 

EXERCISES. XIX. 

1. Find the angle A of the triangle ARC, having given that 
AC=257 feet, RC=a50 feet and 0=90*. Find also the lenjrth 
of the line AD which meets BC in /), eo that the angle ADC is 

40 * sr, 

A Fiud the value or values of c, having given A =35* 36', 
0 = 1770, 6 = 2164. 

3 . Find all the parts of the triangles which have one side 90 
feet long, another side 60 feet long, and the uigle opposite to 
the shwter side equal to 16* 37', 

A Given 6 = 8'4 inches, c=12 inches, R=3r 36* ; find A. 

In any triangle, if A =47*, a=l60, 6=215; find B. 
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6. In ft tric^e ABC, given AC=166'6 feet, R(7=1G2’5 feet, 

the uigle 19'. ^Ive either of the trUngles to which the 

data belong. 

7. Given A=4(r, a=l40-5, 6=170*6; find B, 

9. In the trivigle ABC^ A =26* 26', 6=127 and a =85; dnd B. 

8. 'Two angles of a triangular field are 22l* and 46* respectively, 
and the length of the aide opposite to the lattM* is a furlong. 
Show that the field contains exactly two acres and a half. 

10. The lengths of two sides of a triangle are 637 *4 feet and 
158*7 feet, the angle opposite the shorter side is 15* IT. Calcu- 
late the other an^es of the triangle, or of the triangles, if there 
are two. 

11. Having given A=30*, a-\% c=2, solve the triangle. 

18. In ft given triangle a=145, 6=178, H = 41* 10' ; find A. 

13. Given 5=30“, c = 150, 6 = 50s/3; show that of the two tri- 
angles that aarii^ the dat^ one will be isosceles and the other 
ri^t-angled. (i) Find the third side in the greatest of these 
triangles ; (it) would the eolation be tunbiguous if the data had 
been 5=30“, c=160, 6 = 75? 


Heftsnreiueiit of helglitB and diflUnces.— The angle 
made witl^ the liorizontal plane by a straight line joining a 
point of observation to a distant point, when the point is 
above the point of observation, is called the aagls of elevatton. 

The angle is called the aagle 
of d s p r e iai oa when the distant 
point is below the horizontal 
line through the point of ob- 
servation. These angles are 
measured by an instrument 
called a nieodoUte. 

The angle subtended by 
a line joining two distant 
objects may be measured by 
a BeKtant 

Thus, if A (Fig. 48) denotes the pla(» of observation, 
and C a diitant point above A, then Gaie angle, between the 
line joiiibig A to C and a horizontU line A5, is the angle 
of elevation <4 €• 
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.^UaL. 

If be drawn perpendicular to AB and meeting AB in 
B (Fig. 48X then the height of the object can be obtained 
when AB and the angle at if are given. 

BC 

Since j^«tanA; 

5(7= tan d (i) 

The plan adopted is to write the fraction so that the 
unknown quantity is the numerator and the known quantity 
the denominator. 

When it is either impoesible or inconvenient to obtain the 
distance a distance such as DA in the line BA produced 
(Fig, 48) may be measured and the angles of elevation ADC 
and BAC obtained. Denoting the known length DA by 
and the distance by jt, then if h denotes the height BC^ 
k’axUxxBAC (i). 

Also, A=:(/+x)tan 5D(7. (ii) 

If we substitute the value of k from (i) in (ii), we obtain 
a simple equation in and finally h may be found from (iX 

An^dS of deproasion. — If a horizontal line be drawn 
through (7, then the angles at C subtended by two objects 
D and A, are called angles of depression, and the' solution is 
effected as in the preceding case. 

Ex. K At a distance of 99 ft. fiom the foot of a tower the 
angnlar elevation is 0O^ Find the height of the tower, 

II h denote the height, then 

A=99tan0O"=99xv^. 
log A X log 99 + 7 log 3 = 2-2341 ; 

A = 17 1*4 ft. 

This result may be verified by oonatmction, as in Fig. 48. Draw 
a right-angled triangle having the angle at A =60^ and AB=99. 
Then 5C7= 171-4. 

Sx. 2. The alevatioa of an object on a hilt is observed, from a 
certain place in the horizontal plane through its base, to be 15\ 
After walking 120 feet towaida it on level ground the elevation 
is found to be 18*. JPHnd the height of the object and its distonce 
fnmi the seoend place of obeervation. 
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Let BA-x and BC=k By calculation, two or more methoda 
may be used to find x and A. If necessary, one method may be 
aaed to check another. 


first uuihod. As the angle BAC^ADC+ACD^ the angle 

ACD=3r; 

AC_ au ly 
” i4i>“sin3*’ 

• A Z) sin 15* 

or • AC=^ — 

8ui3^ 

Ag^, BC=^ACmn\H*i 

120x0^688 x 0 ‘3090 

" ‘‘* SnI' ^ 0*0623 

~ 183-6 ft. 

Also, ;e=AcotlS” 

= 183*6 X 3-0777 -564*76 ft. 


Second method. Using the same notation. 


A=a!taDl8* (i) 

Also, As:(]20-fx)tan 15^ (ii) 


SalMtitttte in (ii) the valim of A from (i) i 
ztan 18*=:]20tan 

or xftan IS'-tim 16”)~ 120tan 16* ; 

120t«nl6* 120x0*2679, 

*' *~tan 18* -tan 15"“ ' 0*057 ' 

/. *=66476 ft. 
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Substituting tbit value for x in (i), k it obtained. 

In the pre<»dmg example the angle of elevation baa been used. 
A similar method is employed when the angles of depression are 
given. 

Ex, 3. From the top of a hill, the angles of depression of two 
objects on a horizontal plane through the base of a bill are found 
to be 15” and 18” respectively. Find the height of the hill, the 
distance between the objects being 120 feet. 

Draw a horizontal line passing through C (Fig. 49). Make the 
angles of depression equal to 15” and 18” respectively. Draw a 
horizontal line DA equal to 120 ft. Produce DA to meet a line 
OB perpendicular to DA in B. Then BC is the height required. 


As a good exercise in manipulation of symbols it is inter* 
eating to solve the preceding question, assuming that the 
data consist of letters instead of numerical quantities. 

Let the angles BAC and BDO be denoted by a and p 
respectively, the distance AD by f, the remaining quantities 
as in the preceding. 


Then 


I sin DCA 


_8in(180*-a)__ sina 
8in(a~^)~ ein(tt-^)^ 
/ sing 

"8in{a-^* 


k^DCam 

and substituting numerical values for f, a and it will be 
seen that the result agrees with the preceding result. 

Ex, A From a station h feet above the water the angular 
depression from the horizontal of the light of a passing vessel and 
of its reflection in the water was ol}8erved to be D| and 
minutmr ; prove that the horizmital dutauce of the vessel was 
2A cosec {D^ 4* i>«) ros Dj cos D, feet. 
li the angle and D^ are small, prove that the distance is 
piMtioally 

f«t. or "«*_ yard.. 

i(A+fl.) 4(A+fii) 



Let P denote the i^tkHi at a distanoe h feet above the eorfaoe of 
the water AL (Fig. 50)^ the aiigle MPL=J>i and MP£=D^ 



Let S denote the horizontal distance PM where M is vertically 
over L. 

Then iVLc=.^tan />„ 

MK^StAn Dy, 

ML+MK==S{t»aDi+tAnD^)\ 

2*=S(t«i D, + Un + 52-^) 

\coe/)i cmDJ 

sin Di cos i ?3 + sinZ>aC<)s A \ 

“ \ coe^i^coT&j ) 

_5sinjA_+:A) . 

■ A fU 

“ * ” sin(A + A) 

= 2h coeec ( A + A) ^ A A- 

When A A ^ angles, oos A ^ A 
he taken to be unity. 

Hmoe, from (i), S=_“_ (U) 


AlsO| wh«i an angle is small the sine tA an angle is approxi* 
mately equal to the radian measure of the angle, snbetittttiog 
hi(ii); 

. « 2k 3438k 114ek 

* ”” = 1 " yaa. 

jjj^(D,+fl,) glBi+Bj) g(A+A) 
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When in problema <K)ncenied with heights and distances 
the data include the points of the compass, it is desirable to 
draw a perspective view ; for even if such a sketch is only 
a rough approximation, it tends to clearnras. 

ICx. 5. The angle of elevation of a steeple at a place due south 
of it is 4$**, and at another place doe west of the former the angle 
is 16*. If the distance between the two places is 100 feet, find the 
height of the steeple. 



Let BC (Fig. 51) denote the steeple, A the first place and D 
the second place of observation. 

BC^h=CDUnier, or A*=((7D)*tanM6* ^ (i) 

Also, as BAG is 4S*, AC is equal to A 
CZ>»= I00f*+A< 

Substituting this value in (i), 

A* = ( 100* + A*) tanMG* == KKF tanMr + A* tan* 16* j 
A«(l-taiiM6*)«KKFtanMr, 

tt 100^x0-2867* IO(Fx 0-2867* 

^ * 1 - 6 ^ 28 ^ 

21ogA^2(iog 100+ Iog0-2S67) - log 1-2967 - log07138» 
w k)gA»l*4760«tog2922; 

A=»-«feet 




182 * A MANUAL OF PRACTICAL MATHEMATICS. 


EXEBaSES. XX. 

L A p^n standiog on one bank of a river obeervee the altitude 
of the top of a tower on the edge of the oppoaite side to be 66* { 
after receding 80 feet, he Buds it to be 48*. Uetermine the Imsdth 
of the river. 

2. Galcolate the height of a tower frwn the following data ; 
angles 30° and 65° ; distance between points of observation lOOO 
feet in a direct line from the foot of the tower. 

A Jiff is a horizontal line 1800 ft long. A vertical line is 
drawn from B upwards, and in it two points P and Q are taken, 
such that BQ ia three times BP; BAP is 10° 30'. Qdcolate BP 
and BAQ. 

1 The summit of a spire is vertically over the middle point 
of a horizontal square e^ouire, whose side is a ft long ; the 
height of the spire is h ft above the level of the square. If the 
shadow of the spire just reaches a comer of the square when the 
sun has an altitude show that 

h»j2=iaiajx8. 

Calculate A, having given a = 1000 ft, 0=27° 29'. 

ft. AB is a line 2000 feet long, B is due east of A; at E a 
distant point P bears 46° west of north, at A it bears 8° 46' east 
of north ; find the distance from A io P. 

6 . The angle ol^ elevation of a tower at a distance of 20 yards 
from its foot’is three times as great as the angle of elevation 100 
yds. from the same point Show that the height of the tower is 


7. (a) 'The angnlaa elevation of a tower from a certain station is 
A ; at Mother station, in the same horizontal plane, and a feet 
nearer the tower, the angular elevation is (d0°<-d); if A be the 
height of the tower above the horizontal plane, show that 
A(1 - tanM)=ataDA. 

(6) Calcnlate A, when A =90° and a =100 feet. 

ft. ABC is a trianj^ in a horizontal plane, with a right angle 
at C, and P is the middle point of AB ; a fia^taff is set m at (7, 
and it is found that tU aiu^ of veiti(^ elevation at d, A and P 
are a, ^ ft; show that ta^=2tanatao/3a]n2d. 

9. 'Hie foot, (7, of a tower and two stations, A and are in 
the same horizontiJ plane. The angular elevation <rf the tower at 
d ii 60* and at £ it is 46*, the dirtance from d to ^8 is 100 feet 
and tim angle ACB is 60* ; show that the hei^t of the tower is 
Bpfimrimataly 116 feet. 
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10. P and Q are two atations 1000 yards apart on a straight 
stretch of sea shore, which bears East and West, At P a nxik 
bears ^ West o! ^uth, at Q it bears 35' East of South. Show 
that the distance of the rock from the shore is 

1000 sin 48" sin 55’4 sin 77" yards, 
and oalcniate this distance to the nearest yard. 

U. Find the length of an arc on the sea which subtends an 
angle of one minute at the centre of the earth, supposing the earth 
a sphere of diameter 7920 miles. Give the auswer in miles to 
three places of decimals. 

18 A person standing due sonth of a lighthouse observes that 
his shadow, cast by the light at the top, is 24 feet long; on 
walking 100 yards due east he finds his shadow to be 30 feet. 
Supposing that he is 6 feet high, find the height of the light 
from the ground. 

18. The angle of elevation of a cliff at a certain place is 12" 30', 
and at a second place of observation, distant 950 yards from the 
first and in a direct line towards the base, the second altitude is 
found to be 69" 30'. Find the height of the cliff. 

14. A tower stands at the foot of a hill whose inclination to 
the horizon is 9", at a point 100 feet up the bill the tower sub* 
tends an angle of 54" ; find its height 

15. The angles of elevation of a tower from the two ends of a 
measured line in the same horizontal plane as the base of the 
tower are 30" and 18" respectively. Find the height of the tower 
in terms of /, the length of the measured line. 

16. The angle of elevation of a balloon from a station due sonth 
of it is 47" 20*, and from another station due west of Jthe former 
on the same horizontal plane, and distant 671 '3 feet from it, the 
elevation is 41" 15'. Find the height of the iSalloon. 

17. The angular elevation of a steeple at a place due south of 
it is 45", and at another place due we^ of the former station and 
lOO yards from it the elevation is 15". Find the height of the 
Btcepie. 

16. From the ^ of a tower, whose height is 100 feet, the 
angles of depression of two small objects on the plain below, 
which are in the same vertical plane with the tower, are observed, 
and found to be 45" and 30"; find to one decimal pla^ the distance 
between them. 

19. A jpe rstm observes that two objeoto A and B hear due 
K. and 30* W, N., respeotiv^y. On walking a mile in the 
direction K.W., he finds tnat the bearings of A and B are N.E. 
and doe £. lei^ieotivcdy ; find the distance between A and A 
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8A The altitade of a oertaiu rook is obnrved to bo 47*, and 
after walkiogJOOO feet towardi the rock, up a elope inolin^ at 
an an^le of 32” to the horixm, the obMrver finds that the alti- 
tude 15 77*. Find the vwtical height of the rook above the first 
point of ob6ervati<MX 

31. From two stations J and £ on shore, 3742 yards api^, a 
ship <7 is observed at sea. The angles BAC, ABC are simul- 
taneoQsly observed to be 73” and rMpeotively. Find the 
distance from A to the ship. 

SS. A tower, wfaoee height is known to be 100 feet, stands on a 
vertical cliff ; the angle subtended by the tower at the eve of an 
observer in a boat at sea level is found to be 28”, and at the 
same station the cliff subtenils an angle of 31*. Find the height 
of the cliff above sea level and the distance of the boat frmn the 
foot of the cliff, 

33, ABO is a triangle in a horizontal plane, and is a point 
vertically above 0: if A B ^600 feet, ACB^117‘ Iff, CA ^>=28” 28', 
and OS', show that 

tao|(/fAC?-AfiO=»inl4* 56' tenSl* 22'-S-8io42*, 
and csJcolate the length of CB. 

31 A man standing dne aonth of a spire finds the angular 
elevation of its summit to be a. He then walks to a point a 
wds due west of hts former position and finds the elevation to 
be fi. Show that the height of the spire in yards u 
• g sin tt sin ^ 

^^1^ - jsfsin {a ^ 

35. A flagstaff is fixetl on the top of a tower standing on a 
horizontal plane. An obsennr finds that the angles subtended at 
a point in (the faorizootaljdaue by the tower and the flagstaff are 
respectively a and He then walks a distance c directly to- 
wards the tower, and finds that the flagstaff snbtends the same 
angle as before. Prove that the heights of the tower and the 
flagstaff are respectively 

e sing cos {tt-t-jg) ennfi 
cm{2a + ii) cos (2a 

33. A flagstaff a fast hij^ is on a tower 3a feet high ; prove 
that, if the observer's eys is on a level with the top of the staff 
and tile staff and tower anbtend equal angles, the obaerver is at 
a ^dflatanoe from the top of the sUft 

37. The plane of a rectangular target ia vertical and lies east 
and wsst ; oompars tlw area of the shadow cm the ground with 
the am ci the taivet wlm the ana la KF from the aonth at an 
aUitti^ ol 64*. 



CHAPTER IX. 

AREA. 

AlW. — The reader haa already studied the areas and 
volumes of simple solids in an elementary course, and it is 
therefore only necessary here to collect the results for 
reference. 

Pwallelograin.— The area of a parallelogram is the product 
of the number of units of length in the base AB (Fig. 52) 
and in the width B€, 



If a denotes the length of the base AB and h the width 
or height of then 

A^axb, 

where A denotes the area of the parallelogram. 

The reotangts, as shown by the dotted lines (Fig. 62), is 
a particular case of the parallelogram in which all the aogle«f 
are right angles. When, in addition, the four sides of a' 
rectangle are equal ; the four-sided figure is called a squia, 
and A The area of a parallelogram is aln) one-half the 
product of the two diagonals and the sine of the angle of 
indinadon. 
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BluUAbllS. — Wben the four aidw of » parallelogram are 
eqdai, but the angles are not right angles, the figure is 
called a rhombus, and its area Is one-half the prodnot of the 
two diagwnali. 

Triangle. — Any parallelc^ram is divided into two equal 
parts bj a diagonal (Fig. 62). Hence, when the base and 
height of a triangle are given, the area of a triangle la one- 
half the product of the base and the height As anj side ma;^ 
be considered as the base of a triangle, the rule may be 
stated thus: the area of a triangle is equal to oiu-half the 
product of any side of a triangle and the length of the per- 
pendiealar let ftll on that tide from the opposite angle. 

If p denote the length of the perpendicular BD (Fig. 46, 

^ areasi^xZ^, 

but pectin A j 

area of triangle sin (i) 

or area of a triangle ii one-half the product of two sides and 
the sine of the Ineluded angle. The equivalent formulae for 
the remaining angles B and C are similarly 
\ac sin B and ja6 sin C. 

Area of g triangle in terms of the three sides.— Referring 

to p. 167, 

area of triangle = \^*(« - a)(< ~ 6)(/- c), 
where $ denotes one-half the sum of the three sid^ 
ie. *|(a+6+c). 

IiSHgth of perpendiciilar. — The formulae above may be 
used to obtain the length of the perpendicular from any 
angle on to the opposite side. 

Ex, I. The rides of a triangle are 5, 6 and 7 inches respectively. 
Find tbe length of the papeodicnlar on the shorteet side from the 
i^qtoeite angle. v 

Ifp denote the loigth, thttl 

area of triangle x 5=V* (s ~a){<-6}(e-c)t 

when «=|(6+8+7)s9j 

2s^4x3x2 12 ts, 

... 

3:5*879 inches. 
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Bi^t-an^ed triaiigle.-"Wb6Q the included angle is a 
right angle, and sin 90*~1 ; 

area=ia6. 

Ex. 2. The sides of a right-angled triangle are 4*3 inches and 
fi'4 inches. Find the length of the perpendicular from the right 
angle on the hypotennse. 

Hypotenuse = \/4‘3*+5'4*s:? V47^. 

Aroa=^ X 4*3 xS 4=|p\/47^; 

. ^ 43x5*4 

" ^ n/47^ 

=:3’36 inches. 


Eiinilateral tliaagie.— In an equilateral triangle a^^h-e 
and each angle is 60*. 

Area=iac8in^=|a*8iu60’’=ia^^^3. 

Kx. 3. Find the area of an equilateral triangle eadi side of 
which is 10 ft, long. 

10^^_ 173*2 
4 ~ 4 
= 43*.3 sq.ft , 


Area=^- 


Area of a regular polygon.— If AB (Fig. is one side 
of a regular polygon of n 
sides, the circle passing 
through the angular 
points is called the dr- 
oumtoilbed drole. The 
circle touching all the 
sides of the 6gure is called 
the intetibed drda 

The angle AOB is 
and if a perpendicular OD 

be drawn to side AB^ then angle AOD^^-^-. Denoting 
length of the side AB hy Oy * 

area of triangle AOB^^^ABxOD 

=l^0D. (i) 
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If r draoto the radios of the inscribed circle, 
area of triangle 

A a J80* 

Afl r“5C0t ; 

8 n 

area of triangle 


and area of polygon*:^ cot (iv) 

From (iv), the area of a polygon can be obtained when the 
length of one side is given. 

To obtain the area when the radius r is given, we may 
eliminate a from (iv) by means of (ii). 

Area of polygon =* nr* tan 

To obtain the area of the polygon in terms of H, the radius 
of the circumscribed circle^ we have from Fig. 53, 




Also, 

2 n 


^ - 180“ 180“ 
/. ar^ l>f polygon = n/i* am coa ~- 

nAP . 300’ , 


Perimettr of polygon = tw = 2nr tan — =2«/? sin —• 

Bx. 4. In a hexagon R ia equal to the length of the side a ; 

6a* . ^ 3s/3tt* 
areas sin 60° = - 


Ex, 5. ^nd the area (d* a regular pentagon in a circle of 
4 i|K4iea radi^ 

Hare»=«,i?=4; 

areass^^^sin 72^=40 sin 72“ 
~40x0*95Us38'044 sq. in. . 


^ ^ In a trias^le ABO, gas . 5 -. r=^t wh«ra A denotes the area 
el the triangle. 8siod 4A i 




EX£BCI8£^ 


Tt^asium.-'A four-sided figure such as AB€D (Fig. 64), 
in which two sides AD and BC are parallel, is called a 
trapnlun. 



If a and h denoteitfib lengths ot AD and B€^ and h the 
perpendicular distance AS between them, then, joining the 
points A and C by tbe.lide AC^ the figure is divided into 
the two triangles ABC and ACD. 

Area of triangle ACD^-^h^ 

, 

area of ABCD^~(a-i'b)J^ vr in words, 

f * 

trsA of a trapwlnm is os*>half the smn of two panUd ddei 
mnittplled by the perpendiealar dhrtanee h«l|weett them. 

EXERCISES. XXI; 

1. The area of a rectangular field it 462 aquare yards, its lengdi 
is 25 yards 2 feet ; find its width. 

h. Find the coat of encloamg a square field, area two acres, 
with a fence ooetiug 3s. fid. per yard. 

8w A public gJraen occupies two acres, and is iu the form of 
a square. If a pathway soes completely round its inner edge^ 
and occupies one-eighth of an acre, what is its width? [Acre= 
4640 square yards.] 

A Ihe area of a rectangular field is f of an acre, and Us 
length is donble its breadth ; determine the length of its sides. ' 

6. In a quidrilateral tdie diagonal is 84 feet, and the two per- 
pendionlars on it from the ouser two uglee we 18 feet Mo 18 
feet respectively; find the area. 




190 A MA^UAI^ OF I^BAOUGAL HAfflEMATICS. 


A Find the area ol a teiaagle^ baae 625 links, height 1040 links 
[100 Unka=22 yda]. 

7. The length of each side of a hexagon is 12 feet ; find iti 
area. 

A The area of a hexagon is 286*437 equare feet ; find the length 
of a aide. 

9. Find the area of a triangle whose sides are 21, 20 and 29 
inches "respectiTely. 

lA The three aides of a triangle are 15, 16 and 17 feet respec- 
tively ; find its ar«kf 

11. If the lengths of the sides of a triangle be 242, 1212 and 
1450 yards, show that the area is 6 acres. 

VSL Find the area of a triangular field ABC from the follow- 
ing measnrements on the Ordnance Survey of 25 inches to the 
mue: AC 4*1 inches, perpendicolar on AC 1*59 inches. 

Calculate the area of the triaiule AWfl^n the three sidM, AB 
neasDring 3*3 inches and BC 2 incl^ Exprm the mean o| the 
two in acres. ^ * 

lA The dii^onal of a rectangular field is 6| chaips. What is 
the lengn and width if the area is \\ acres? [I chaiii=22 yds.] 

lA Find the a quadrilateral of which the dkgonakis 

1274 feet and the perpendiculars upon it from the opposite tingles 
*550 and 583 feefh’Sspectively. 

15. The pqnm^ter of a square field is 588 yards and of another 
67*2 yards. the perimeter of a third equal in area to the 

other two ti^ejher. ' * ' « ^ 

,1A Find th^^ea of a quadi&teral in wblcF ^e sides 

AB, BC, Cp, and diagomd AC are 25, 60, 52, 38 and 66 
respec^Iy^ * * ~ 

‘ 17. Eaqh side of a rl^ombos is 120 yirds and two <A ik oppo- 
rite angles are each 60*} find the aret^ 

18. A field in the form of a traperinm has its parallel sides 
10 chains 30 IdikB and 7 chains 70 nnka. . If the area be 6 acres 
$ roods, find Uie length of the shorfsst way agM the field. ^ 

18. The pandlel rides of a traperinm are 5 ^ins 15 links and 
3 chains 85 links respectively, the perpendicular distance between 
them is 15 chmna; nnd the area. 

80 . The side of an eqnilateral triangle is 20 feet; find the 
mimerical value of the radios of the circle circumscribing the 
triangle. 

8L Begnlar polTgona of 15 sides are inscribed in uid circum* 
scribed al^t a circle whose radios is one foot; riiow that the 
difiereoce d Uieir areas is neariy 20 tgnare inclm 
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OizclA — The foUawiog rules are important : 

^ 01tetaiir«renoe~9^, or n-A 

Areas^irr*, or 

where r denotes the radius and d the diam^i^ of the 
given circle, % ^ 

Aiumlns or circular ring.— If the external radi^ Is ,^ai]ai 
internal radius r 

Area of annnlus = 7r(K* - r*) = 7r(E + r)(E - r), 

or ?(D»-d‘)=^(D+4)(D-dX 

where D and d denote the external and internal diameters 
2 'espectively. 

Ellipse.— If 2a and^^enote the lengths of the major 
and minor axes respectlP^T 

^ appror ; area^jrab. 

Kx. 1. Findithe i%diu& of a circle equa^j|l area to that of an 
ellipse whote siies are 21 ft. and 14 ft. ^ ^ 

Let r d<^WHhe radius of the circle. 

alw^of circle IT* - X ; 

log r = i (log,14i^Iog 2) - 0-9331 =log 8iS72 ; 
r=8*579ft. % * 

Area <|leetor of a drdi— Tb« area 
of m or a drole AOJ^ ii ons'lialf 
tbe prodnot^of tlM anglt.ha nuUaiis «ad 
the square of tbe imdlus. 

Let A denote the area ; 

If denotes the number of degrees 
in the angle AOE^ then, as the sector is 
simply a fractional part of the circle, 

Length of arc AJS^^^ x 2irr. 



fia, l4-~8ector of a 
cirda 
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The two following theorems are important and may be 
verified by drawing the figures to scale: 




(i) From any point P outside ^^ir cle draw two lines— 
one which touche^ or is a UngetnPHE the circle; the other 

-- cutting it in two points A and B, Then PT^^P4, ^ 

(ii) If two straight lines within a cii-cle, such AC and 
BDy cu| one anothel at a point the rectangle contained by 
the segments of one is equal to the rectai%le contained 
by the segments of the other* le. AE.EC-DE.EB, ^ 

If one line such as J C passes through the centre of the 
circle and the other is perpendicular to AC^ then DE=EB\*^ 
" AE.EC^nm. 

Segment of a circle. ~Apy chord of a circle* which ig not 
a diameter, each as (Fig. 58^ divides the circle into two 
parts, ond greater and one less than a semicircle. 

If (7 is the centre of the circle of which the given arc A DB 
forms a part, then lbs am of tbs tegmsnt ADB Is equal to 
tbs dlfiitfeBes between the am of tbe aeetor CADB and tbe 
triangle AB$. 

« Length of arc ADB (Hnygens^ Approximation).— Tbe length 

of Hie arc ADB may be found approximallly by the rule 

tabtraet tbe «bord of tbs tto firom dgtit timet tiis chord of 
half tbs an and dtrlds tbs molt by 3. 

Length of are ADB= ^-^ 

3 3 

where a denotes the length of the chord AD (of half tbe 
arc) and t die length of AB (chord of the whole arc). 



AREA OF SEGMENT. 


m 


It will be found that results inay be obtained by tbia iitle 
to a fail* degree of accuracy, but the angle must not be too 
large, i\e. the rule sliould not be used for angles greater than 
90”. Thus, for 80°, the rule gives 1*3953, the accurate value 
is 1*3953. For an angle of 167“ the length obtained by the 
rule is in error by 1%, 



Kio. 5S.- Segment of r circle. 

Area of s^fment.— If A denote the height ED (Fig. 58), 
the area of the segment is approximately 

or 

Chord of a circle. —The chord of an arc, c, and the chord 
of half the arc, «, may be expressed in terms of the height, A ; 
thus, produce DE to cut the circumference of the circle in 
a |K)int E. 

Since A E^EB-FExED; 

c*-4A(2r-A). (i) 




0 
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A]flO» 

Substitute this value in (i) ; 

a^-2hr, (ii) 


JSx. 2. Three vertical posts are placed at intervals of one mile 
along a straight canal, each rising to the same height above the 
surface of the water. The straight line joining the tops of the two 
extreme posts cuts the middle post at a iK>int 8 inches below 
the top ; fiiid, to the nearest mile, the radius of the earth. 

As the two distancos and the radius are large compared with 
8 inches, the chord may be taken to be of the same length as 
the arc i 

* 0=2 = 5280 X 12 inches. 

Hence, if r denote the radius, 

2rA=o^, 


(5280 X I2)» . , 
or r= - -g-g — inches 


' miles. 


Area of a segmo&t of a parabola. —The area of a portion 
of a parabola such ^ ABC (Fig. 59) is two-thirds the product 
of the base and the height ; 

/. area of parabola = Juft. 

Bx. 3. Find the area of the segment 
of a circle, chord 40 in., height 6 in. 
What would be the area of a parabolic 
segment having the some dtmensiot»? 
k* 2 

Arca=^ + ^A 

6 » 2 





27 -I- 180 


= 182 7 sq. in. 

The axfA of a parabolic s^pnent is J (product of chord and height) 
ss|x40x6a]80iq. in. 
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Area of an liregnlar iljnire.--Wh6ii the boundaries ot an 
irregular figure consiat of straight lines, the area xnay be 
obtained by dividing the figure into a number of triangles, 
rectangles, etc. The sum of the areas of all the simple figures, 
into which the given figure has been divided, will be the area 
required. When one or more of the boundaries of a given 
figure consist of curved lines, the area may be found by 
one of the following methods explained in the elementary 
course the student is already supposed to have taken : (a) by 
using a planimeter. (6) using squared paper, (c) by weighing, 
(d) by mid-oi'dinate rule. 

In addition to the above methods there are, amongst others, 
the trapezoidal rule, and the two important rules of Simpson 
and Weddle (p, 405). 

PUaimeter. — The planimeter is an instrument adapted for 
estimating rapidly and accurately the area of any figure. There 
are many forms in general use to which yariouB names— 
Hatchet, Arasler, etc.— are given Of these the more ac- 
curate forms are mostly modifications of the Amsler plani- 
lueter. 



Amsler planlma ter. — One form of the instrument is shown 
in Fig. 60, and consists of two arms AB and BC^ pivoted 
together at a point B. The arm BA is fixed at some con- 
venient point a The other arm BC carries a tracing point 
T. This tracing point is passed round the outline of the 
figure, the area of which is required. The arm BO carries 
a wheel Z>, the rim of which is usually divided into 100 
equal parts, about which it turns as an axis and records by 
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its revolution the area of the figure traced out by T, From 
its construction it is obvious that the revolving wheel registers 
only the motion which is perpendicular to the moving arm 
on which, it revolves. 

When the instrument is in use, the rim of the wheel rests 
on the paper, and, as the point T is carried round the out- 
line of the figure, the wheel, by means of a spindle rotating 
on pivots at a and h, gives motion to a small worm which 
in turn rotates the dial 11' 

One rotation of the wheel cori'esponds to one-tenth of a 
revolution of the dial. A vernier, T, is fixed to the frame of 
the instrument, and a distance equal to 9 scale divisions on 
the rim of the wheel is divided into ten on this vernier. 
The readings on the dial are indicated by means of a small 
finger, or pointer, shown in Fig. 60, If the figures on the 
dial indicate units those on the wheel will be ^^oths ; as each 
of these is sut^divided into 10, the subdivisions indicate 
Y^Qths. Finally, the vernier, V, in which ^^5 wheel 

is divided into 10 parts, enables a reading to be made to 
three places of decimals. 

To obtain th^ area of a figure, the fixed point i is set 
at some convenient point which may outside or inside the 
area to be measured and the point T at some point in the 
periphery of the figure. Note the reading of the dial and 
wheel. Carefully follow the outline of the figure until the 
tracing point T a^in reaches the 8tartingqx>int a second time, 
and again take reading. If the fixed point s has been 
chosen <»Ugide the given area, all that is now necessary is to 
multiply the difference between the two readings by a certain 
constant to obtain the area of the figure ; the value of the 
constant may be found by using the instrument to obtain a 
known area, such as a square, or circle of known radius. If 
the fixed points had been chosen inside the figure it is possible 
to clamp the joint B of the instrument so that whilst T 
describe a circle, tbe indicating wheel shall always move 
on the paper perpendicular to the plane of its rim, and con- 
sequently register no rotation in any part of its course. The 
ctr^ which T thus describes is called the 2 ero circle, and 
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its area (marked on the instrument) must be added to the 
indication of the instrument in order to obtain the measure 
of a given area. 



T is the tracing point ('Fig, 61) and A the fixed point When 
AiK is perpendicular to TM and the joint at B is locked {i.e. 
do«9 not turn), the point T describes a circle, called the xtfo 
clrttle, about A as centre. The indicating wheel under these 
conditions remains stationary. 
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Let AT^r and 

The shaded area 

Draw AM perpendicular to and meeting TB produced in 

Let AB-Oy BT—hy BR^c, RM^m, 

Then, from the right-angled triangle A MTy d P or 

But 2cm +?»*), 

and ifT*=(&'f c-f-m)*=6*+c® + m*4*26c+2^+2cm ; 
r*=ci*-J-fc*4‘2A(c + m). 

Similar!/, when All ]» perpendicular to Tliy from the right 
angled triangle ARTy we obtain 
or 

Also An=*(6+c)*=i»+2k-|-c»; 
|(r*“-ro*)=^l«®-f-6^-J-26(c-f-m)-(a*-l-M+26c)} 

Now tht linear speed of the tracing point 7’=w.47’=nir. 
Speed of diding of wheel 

Speed of of wheel = a»m. 

As the •tracing point T moves along TTy the wheel registers 
Qxm, • 

And, as the tracing point moves along the wheel 
remains stationar/. 

Also, the motions given to the wheel as the tracing prnnt 
moves over and T(^y are equal in amount but opposite 
in direction. 

Hence, in tracing the boundar/ of the shaded area, the 

wheel records a motion of ; 

0 

areas:^^ ^6 X motion of wheel. 

Tile tounng point T is osnallj carried by a bar which can 
aUde in a ^eeve canying the pmnt By and the adjustment is 
made by altering Uie poaition of B. 
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Simpson’s Bole. — Whej^an odd number of ordinate is 
given, except in the special case of 7 ordinates, probably the 
most acccurate rule that can be used is Simpson’s First Bole. 
As this rule is so important it is usually referred to simply 
as Simpson’s Rule. Except where otherwise expressed the 
following exercises are supposed to be solved, as in the follow- 
ing example, by using Simpson’s Rule ; 

Ex. 4. An irregular figure has the following ordinates (in feet): 

3-5, 475, 5*25, 7*5, 8*25, 14*75, 6, 9*5, 4. 

The common interval being 2*5 ft, find the area. 

Area = ? {A +45+2(7), 

where S denotes the common interval, A the smn of extreme 
ordinates, B the sum of the even ordinate, C the sum of the odd 
ordinates ; 

sum of extreme ordinates— 3 *5 + 4== 7 '5; 

snm of even ordinates =4*75 + 7*5+ 14*75 + 9'5=36*5 ; 

* sum of odd ordinates =5*25 + 8*25 + 6 = 19*5. 

2*5 

Area of figures— (7*5 + 4 x 36'5 + 2x 19 5J = 160*41. 


Mean ordinato, — The product of the mean ordinate and 
the length of the line assumed as the base of an irregular 
figure gives its area. Hence, in order to obtain ^the mean 
ordinate in any of the preceding cases, it, is only neceseary 
to divide the calculated area by the length. Tims, in the 
preceding example, as the line EF is 20 feet ; 


mean ordinate = 


160*41 

20 


=8 02 feet 


EXERCISES. XXn. 

1. Find the perimeter and the radius of a dnde die area of 
which is 5*301^ square feet 

R The area of a lemioirele is 19911 square feet ; find its total 
perimeter. 
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8. One circle is described o6o«/ » second is inscribed ipithin 

a regular hexagon length of side I foot; find the area between 
the two circles. 

4. The side of a regular hexagon is 2 feet ; find the radius of 
a circle equal to it in area. 

8. The radius of a circle is 33 5 feet ; find the area of a sector 
enclosed by two radii and an arc 133*74 feet in length. 

6. Find the length of an arc which subtends an angle of 60** 
in a circle whose radius is 100 feet. 

7. The length of au arc subtending an angle of OO” is 11 feet; 
find the radius of the circle. 

8 . The area of a trapezoidal field is 4^ acres, the perpendicular 
distance between the parallel sides is yards, and one of the 
sides ia 10 chains ; find the other. 

9. The minute hand of a clock is 10 incites long; find the 
area which it describes on the clock face between 9 a.m. ami 
9l3d a.m. 

10. The radius of circle is 8 feet ; find the area of a sector 
of the circle, the angle of which is 36\ 

11. Find the radius of a circle such that the area of a sector 
corresponding to an augle of 90^* may be 181 '10 stjuare feet. 

12. Find the radius of a circle in which an arc 15 inches long 
subtends at the, centre an angle containing 71° 36'. 

IS The* side of an equilateral triangle is 20 feet ; find the 
radius of the circle circumscribiug the triangle. 

14. Tlie interior diameter of a circular building is .51 feet and 

the thickness of wall 2 feet. What is the area occupied by the 
wall 1 *• 

15. A road 10 feet wide has to be made round a circular plot 
of ground 75 yards diameter ; find the cost of the road at 48. 
per square yarii. 

16. Tlie diameters of the piston and air-pump of an engine 
are as 2 : 1 *2 ; find the diameter of the air-pump when the area 
of the piston is 1134'1 square inches. 

17. Find the length of an arc of a circle of radius 20 feet 
subtending a certain angU at the centre, when the length of an 
arc of a cinde of radius 4 feet, subtending three times the former 
angle at the centre, is 9 f^t. 

18. If three equal circles whoee common radius is 12 inches 
totmb each other, what is the area enclosed between them ? 

19. A circular grass plot is surrounded by a ring of gravel b 
feet i|ide; if the radius of the circle, including the ring, be a 
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feet, find the relation between a and so that the areas of 
grass and gravel may be eqnal. 

00. Find the expense of paving a circular court 80 feet in 
diameter, at 3s. 4d. per square Toot, leaving in the centre a 
space for a fountain In the shape of a hexagon, each side of 
which is a yard. 

21. The area of an equilateral triangle is 17320*5 square feet. 
About each angular point as centre, a circle is d^ribcd with 
radius equal to half the length of a side of the triangle. Find 
the area of the space in eluded between the three circles, 

22. The semi -ordinates of the load water plane of a vessel in 
feet are respectively; 01, 5, ll'fi, 15*4, 16-8, 17, 16*9, 16*4, 14*5, 
9*4 and 0*1; the common interval is 11 feet. Find the area of 
the plane in square feet, 

23. The half-ordi nates of a water plane arc 15 feet apart, and 
their lengths are respectively; ]*9, 6^, II, 14*5, 17*4, 19*4, 20*5, 
20-8, 20*3, 18*8, 15*8, 10*6 and 2*6 feet. Find the area of the 
plane. 

24. The senii -ordinates of the load water plane of a vessel are 
02, 3'6, 7'4, 10, 11, 10'“. 9*,*t, 6*5 and 2 feet respectively, and 
they are 15 feet apart. What is the area ? 

25. The half-ordinates of the load water plane of a vessel are 

spaced 18 feet apart, and their lengths are 0*6, 3*4, 7*1, 11 '4, 

16-0, 20*3, *J4*0, 26*8, 28*8, 30*0, 30*5, 30*5, 30*0, 28*9, 27*0. 

24 -,3, 21*1, 17^2, 1 2 7, 77 and 3*0 feet respeclively. Calculate 

the total area of the plane in square feet. * 

26. The ordinates of a curved figure in inches are, 2*6, 3*5, 
3*66, 3*03, :i*.37, 2*85, 2*4. 2*1, 1*89, 1*74, 1*6, 1*38, 0*49; com- 
mon interval i inch. Find the area. 

27. The length of an indicator diagram ii; 4 inches, the end 
onlinatcs are 1, 0*22, and the other ordinates are 1, 0*82, 0*71, 0*55, 
0*45, 0*38, 0*33, 0 ami 0'26 inches respectively. The scale of 
pressure is 00 lbs. per stjtiare inch to one inch. Find the mean 
pressure (i) hy the common rule, (ii) by Simpson’s rule. 

28. The half-ordinates of the midship section of a vessel are 
22*.3, 22*2, 21*7, 20‘8, 17*2, 13-2 and 8 feet in length r^mectively. 
The common intenal Iwtween consecutive ordinates is o between 
the let and 5th ordinates uid T O'' between the Sth and 7th 
ordinates. Calculate the total area. 

29. The half-ordinates of the midship section of a vessel are 
12*8, 12*9, 13, 13, 13, 12*9, 12-6, 12, 10*6, 0 end 1*5 feet 
respectively; the common distance between the ordinates n 19 
ineW Find the area. 


K.r.K. 
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CHAPTER X. 


MENSURATION OF SOLIDS. 


PrianL— The l>a3e of the right prism (Fig. 62) is the rect- 


;aogl6 ABCDs If I denote the 
BC, then the am of the base 



Fig. fl*,— Kectftngfiilfir prt5m. 


length AB^ and b the width 
is hxl. If the thickness^ or 
height, /?£*, be denoted bj 
A, then, if V denote the 
volume of the prism, 
r=Wx^, 

or Tolome 

= (am of t«M) X (height). 

The surface of the solid 
consists of six rectangles. 
If B denote the total sur- 
face, then 

B^2{hl-hhl+hh) 


If A be joined to (7, the triangle is a right angled tri- 
angle and 

AC^r.AB^-^BC^; 




The line A£f joining two opposite comers A and H is called 
a diagoMd of the $oluL 

And d/f2=dC*+C'iy»=6*+/*+A*; 

1. The length, width, and height, of a rectangular pristti 
>a]« 5, S, and 2 feet respectively. Find the volume, the anrfaoe, 
. and tihe length of a dia^mal, of the soUA 




Vss5x3x2=^ cubic feet 
^=2{6x3+2x5+2x3) 

=62 square feet. 

Length of di»gonal = \/5** + 3*+5? 

= 6 164 feet 

Obli^no prifittL“-The volumes of all prisms, so long as they 
have the same, or equal, bases and the same altitude, are equal. 
Thus, in Fig. 63, aa oblique prism ADGQFBE is shown. By 
drawing CF and DU -k/r V T> 

perpendicular to /)C, and ■ * — -y F 

FV and HM paiwllel to yr : yy / 

BF, wedge-shaped pieces ^ ^ ^ jf 

are obtained. Assuming // 

the wedge-shaped piece // 

GCNPFB transferred to y 

the left as indicated, the q 

oblique prism becomes a « . 

. , r j Tio. W.— Oblique priaro. 

right pnsm, and thus, as 

before, the volume of the prism is equal to the area of the 
base multiplied by the altitude. 

Cube.— "When the three dimensions of length, breadth, and 
height, are all equal and all the angles right-angle^ the solid 
is called a cube, or a cube may be defined as contained by 
BIX plane faces all of which are squares. If a denote the length 
of the edge of the solid, then 

r=a», 5'=6tf*. 

Diagonal of solid =v^<?= uGz. 

Cylinder.^The base of a prism may consist of any plane 
closed cun-e, and it has been s^n that the volnme Is the 
prodnot of area of base and hsli^t When the base is a circle 
of radius r, and the height (or length) of the cylinder is 
denoted by A, the volume V and curved surface 6’ are obtained 
by using the rules, (i) 

S=^2irrh, (ii) 

Total dUifkca.— To obtain the total surface, the areas of the 
two ends must be added to (ii). This gives 

Total surface 2wrA + 2irr* « 2irr(A +f > 
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Weiglit.— Tlie weight of the solid is the volume multiplied 
by weight of unit volume. This may be written Fw, 
where w is the weight of unit volume. 

Hollow dionlar cylinder.— If F is the volume, 5 the .curved 
surface of a hollow cylinder, external radius /fl, internal radius 


r, and height A, then 

(i) 

5-2s'/fA + 2irrA 

s=2x(^ + r)A (ii) 


The thickness of the material of a cylinder is fi-r, and 
dividing (i) by (ii) 

Obliqno cylinder. — In the precetling pai-agniphs what ai-e 
called right cylinders have been assann^, viz., the sides of 
the prism are at right angles to the plane of the l>ase, but 
the preceding rules apply equally to oblique prisms, when S 
and A are as follows : 

jS=area of curved surface together with 
the sum of the areas of the two 
ends. 

rs=(area of base) x (altitude). 

Cross section. — The term ctom section is 
generally used to denote the section of a 
right cylinder, or a right prism, by a plane 
perpendicular to its axis. Thus, the term 
radius of a cylinder is simply a shortened 
expression for the radius of a pcrpendiculai 
cross section. If Ai? (Fig 64) indicates the 
cross section of a circular cylinder (whicli 
is a circle), any oblique section such as fi( 
will be an ellipse. Also the area of an 
oblique section BC multiplied by the cosine 
of the included angle will give the area of the cross section, 

AB^BCcwABC, 



Fio. M.— CyUjMler. 
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Ex. 2. The diameter of right circular cylinder is 3 inches. 
There is a section making an angle of 20** with the cross section. 
What is its area? 


As 


Area of cross 8ection=sT(f)^. 
AB=BCcoiABCt 

a rea o f 
c(m 26 ‘ 

9t 


area of BC= 


0-9397 

® “I- *“■ 


Ex, 3. A prism has a cross section of 50‘32 square inches. 
There is a section making an angle of 70° with the cross section. 
What is its area? 

A _ 50:32 50-32 
cos 7U°“ -3420 
= 147-2. 


EXERCISES. XXni. 

1 . In a circtilar cylinder, volume T, cun^ed surface iS, height A, 
and radius of base r, weight of unit volume w. 

(i) If r = 8 ft., A = 8 ft., find ^ and V. 

(ii) If = 60-759 sq. ft,, and cub. ft., find r. 

(iii) Find \V if r = 6 in., A = 20 in., w^O'3 lbs. per cub. in, 

(iv) r=5497-8 cub. ft., r=‘l\ ft. ; find A. , 

3. The length, width and thickness of a rectangular block are 
9-6, 13-2 and 14-3 inches respectively. Find the volume, the 
surface, and the length of a diagonal of the solid. 

8. If r is the volume, S the curved surface of a holUw cylinder, 
external radius J?, internal radius r, height or length A and to is the 
weight of unit volnme— 

(i) If ^=5 in., r=3 in., A = 8in., find S and F; also find W if 

tP=O-20 lbs. per cub. in. 

(ii) If r=? 36-67 cub. ft.. S=220 sq. ft., find R - r. 

(iii) If H'' = 8'2 tons, f? = 9 in., r=6 in., ic=0-^ lbs. per cub. in., 

find A. 

4. Find the total surface, also the volume, of a hexagonal prism, 
height = 8 ft., base a regular hexagon, with a side of len^h=3 ft. 

8. The volume of a square bar of copper 40 feet in lengtii is 1 
cubic foot. If the greatest exact cube is cut from the bar, wbat 
will be its weight? (1 cub. in, oopper=0-3192 lbs.) 

8. Find the weight of a wrought iron cylinder, outer circumfer- 
ence 10 ft. 7-3 in., height 3 ft. 6 tn., thickne»i of metal \ inch. 
(1 cub. txL weighs 0*28 1&) 
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7. What weirtt of water will fill a l^oee pipe 2 in. bore and 60 ft 
lo&g * ( 1 ottbio foot of water weighs 62'3 Ibe. } 

6 . Find the volume and weight of 6 ft length of a cast-iron pipe, 
outer diameter 12'5 in, and thickness of metal } in. (1 cubic in. 
weighs 0*26 lbs.) 

6 . Find the surface and volume of hollow cylinder, height 12 id., 
internal and external radii of base 4 in. and 6 in. respectively. 

10. The base uf a prism is a triangle, sides 17, 25 and 28 ft 
respectively. The volume of the prism is 4200 cub. ft What is its 
height ? 

11. Find the internal width of a sqnare bottle to hold a quart of 
water when the depth is 6 inches. ( I gallon of water weighs 10 lbs. ) 

12. A section of a stream is 10 ft. wide and 10 inches deep ; the 
mean dow of the water through the lection is mile^ an hour ; find 
how many gallons of water flow through the section >u 24 hours. 

15. Determine tite nnmtier of cubic yards in a bank of eartii on a 
horizontal rectangular base GO ft. long and 20 ft. broad, the four 
sides of the bauk sloping up to a rtdge at an angle of 40° to the 
horizon, 

14. The water in a rectanmlar reservoir is ft. deep and covers 
an area of 5390 square yai^ In what time can the water be 
emptied by a pipe 5 inches in diameter, through which the water 
runs at the rate of 17 miles per hour ? 

19. A cyliudridhl vessel 16 feet diameter, 20 feet long, is filled 
with water dt 210° C. ; what is the weight of water in tons? [Water 
is 17*2 per cent, greater in rolnme at 210^ C. than when cold.] 

16. A prism has a crtwa section of 50*32 square inches. There is 
a section making an angle of 20° with the cross-section ; what is ito 

Pyriinld.— The volume of a pyramid is 
J(area of base) x height. 

This important result may be easily 
derived from the known volume of a 
cube. By joining each angular point 
of a cube to the centre (Fig. 65) six 
eqtial pyramids are formed. The base 
of each pyramid is one of the faces of 
the cube. Hence, the volume of each 
pyramid is one-sixth of the cube. 

If a denote the len^ of each side of the cube, then A the 
height of the pyramid is 



f ML dS.~V(dilfM of i 
pymnid. 
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Vokme of pyramid 



Hence^ roliimo of pyramid— |(Krea of 
or volume of a pyramid ia one-tbird that of a prism on thfr 
same base and the same altitude. 

If A denote area of base, then volume is given by 

a result which applies both to right and oblique pyiumids. 

Slir£ace of a pyramid.— The surface, or area, of a pyramid 
consists of the lateral surftce, this is the area of a number of 
triangles which form the faces, or sides, 
of the figure, together with the area of 
the base (which may be any polygon). 

In a right pymmid, if the polygon 
forming the base be regular, each of 
the faces A/JO^ etc., of the solid 

(Fig. 66) consist of equal isosceles tri- 
angles. If a denote the length of the 
edge AB, k the height OP^ and I the 
slant height the slant height is the 
same for each triangle only when a 
circle can be described touching each 
side of the polygonal base. If the radius of such a circle be 
r and if A be the height of the pyramid, then 
slant height, I , 

area of each triangle=si(axQ. 

The slant surface of a right pyramid whose base is a regular 
polygon of n sides each equal to a is \ital. 

the lateral surface of a pyramid equals half the perimeter 
of the base multiplied by the slant height 



pyr&mid. 


When a and 4 are given, I- 




Gone.— A cone is the solid bounded by an area, and by 
lines passing through the suec^ive points of the boundary of 
that area and a fixed point outside the plane of the given 
area. The area usually c<mmate of a drole, or an ellipse, and 
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tiie preceding rules for volume and surface of a pyramid are 
used. When the area is circular and the given point is per* 
pendicularly above the centre and at a distance h from it, if i 
(Fig. 67) denote the length AC^ then 

the curved surface -|(2irr)f=«irrf. 

When the altitude A and the radius of the base are given, 
from the right-angled triangle CBA^ 

A B 



Fie. er.— Curred Borface of Fio, 6s. - Vurtical mikIc o< 

cone, vMne, 


If S denotes ftie curved surface and V the volume of the 
cone, then S — zrly 

total surface = irr; + Trr2=s7rr(^ + r), 

Generally,* the volume of a cone, whether right or oblique, is 
I (area of base x h^ght). 

Vertical angle.— If the vertical angle of a cone (Fig. 68) be 
denoted by 20, then 

r=Atan0, f-Asecd, 

Ex, ] . Find the carved and the whole surface, the volume and 
vertical angle of a cone, when 45 in., A =48 in. 

Here f=\/4^ + 4o^=<i/4^ 

=65 ’8 in.; 

.% S=vx45 x 65-8=6302sq. in., 

total sarface=Tx45(65‘8+45) sq. in. 

= 108-8 eq. ft., 
r»|x45>x48-M728 = 68'9l cub. ft. 
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Vertical angle. have 

ten6=^=^:=0-9376; 

A 48 

tf=4.r9'; 
vertical angles 86° 18', 

The curved surface of a right circular cone may also be 
obtained as follows : — Let a 
piece of thin paper be made 
to cover the surface of a cone 
exactly ; then, when opened out, 
it will form a sector of a circle 
of radius equal to 1. The length 
(Fig. 69) of the arc C/>=2nT, 
the area of sector is one-half 
the product of the arc and the 
radius ; 

.. area of 8cctor=^ x 2rrx^=;rrf. 

Fnistiun of a right pyramid on a regnlar base.— Each of 
the faces such as A SCO of the frustum of a pyramid (Fig. TO) 
is a trapezium, and the area of each trapezium will be half 
the sum of the para'llel sides, AB and 
CD, multiplied by the slant distance 
between them, and by the number 
of faces. 

In the frustum of a pyramid on 
a squai'O base (Fi^. 70) let a denote 
the length of each side of the base, 
b the length of each aide of the other 
end, I the slant height of the frus- 
tum. 

Each face A BCD is a trapezium, 
the lengths of the parallel^ sides a 
and b. 

Area ABCD:=^^(ai'b)L 
As there are four such trapeziums- 
in the lateral surface 5, we have i$=S(a4‘&)f) or 

lUnt snrlkM =° |(ram of parlmoton of ends) x (slant height). . ..(i) 
SI.P.M. 



B 

Flu, 70.— Fruitum of « 
PfTMQid. 
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The total lurfiico would obviously be the lateral 
together with the areu of the two endi. 

If h denote the altitude of the frustum, then the volume U 
gi'en by r=.JA(a*+6*<fai); 

or we may denote by the area of the base and by the 
area of the face parallel to it ; then 

K=JA(di+d3-f (b) 

The base of a pyramid may be any polygon, au4 the rule 
(i) may be used for any right regular frustum ; i.#. to the som 
of the sms of the two ends add the square root of their product 
and multiply the result hy one-third the altitude. * 

Frnfltxua of a cone.— A circular cone is merely a special 
case in which the base of a pyramid is a circle, and the pre 


ceding rules given by (i) and (ii) apply. 

5=7r(^+r)f, (iii) 

F=^(ir/P+jrr*+N'r»/(V) 

=^^(ft’+r‘+/fr) (iv) 


When the cutting plane passes through the vertex of the 
cone, r is zero, and putting »‘=0 in (iii) and (iv), the formulae 
for the surface and volume of a cone are obtained. 

The expressions dealing with the surface and volume of a 
frustum of great use in calculations. But it is quite un- 
necessary to attempt to commit them to memory. A frustum 
may be cmisidered as part of a whole, and by the subtraction 
of the surface and volume of the part removed the results 
for the frustum may be obtained. Both methods of calculation 
are shown in the following example. 

Ex. % Find the curved surface and volume of the frustum of a 
cone wlftae top and bottom diameters are 4 and 6 inches and the 
shmt 8 inches. What is the surf^ and volume of the cone 
of which this frustum forms a part? 

* fisfv 

iS:=sK3+2)8^40r 
9:125*71 aq. io. 

* An«rther metlMid U «ho«n rni p. M2, 
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First obtain the height, the ftustmn ; 

A=N/^T3-2)»=\/8^=v^9ir7== 7*936 in., 


Then 


T: 


7‘936ir 

3 


(3» + 2^ + 3 X 2) 158 cubic in. 


Let ABC (Fig. 71) be a section through the axis of the cone, 
then if the length AC he denoted by I, EG 
is 1-8. From the similar triangles EFO and C 

ADC, 

n~2' '■ ^ = 

a’ hence the curved surface of the whole cone 
=ir X 3 X 24 = 72ir=226*2 sq. in. 

The height CD can l>e obtained from the 
right-angled triangle ADC, where .dU=24 and 
AD^Z. 

Ci) = \/24^“3®=V27^=23*81 in., 
volume of cone ifDC'=:!lirx3*x23*81 
=224‘5 cub, in. 

Having obtained the surface and volume of the cone ABC, it 
18 only necessary to subtract the surface aud volume respectively 
of the smaller cone CEO to obtain the results for thij frustum. 
As ^0=16 in-, 

lateral surface of cone CEO~rx^x\^=^x; 

surface of frustum = (7*3- 32) r-40ir as before. 

Also C'7=2381-7-9.36 = I5-87 in., . 

15*87 

volume of smaller cone = — ^ xrx4=66‘5 sq. in.; 
volume of frustum = 224*5 - 66*5= 158 cub. in. 
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EXERCISES. XXIV. 

In the following exercises the axis of the solid is as^lmed to 
be at right angles to the base unless otherwise expret«ed : 

1. Let V denote the volume and <8^ the surface of a pyramid 
on a square base ; given r= 645-3 cub. ft., and the height A = 19*36 i 
ft., find the length of the side of the base and the lateral surface S, 

8. The diameter of the base of a cone is 6 inches, altitude 6 
inches ; find the volume and curved snriaee. 
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3. The volume of a hexagonal pyrtipiid is 249*4 cub. ft. ; if the 
altitude is 8 ft., what is the length of each side of the base ? 

4 . The radii of the circular ends of the frustum of a lead cone 
are 4 in. and 6 in. respectively. The height of the frustum is 
3*5 in.; 6nd the volume and the weight. (1 cubic in. of lead weighs 
0*4121 lbs.) 

5. A pece of wood is in the form of a square pyramid ; the side 
of the base is 6 inches, and height 8 in. Find the surface, volume 
and weight (if the specific gravity of the material be 0*53). 

6. The base of a right cone is an ellipse whose axes are 21 ft. and 
14 ft. respectively. Ine altitude is 12 ft.; find the volume. 

7 . If a right cone on a circular base be divided into three por- 
tions by two sections parallel to the base at eijual distances from the 
base and vertex and from one another, compare the three volumes 
into which it is divided. 

8. Find the cost of the canvas, 2 ft wide at Ss. 6d. a yard, 
required to make a conical tent, 12 feet diameter and 8 ft high, 
taking no acctmnt of waste. 

9. The base of a pyramid is a triangle whose sides measure 72, 
58, and 50 inches ; if the volume is 48 cubic feet, M'hat is the height 
of the pyramid ! 

10 . What is the volume and the total surface of a frustum of a 
cone, 42 ft diameter at the base, 21 ft diam. at the top, and 14 ft. 

11 . The |)a8e of a pyramid is on equilateral triangle, length of 
side 10 inches, height 12 inches. Find the volume. 

12 . Find the curved surface of the frustum of a cone, top and 
bottom diameters 4 and 6 ft respectively, slant side = 8 ft. 

Sphere.— If S denote the surface, 
and r the volume of a sphere of 
radius, r, or diameter c?, 
S—Airr^—ird^^ 
r=|ff;^=0*5236rf» 

For proof of these rules see p.411. 

The ratio of F to is Jr, hence 

ZV-i-S^r, 

Zone of a sphere.— Any plane 
cuts a sphere in a circle. Let two 
{Mtrallel planes cut a sphere in two 
circles BMD, EOF (Fig. 72X and 
let S and r denote the ntdii of the two circles. The distance 
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between the plan^, usuall}^ known as the tkichnm of tk4 zme^ 
may be denoted by A, radius of sphere =ri. 


(i) 

(ii) 


The result for the convex surface may be stated as follows : 
Convex surface of zone^tdrcomference of a great drcle of 
the spbere) X (thlckseu of sone), showing that the surface of a 
zone depends only on the radius of the sphere and the thickness 
of the zone. Hence, all zones cut from the same, or equal, 
spheres and having the same thickness, have equal convex 
surfaces. It follows that if a cylinder be circumscribed to 
a sphere, then, if dy denote the diameter, 

curved surface of cylinder=TcfjX(fj=:7rrf^®=surface of sphere. 

Segment of a sphere. —As the plane EGF approaches C\ 
the radius r diminishes, and when the plane touches the 
sphere, r is zero, Tlie zone then becomes a segment of a 
sphere BCD. 

If S denote the convex surface and h the height of the 
S=2rr,A, 

the same as in £q. (i). 

The volume may be obtained by putting r=0, in Eq. (ii) 
and we obtain 

2 o » ■ 

=^(3/P+A«> (iii) 

It should be noticed that the surface and volume of a sphere 
may be obtained from Eq. (i) and Eq. (ii). Thus, if both the 
planes touch the sphere, then 4, the distance between them, 
is and Eq. (i) bewmies 
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From (i) we fiod that to obtair^ the convex surface of a 
zone or segment of a sphere it U necessary to ascertain the 
radius of the sphere. 

Ex. 1. The dianketer of a sphere U 22'48 inches; 6iid its 
surface and volume. Let d denote the diameter. 

S=vd»=rx(22 4S)=; 

log5:=21og22'48 + logT=3-20(»=log 1587 ; 

£f=1587 8q. iu. 
r=0-523C<f*, 

log r=log0‘5236 + 3log 22*48 = 3-7741 =log5^4 ; 

/. 5944 cub. in. 


Ex. 2. The inside diameter of a hollow sphere of cast iron is 
the fraction 0*57 of its outside diameter. Find these diameters 
if the weight is 60 lb. Take one cubic inch of cast iron as weighing 
0-26 lb. 

Let r denote the external radius, then the inside radius will 
be 0-57r, and volume of sphere is 


Asl 


^Tr»-^T(0’57r)S. 


cubic ittch^weighs 0*26 lb., the volume of the sphere is 

.. 3»>^tl-(0-o,)=)=-25-. 


*8148>'» = 


4500 

26t’ 


6000 . 
26 ' 


4600 

“•2^xU-8148’ 


.*. r=4 074; 

.*. external diameter:=2x 4*074 = 8*148 inches, 
internal „ =8*148 x 0*57 = 4*644 inches. 

When the outside diameter alone is made 1 per cent, smtdler, 
then percent4ge diminution of weight is 
{1»-(U0*0I)»} 


l-(0*37)» 


100=3-6%. 


Ik> A What is the area of the convex surface of the segment 
of a sphere, the height being 8 inches and diameter of sphere 
incheat 


8f=irx 10-6x6 
=263*9 sq. in. 
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ISx. i. Find the convex^ surface and the volume of the zone 
of a sphere, radii of the two ends 10 inches and 2 inches, and 
thickness of zone 6 inches. 

Let ABFB be the zone and C the centre of the sphere. 

Join C io A and and draw a line through C perpendicular to 
AB and EF. 

If r denote the radius of the 
sphere, and x the perpendicular 
distance from C to AB^ then 
r5=10»+a^, 
and similarly, 

r ^=22+{6 + a :>2 

Hence, 

100 + x*=4+36 + 12ir + a^, 
or 12x=60, 

:==ll*18m. 

Convex 8urface = 2irx 11 18x6 

-421*5 sq. in. 

Volume of zone-~(IO*+2^ + ^^-^ 

=348t cub. in. 

= 1093 cub. in. 



EXERCISES. XXV. 

1. In a sphere of radius r the surface S aixl volume ^ may be 
obtained from S~An^ (i) r=4irr* (ii). 

(i) Given r = 6*25 in., find 6i and T, 

{ii) Find r when V is 1 cub. ft. 

(iii) Find r when .9 is 1 »]. ft 

2. In a spherical zone the height is 4 in., the radii of the t%o 
ends being 8 in. and 5 in. reji^)ectively. Find the convex surface 
and the volume. 


3. If the radii of the two circles of a spherical zone are 12*5 in. 
and 425 in. and the thickness of the zone 6 in., what is its volume, 
its convex surface, and its total surface? 


1 The radii of the internal and external sorfaoes of a hollow 
spherical shell are 3 ft. and 5 ft. respectively. If the same amount 
of material were formed into a cube what would be the length of an 
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6. A cubical box, 5 feet deep, is 6}led with layers of spherical 
balls, whose diameters, where they touch, are in vertical and 
horizontal lines. Find whai portion of the space in the box would 
be left vacant if the diameter of a ball is half -an -inch, 

6. A circular disc of lead, 3 inches in thickness and 12 inches 
diameter, is wholly converted into shot of the same density, and of 
0*05 inch radius each. How many shot does it make? 

7. Find the volume of the segment of a sphere, the radius of the 
base being 11*33 inches and the radius of the sphere 12 inches. 

8. A ball of iron 4 iucliea diameter is covered witli lead. Find 
the tfaickne^ of the lead so that (a) the volumes of the iron and lead 
are equal, {b) the surface of the lead is twice that of the iron. 

Siioilar solids. — Two bodies of the same shape are said to 
be Himilar when the linear dimensions of one ai'e each in pro- 
portion to the dimensions of the other. Or, two figures are 
similar when made to the same drawings but to ditl'erent 
scales. 

If the linear dimensions of one solid are n times that of 
another, then the areas of any similar faces are in ratio of 
to 1, and the volumes are in the ratio of to 1. 

Thus, if the radius of a sphere is twice those of .another, 
the area, or surface, of the first is 2* or 4 times that 
of the second, and the volume is 2^ or 8 times that of the 
second. Tlius, if the first weighs 16 lbs., the second will 
weigh 2 lbs. 

Ex. 1. ^Compare the surfaces of a cube, cylinder, and sphere, 
the volume in each case being one cubic foot. The altitude of the 
cylinder is equal to the diameter of its base. 

Let a denote, in inches, one side of the cube. 

Then a 4^1^= 12, 

5== r>a* = 864 sq. in. 

For the cylinder 

xr®x2r = 1728; A 

Surface of cylinder=2Tr(A+r) = 2Tr(2r-fr) 
=6fTa:=6irx^^^^ 
s=797‘3 tq. in. 
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For the sphere we haveyjrrj*=l728, 

, 1728x3 1296 , _ . 

r»s: — =: . /. r, = 7'444. 

* 4t T ‘ 

Surface=4»ri«=4ir^— . 

-696*5 eq. in. 

Similarly, if the altitude of a coce is equal to the diameter of 
the base and the volume is one cubic foot, then 

volume of cone=|flr/x2r2=1728; 

, 2592 


r2:=9'378. 


If I denotes length of slant side, then 


Surface of cone=:Tr(/ + r) 



=894*1 square inches. 


Guldinofl’ Theorems.— We have already fdund that surfaces 
may be generated by the revolution of a line (straight or 
curved) about an axis, and a solid by the revolution of an 
area. Familiar examples are cylinders, cones, spheres, etc. 
In general, any line, straight or curved, will, whi*n rotating 
about a given axis, generate a surface Called a surface of 
revolution. In like manner an area will generate a solid of 
revolution. The area of the surface, or the volume of the 
solid, may be obtained by means of two theorems, known 
as Ouldinus* theorems. These are as follows : 

(i) The area of a tnr&ce, traced out hy the revolution of a curve 
about an axle in its own is equal to the product of the 
perimeter of the curve and the distance moved through by its 
centre of gravity. 

UD The volume, generated by the revolution of such a curve, is the 
pix)daat of tiHe area endoeed by the enrva and the distance moved 
through by the centre of area or centre of gravity. 

For proofs of these rules see page 425 . 
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Solid ling.— If a circular diac, whose centre is (7, rotates 
about an axis AD^ the solid described is called a solid drculax 
„ ITie circle C would be 

the cross section of the ring. 
Such a ring may be considered 
as a cylinder bent into a cir- 
cular form. Familiar examples 
of solid rings are found in 
anchor rings, umbrella rings, curtain rings, etc. If r is the 
radius of cross-section and R the mean radius or length DCy 
arm of riBg=2iiTx2ir/f 
= 4ir’/^r, 

ie. carved surface of ailng is equal 
to tbe perimeter or drcamferenoe 
of a crosa-aectlon multipilied by tlie 
drcumfereuce of the circle passed 
tbrongh hy tlw cen^ of gravity 
of the boundaiy. 

Volume— rr^ x 2ir/f 

i.e. volume of a dug is the area 
of a omia-iection multipUed by the 
drcomference of the circle described 1^ the centre of area. 

A similar formula may be used when the cross-section of 
the ring a rectangle. 

Cylinder.— If a, line CD (Fig. 76) rotate about an axis J5, 
and at a distance r from it, it will trace out the curved sur- 
face of a cylinder. The rectangle A BCD will, in a similar 
manner, trace out the volume of a cylinder. 

If h denote the distance of CD^ then as the centre of gravity 
of (7/) is at a distance r from ABt the surface is given by 
S-hx 2rr^7rrA. 

The area of the rectangle is rA, 

Distance moved through by centre of area 

*:27rx^=rr; 

F*fAxsT=spr*A. 

O^r cases may be treated in like manner. 



Pio. 75.— Solid ling. 
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A z-ectangle ABCD^ wh-jn made to rotate alwut an axis EF 
parallel to AB^ and at a distance rffom it, will generate a follow 
cylinder Then, if R denote 
the distance from CD to EF^ 
atidlft the height of the rect* 
angle, AD will be also 
distance of centre of area 
from EF will be i(/?+r). 

Area of ABCQ={R-r)h) 
volume 

When h is small compared, with R, the abort cylinder so 
formed is usually called a flat ring. 

Ex. 1. The cross-section of a ring is an ellipse whose principal 
diameters are 2 inches and inches; the middle of this section 
is at inches from the axis of the ring ; what is the volume of 
the ring ? 

Area of cro88-8ection-{2x 1 t/^' ^ 

Distance moved through by centre of area in one revolution 
= 2rx3, 

/. volume of riog = (2 x Ij)- x 2*r x .3 ; , 
=:~:=44‘42 cub. in. 

Any irregular area. —In the case of an irregular area, 
Simpson’s Parabolic Rules, the Trapezoidal, Mid-ordinate, or 
any of the methods usually adopted, may be used to find the 
area of the figure. The ]||pition of the centre of area may 
be found graphically, experimentally, or by calculation. Then, 
the volume traced out can be obtained by application of the 
rule. 

Centra of gravity.— The centre of gravity, or centre of 
area, of a plane figure may be obtained graphically, experi' 
mentally, or by calculation. To obtain accurately the position 
of the point, it is in many casea neceeeary to apply the methods 
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of thft Integral Calculus (p. 424). In some few cases, however, 
and especially where the 4brface is one of revolution, mot'e 
elementary methods of calculation may be adopted. 

Suppose that a curve whose length is knovm, is made to 
rotate about an axis, lying in the same plane but ex^ior 
to the curve. Then the distance of the centre of gravity from 
the axis of rotation may be obtained from Guldinus’ Theorem, 
Thus, to ascertain the position of the centre of gravity of the 
arc of a semicircle. 

Let ABC (Pig. 77) represent a piece of wire in the form of 
a semicircle. If made to rotate about a diameter AB^ the 
surface of a sphere will be traced 
out. 

If DC is a line bisecting, and 
at right angles to, AB^ 0 the 
position of the centre of gravity, 
which is from the symmetry of 
the figure at some point in the 
line DC\ let x denote its distance 
from A By and r the radius AD 
or BDy then the position of <?, in 
terms of r,*can be obtained from the first theorem of Guldinus’ 
(p, 217) as follows : • 

Perimeter of curve =wr. 

Distance moved through by 0 in one revolution ~2irx. 

Surface traced 6at is the surface of a sphere - 4irr* ; 

«Tx2irjf=47rr* ; 



PiQ. 77.— Centre of gravi^ of a 
Hemicircte. 



Xi) 


Ex, 1. A piece of wire is bent into the form of a semicircle of 
3 feet radius ; find the distance of lu centre of gravity from the 
diameter AB» 

Prom(i) 3:=? = l*9Heet. 

ir 

In tike manner, the c^tre of gravity of a plane area can be 
obtain^ when the volume traced out by it is known. Thus, 
when it is required to find tlm oentoe of area of a semicircle 
* See pp. 4lS^ 428. 
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the volume described is tlpt of a sphere. Let x denote the 
distance of 0 from AB, 

Then area=^< 

Distance moved through by 0=2tx; 


Ex. 2. The radios of semicircle is 3 feet ; find the distance of 
its centre of area from the diameter AB. 

Here, from (u), we have 

. 4 . 


Addition and subtraction of solids.— In many cases, to 
obtain the volume of a solid or a hollow vessel, it may 
be necessary to add or subtract the volumes of two or more 
simple solids. In other 
cases a good approxima- 
tion to the actual volume 
is obtained by assuming 
the volume to be repre- 
sented by that of one or ^ 
more simple solids, the • 
volume of which can be j' 
readily determined j 

As a simple example, * 
find the weight of water 
which a tank of the form 
in Fig. 78 can contain. 7s.— ReetaitioUar and triangular 

The tank is rectangular v^^- 

in plan, its dimensions 6 x 4 ft., depth at one end 3 ft, 
at the other 6 ft. 

The volume is obviously the sum of a rectangular, together 
with a triangular, prism ; 

volume*(6x4x3)+|(2x6x4), 

72-1-24=96 cub. ft; 

weight of water =96 x 62-3 = 6980*8 lbs. , 
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Or, the volume may be obtained^ as follows : 

Average depth=^™=4 ft., 

volume s=6x4x4=% cub. ft, 
and weight=96x62*3=5980'8 lbs. 

Cylinder and cone. — An example of a combination of a 
cylinder and cone is furnished by an oi'dinary shai'pened lead 
pencil 

ISx. 1. A solid consists of a cylinder 6 in. diameter and 3 ft. 

long, and a cone base 6 in., 
length 12 m. (Fig. 79). If one 
cub. in. of the material wciglis 
0'‘28 lbs,, find the weight of the 
solid. 

Fio. 79. -Cylinder and cunt Vol of Cylinder = T X 3* X 36, 

. , tx3^x 12 ^ . 

vol. of cone = = »■ x 3^ x 4 ; 

vol of aolid = Tx9(4 + 36) = 360T cub. in. 

Weight of solid — 360 t xO'28 lbs. 

. =3167 lbs. 

Ex. 2. ^ind the volume of the solid shown in Fig. 80, which 
ooDsists of the frustum of a cone, 6 ft. high, b;tse 6 ft. diani., 
pierced by a cylindrical hole 1 ft. 
diameter, the axis of the cylinder 
coinciding with th« axis of the 
cone. 

The volume is obtained by sub- 
tracting the volume of a cylinder 
from that of the frustum of a 
cone. 

Volume of frustum 

='4^is'+i’+3xi) 

Pig. 80.— Frustum of a cons snd 
:=2r X 10*75 cub. ft. * cylinder. 

Volume of cylinders Jxl*x0=:^ cub. ft. ; 

^ vdome of Bolid3:21*5sr-l‘5r»2(hrctib. ft s; 62*94 cab. ft. 
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Cylinder and sphere-T*^^®” ^ sphet-e is pierced by a 
cylindrical hole we obfaiin a solid, usually known as a bead. 
If the axis of the hole is coincident with the axis of the 
sphere, take the formula for the volume of the zone of a sphere 
(p. 212), write iL-r-in and we obtain 

volume of zone *= j. 

To obtain the volume of the bead, we must subtract the 
volume of the cylinder; 

volume of bead5=“^2r2*-}-^-j-(T'r/xA) 

_irA^ 

“T* 

Ex. 3. A cast-iron sphere 12 inches diameter has a 
cylindrical hole 4 inches diameter bored through it. Find the 
weight of the solid. (I cub. in, weighs 0*26 lb.) 

Let X denote the half-height, or thickness OE. 

Then 

A = 2,r=2v^=8\^2in., 

volome of solid = 758-2 cnb. in,, * 

0 

weight ==758-2 X 0*26 == 107 -2 lbs. 


MISCELLANEOUS EXERCISES, ,XXVL " 

1. A piece of paper in the form of a circular sector, of which the 
radius is 7 inches and the curved side 11 inches, is formetl into a 
conical cup, Kind the area of the conical surface, and also of the 
base of the cone. 

2. Tlie interior of a building is in the form of a cylinder of 15 feet 
radius and 12 feet altitude, surmounted by a cone of eqnal base 
aud whose vertical angle is a right angle. Find the area of surface 
and the cubical content of the building. 

S. What weiglit of lead weighing 6 lb. per square foot is required 
to cover a cone 1 ft. in diameter and 2 ft high ? If the covering is 
to be made with one soldered joint, to what shape siiould the lead 
he cut? 

A llie sUuit side of a oone is 25 ft, ud tbo^areftof its carved 
>nriao6 is fidO sq. ft Find its voluae^ 
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5 . Find the lateral surface and voliyne of the frustum of a cone, 
slant height of frustum 25 ft. aud the diameters of the two ends 
5 ft aud 27 ft. respectively. 

6 . The vertical ends of a hollow trough are equilateral triangles 
of 12 in. side, the bases of the triangles are horizontal ; if the length 
of the trough is 6 ft. , hud the number of gallons of water it will 
contain. 

7. Find the surface of the six equal faces of a hexagonal pyramid, 
each side of the base being 6 ft., and altitude of pyramid 8 ft. ; find 
also the volume of the pyramid. 

8 . A cone and a hemisphere have a common base diameter 10 
centimetres ; find the weight of the solid so formed if the material is 
steel and the height of the cone is equal to the diameter of the base. 
(1 cubic in. steel weighs 0'29 lbs.) 

9. A cylindrical boiler 4 ft. internal diameter and 15 feet long is 
traversed by 50 tulles, each 3 inches diameter ; determine the volume 
of water the boiler will hold. 

10. Two thin vessels without lids each contain a cubic foot ; the 
one is a prism on a square base, height equal to half the length of 
each side of base, the other a cylinder, height equal to radius of base. 
Compare the amounts of material it would require to make them, 
the thickness being the same for both. 

11. A pipe supplying 6 gallons of water per minute will fill a 
hemispheric^ tank in 4 hours 32 min. ; find the diameter of the tank. 

12. Find the volume of a hexagonal room, each side of which is 
20 ft. and beight 30 ft., which also is finished above with a roof in 
the form of a hexagonal pyramid 15 ft. high. 

13. A lead bar, length lOcms., width Sems., aud thickness 4 cms., 
is melted down and made into 5 equal spherical bullets; find the 
diameter qf each. 

14 . A sphere of .radius r fits closely into the inside of a closed 
cylindrical box, the height of w'hich is equal to the diameter of the 
cylinder. Write down the expressions for tl>e volume of the enipty 
Space between the sphere and the cylinder. If the volume of this 
empty space is 134 cub, in., what is the radius of the sphere ? 

16. A cast-iron bait of 8 in. diameter is coated with a layer of 
lead 7 in. thick. Find the total weight. 

16. Two spheres of the same material weigh 512 lbs. and 729 lbs. 
respectively, and the cost of gilding the second at ]|d. per sq. in. is 
£29 ISs. Find the ratlins of the first sphere. 

17. A sphere, whose diameter is one foot is cut out of a cubic 
foot of lead, and the remainder is melted down into the form of 
another apdiere ; find its diameter. 

18. A spherical shell of iron, whose diameter is one foot, is filled 
witii lead ; find the thickness of the iron, when the weights of the 
iron and 1^ are equal (Relative densities are as 1 ; 1 ‘K. ) 
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19. What is the diameter of a sphere which contains 716 cub. iru ? 

20. The weights of two spheres are as 9:25, and the weights of 
equal volumes of the substances arc as 15: 9, Compare the diameters. 

21. A solid consisting of a right cone standing on a hemisphere is 
placed in a bath full of water ; if the solid is completely immersed, 
find the weight of water displaced ; radius of hemisphere 2 ft., and 
height of cone 4 ft. 

22. The diameters of a spherical shell are 6 in. and 5 in. respec- 
tively, and its weight is 13 '4 lbs. ; if the ratio of the weights of 
equal volumes of lead and iron be as 1*58 to 1, what will be the 
weight of 12 in. length of lead tubing, external diameter 7 in., 
internal 5 in. 

23. Find the radins of a circle whose srea is equal to the sum of 
the areas of two triaiigle.s whose aides are 35, 53, 66 ft. and 33, 56, 
65 ft. 

24. Find the area of the segment of a circle of which the arc is 
one-tliird the circumference, the radius being 7^ inches. 

26. A piece of copper (specific gravity 8 '9) I ft. long, 4 inches 
M'tde, and ^ inch thick is drawn out into wire of uniform diameter 

inch. Find the length and the weight of the wire. 

28, What is the area of a triangle whose sides are 18*40, 13'36, 
and 15*20 feet? 

27. A cubical tank 6 feet edge is half full of water. Find the 
height to which the surface of the water is raised when an iron cube 
of 2 ft. edge and an iron sphere 2 ft. diameter J^re placed in the 
tank. 

28. A sphere, radius R is pierced by a cylindrical hole whose axis 
passes through the centre of the sphere. If r is the radius of the 
cylinder, expre.ss in terms of r and the radius of the sphere the 
volume of the bead thus formed. If the length of the cylindrical 
hole be 0*75 in., find the volume of the bead. 

29. What is the weight of a cast-iron spherical shell, external 
diameter 6 in., thickness ^ in. ? 

80. Fincl the weight of a cast-iron water pipe, 30 inches external 
diameter, thickness of metal 1 in., length 12 ft. 

81. The radii of the two ends of the frustum of a cone are 12 
feet and 8 feet respectively ; the area of its curved surface is 973*4 
square feet. Find the slant height, and volume of the frustum. 

32. A frustum of a pyramid has rectangular ends, the sides of 
the base being 20 and 36 feet ; if the area of the top face be 784 sq. 
fl. and the height of the frustum 60 ft., find its volume. Find the 
fadius of a s^iere whose volume is equal to the volume of the 
frustum. 

88. Two spheres, each 10 ft diameter, are melted down and 
recast into a cone whose height is equal to the radius of ite base. 
Find the height 

If.P.H, 


R 




CHAPTER XI 

POSITION OF A POINT IN SPACE. 

ProjectioiiB of a line.— To obtain the projections of a line 
AB on the plane MN (Fig. 81) we may proceed as follows; 
From B and A draw lines Bhy da, perpendicular to the plane 
and meeting the plane in points h and a ; then the line joining 
<1 to & is the projection required. The angle Bffb is the angle 
between the line and the plane; or if a line AC be drawn 

through A parallel to ah, 
then CA B is the angle, 6y 
of inclination of the line 
to the plane and 
ab-ABco&9. 

The angle between a line 
and plane, or the inoUna* 
thm of a line to a plane, 
is the anfldo between the 
line and its projection (A 
the j>lane. Thus, if BA 
produced meets the plane 
NM (Fig. 81) in the 
inclination of the line to 
the plane is the angle between the line and its projection on 
'Uie pianeu Or^ the angle may be obtained by drawing from 
A a line poraUel to 

RalMttoliieiit.— The graphical method of rabattement is to 
assume that the line AB rotates about its projection, or plan, 
as an axis until AB lies in the horizontal plane. That is, 
from a and 6 lines perpendicular to ab and equal in length 
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to aA, bS, are drawn, and the angle can be measured. Such a 
process is called rabatting the line. 

Three co-ordinate planes of projections-— Very little 
reflection will convince the student that it is impossible to 
give measurements which will define the position of a point 
in space absolutely. The most that can be done is to choose 
some point as origin of co-ordinates^ and take three lines passing 
through this point (only two of which lie in any one plane) as 
axes of co-ordinates. The three planes which each contain two 
of these axes are called the co-ordinate planes, A point in 
space may be repi’esented by means of the projections on the 
three planes ; these projections determine the distances of the 
point from the three planes, and hence the position of the 
point is known. Usually the planes are chosen mutually at 
right angles to each other, such as those at one corner of a 
cube or, roughly, the corner of a room. 

In the latter case the floor may represent the horizontal 


plane, sometimes spoken of as the plane xy ; one vertical 


wall the plane j:;, and 
the other vertical wall — 
at right angles to jp:— the 
plane zy. 

A model to illustrate 
these reference planes 
may be constructed of a 
pieto of flat board (Fig. 
82) and two other pieces 
mutually at right angles 
to each other. It is ad- 



visable to have the latter 88.— Ifodel of the three ocHinllBate 
two boards hinged. This ot 

arrangement enables the two sides to be rotated until all three 
planes lie in one plane. The planes may be ruled into squares ; 
or squared paper maj be fastened on them. Then by means 
of hat pins many problems can be effectively illustrated with 
the assistance of the model planes. 

A model can be more easily made from drawing paper, 


cardboard. Draw a square of 9 or 10 inches side (Fig. 83 )l 
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Along two of its sides mark off ^distances of 4" and 6" and 
use letters as shown in the illustration. Cut through one 
of the lin^ OZ^ and fold the 
paper so that the two points, 
marked Z, coincide. 

To fix the position of a poiut 
in space, imagine such a point P 
(Fig. 84). From P dtuw a per- 
pendicular PA to the horizontal 
plane and meeting it in A. AP 
is the distance of the point P 
from the plane ; or, is the 
3-co-ordinate of P, 

In a similar manner a perpen- 
dicular to the plane yz, meeting 
it in By will give the distance of the point from the plane 
; or, the ,t-co-ordinate of P, Finally, the distance PC\ the 



J 

1 

0 

i 


Pig. S3. 



y-co-ordinate of the point, ia the distance of the point from 
the plane 

ConvetMly, given the x-, y-, and ^-co-ordinates of a point P, 
off OJif=Xy then the point A is obtained by drawing 

Hom MAy lud ATA, parallel to the two axes Ox and Oy. AI\ 
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drawn perpendicular to the ^ plane equal to Zy determines the 
position of the point P. 

From the right-angled triangle, POA (Fig. 84), 

Also OP2= ; 

Thus, the three projections of a point on three intersecting^ 
planes definitely determine the distance of a point from these 
planes. 

Negative values of the co-ordinates indicate that the lines 
affected must be drawn in the opposite direction to that shown 
in Fig. 84. 

It will be found that problems dealing with the projections 
of a point, line, or plane, may be solved either by graphical 
methods, using a fairly accurate scale and protractor, or by 
calculation. One method should be used as a check on the 
other. 

Kx. 1. Given the x-y y-t and s-co-ordinates of a point as 2", I'o'', 
and 2", respectively. Draw the three projections of the line (JP 
on the three planes .ry, y;, and zx, and in each measure the 
length of the projection. Find the distance of P from ’the origin 
0, and the angles made by the line OP with the three axes. 

Let P (Fig. 84) be the given point and 0 the origin of co- 
ordinates. Join OF. ^ 

The projection on the axis of x is the line ,0J/ ; on the axis 
of y is the line 0N\ and on the axis of z is the line OD. 

(LV=l-3", and GZ>=2". 

Qraphical constmctioiL — The arrangement of the lines and 
angles can be seen from Fig. 84. To measure the lengths of the 
lines and the magnitudes of the angles, proceed as follows : 

Draw the three axes intersecting at 0 (Fig. 85), and letter 
as shown. Set off along the axis of s a distance 
along the axis of y a distance 0A=V5*, and along the axis 
of X a distance Draw through these points, M and 

lines parallel to the axes to meet in Ay and join A 0. 
Tlmn OA is the projection of OPy on the plane xy its length 
is In a similar manner, the projection OB 
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on the plane y«, and OC on the plane XBy are obtained j 
05^2-6' and 0(7=2-83*. 

The distance of P from the origin, or the length of the 
line OP, is the hypotenuse of a right-angled triangle, of 

which the base is OA, 
and the perpendicular 
AP the height of P 
above the plane of xy, 
or simply the z-co- 
ordiaate of the point. 
Hence, as in Fig. 85, 
y draw A P perpendicu- 
lar to OA and make 
P A/^ = (?i> = 2*. Join 
0 to Z’; then OP 
-3'2* is the distance 
required. 

To obtain graphic- 
ally the angles which 
the line makes with 
the three axes«it is necessary to rabat the line into each of 
the three* planes. Produce NA to L making NL==^0C. Join 0 
to L. Then the angle NOL is the inclination of the line to 
the axis of y=62*3'. Similarly, make DS=0A and 
Join S and T to 0. Then DOB is the angle made by the 
line with the a]^8 of and MOT is the angle made 

by the line with the axis of x=^V W. 

A line which passes through two given points may be re- 
duced to the preceding case by taking one of the given points 
as origin. 

Ex. 2. Find the distance between the two points (3, 4, 5‘3) 
(1, 2*5, 3'3) and the angles which the line joining the two given 
points makes with the axes. 

The Bolntion of this problem can be made to depend on the pre- 
ceding roles by taking as origin the point (1, 2‘5, 3*3). The co- 
ordinates of the remaining pointe will be (3-1) (4-2*5) and 
(5*3 -3*3) or (2, 1*6, 2). Hence the true length, the projections 
rad the^aaglei may be obtained as in the preoediog example. 
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The manner in which the three axes are lettered should be 
noticed. It would appear a\) first eight to be more wnvenient 
to use the horizontal line, di'awn from the origin 0 to the 
right, as the axis of x instead of y as in the diagram. But 
when it becomes necessary to apply mathematics to mechanical, 
or physical, problems, the notation adopted in Fig. 84 is more 
useful, and therefore it is advisable to use it from the 
commencement. 

Calculation.— The preceding results are readily and accu- 
rately obtained by calcu- 
lation. ^ 

Thus, as in Fig 86, let 
$ denote the angle which 
the line OP makes with 
tile axis of 2 , and the 

angle which the projec- " 1 

tion OA makes with the ; 

axis of X. Then, the posi- q j N 

tion of P is fixed either ^ 

when its (tertesiaiL co- - 

ordinates, x^ y, and r, or / 

its polar co-ordlaatss, r, B, A 

<j>, are known ; r denoting Fjo, se. 

the length of OP, 

The conversion from Cartesian to polar co-ordinates may be 
effected as follows : ' 

Fiona Fig. 86, OA is the projection of OP bn the plane xy ; 

OA^OPcos POA^r&mB. 


Also 0M=:x=s0Acm<fi=rsin8c(^<li ; 

■■■ 

Or, as = 



X 

Thus, ^ may be found either from (i) or (ii), and when the 
»iuinerical values of j:, y, r, ars given, the numerical values of 
^ 6t and ^ can be obtained 


.(i) 

.(ii) 
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Direction-cosines of a line. —As already indicated, when 
the numerical values of jr, Zy at'e given, the distance of the 
point from the origin may be obtained from the relation 
Hence, we can proceed to find the ratios 

i. These si's called the direcUon-ooeiiLes of the line, 
r r r 

Thus, if OP (Fig. 87) is the line joining the point (r, y, z) 
to the origin, and a, jS, 



Squaring each ratio and adding, 


c«,»a+cc«*/3+cos*e=^+^+^=^^±^’=l. 

The l/Jtter I is often used instead of cos a ; and similarly 
m and n replace cos and cos 0 respectively. 

From the relation co8^a4*coB2/?*fco8^^=l, or its equivalent, 
it will be obvious that, if two of the angles, 
which a given line OP makes with the axM are known, then 
the remaining angle can be found. As indicated on page 230 
the angles a, and 9y can be obtained by construction, but by 
calculation more accurate results can be obtained. 

Ez. 3. A line makes an angle of 60° with one axis and 45° 
wiUi another. What angle does it make with the third ? 

Let 0 denote the required angle. 

Then oos*tf+coa^60° + cos*45"=l ? 

co^6-l -cos®60°-coe*45“=:x> 

.'.^=60°. 


or 




DIRECTION-COSINES. 


We may repeat Ex. 1 as^ follows : 

Ex, 4. The co-ordinates of a point P are % 1‘5, 2. Find* the 
distance of the point from the origin, and the angles made by the 
line OP with the three axes. 

a: - Oif- 0/* cos fl = r cos a, 

X 2 

whence cos a=-=;r;s=: 0*6250, .*. a =51° 19'; 

r 3*2 

y=rco8 

or co8^=^’;^=0-4688, .*. ^=62° 3'; 

2 = rC08tf, 

or co«^ = ^?^=0-6250, /. ^=51“ 10'. 

Ex. 5. If y = 4, z-5, find r, I, m, and n, 

= 3^ -I- 4* -f- 5* = 50, 

/. r = \^50~ 7*071 ; 

04242, 

r i*0<l 

=0*5657, 

r (*0/l 


u 


z_ 5 
r"f07l 


0*7071. 


Ex. 6. The co ordinates of a point P are (2, 3, 4) ; find its polar 
co-ordinates. 

r=OP^s '« + 32 + 4> = V 29 = 5 -385, 

OD=?‘cosfl, , 

cos = 0*7428, 5 = 42“ 2'; 

o*38o 

a; = D4 cos and 0.4 = r sin 5, 


,*. a; = r sin 5 co 8 0, (i| 

or y=r8in5sin0, 


The value of 0 may be obtained either from (i) or (ii): 

3 3 

^ "5 385 X silt 42“ 2' " 5 ^ x 0*6695’ 
log (sin 0) = log 3 - log 5*385 - log 0*6695=1 *9202, 

.*. sin 0=0*8322, .*. 0=66“ 20' ; 

a^in, dividing (ii) by (i), tan0=|i 

tan0=|=l*5, .% 0=66“aO', 


h2 


iit.p.11. 
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Angles between a line and the^ three co-ordinate planes. 

the angle between a line and a plane is the angle 
between the line and its projection on the plane, the angle 
between a line OP (Fig. 84) and the plane is the angle 
between the line and its projection OA on that plane. 

From the right>angled triangle OA'A, 


Similarly, the projection on the plane and on 

the plane 

Thus, if the three angles made by a line OP with the three 
co-ordinate planes xy^ and rjr, be denoted by Fy Gy and Hf 
respectively, then we have the relations : 


COS A= - " , cos (? = , 


co8£r=- 


AJso cos* F-\- cofl* Q -f cos* /f-2. 


Ex. 7. The three rectangular co-ordinates of a point P are 3, 
4, and 2, respectively. 

Find 

(i) the length of the line OP joining P to the origin 0 ; 

(ii) the angles made by the line OP with the three co-ordinate 
planes ary, yz, and zx ; 

(iii) the angles which the line OP makes with the three axes. 

(i) Len^h C>P = n/3* + 4»+^-s/^ 

= 5 -385. 

(ii) The length of the line and the angles may be obtained by 
graphical methods or by calculation, as follows, /*, 6’, 11 denoting 
the angles as above : 

The projection of OP on the plane xy ia given by v'3* + 4' = 6. 
coeP=.-4i=0 9!285: P=2r 48'. 

0 099 

The projection on the plane zy is 

V4?+2?=v'^=4*472. 

Ijct 0 denote the angle between the line and plane. 

oo.O=lm=0'*»65 •■•0=33'6a'. 
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The projection on the plane xz is 

oosJy=^=0-6696; 58'. 

(iii) Let o, and 0, denote the angles made by the line with 
the axes of x, y, and Zy respectively, then r=rco8a, y=rcog^, 

zsrcos^s J5 

cMtt = i4r*=0'5571, a=56"9'; 

O'OOO 

co,^=-g^=0-7m, :. ^= 4 ? 

«'»»=?l«=®’3714> ••■ «=68’ ly. 

OooD 

Sx. 8. There is a point P whose x-, y-, and z-co-ordioates are 
2, 1*6, and 3. Find its r-, 0-, and ^-co-ordinates. If 0 is the 
origin, find the angles made by OP with the axes of co-ordinates. 

r = + y^+ j:*= V 1 5 25, ^=3*9(15; 

tan0 = |=~=O'75, ^=36’ 52'; 

co8t>-?=^^0‘7683, 48'; 

coaas:-=:„4^^0'5l22, fl=5g“ 12-; 

f* o *yi/w 

Ex. 9. The polar co-ord inates 
of a point are r=:5 feet, 0^5Ty 
and ^=70", find the z-, y-, and 
z-co-ordinales. Also find the 
angles made by the line joining 
the point to the origin, with the 
axes of co-ordinates. 

Let P be the given point {Fig. 

88). Join 0 to P. Then, by 
projecting on the three axes, OA 
is the x-<x)>ordinate ; similarly, 

OB and OC are the y- and t- 
co orduiatee rsapectively. 

t =6 coi 62“ =5 X 0*6167 = am 

Oif =6 sin {^=^6 X 0*7880=3*040, 
ct>s70“=3*04 x0‘3^=1*348, 
y »08f aio 70*=S*M 
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Let a, and 9, be the three angles made with the three axes. 

It’ 1 •'HR ^ 

co8a = -=i^=0i2696, a = 74“ 22'j 

r 0 

coefl=^=?^=0-7404, ^ = 42“ 14^ 

r 5 > r 

lane passiiig through two given points.— If the co-ordi< 
nates of two points P and q be denoted by ( 2 *, y, ^), and 
(.c, y, z’\ the equation of the line passing through the two 
points is 

I m ft ' 

Through P, draw three lines Pp, Pp\ P/j", parallel to the 
three axes respectively, and draw the remaining sides of the 



rectangular block as in Fig. 89. Complete a rectangular 
block having its sides parallel to the former, and q for an 
angular point. 

PL - A V = iVP - y p = /y - V - 
PS-Eq=Eq' -qq'~z-:f. 

Thus, Pq is the diagonal of a rectangular block, the edges 
of which are jr-y, y-y, z-^. Therefore, to find the length 
of Pq the line joining P and 9 , 
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The angle between the line Pq and the axis of z is equal 
to the angle between Pq a line qE parallel to the axis 
of z, 

Hen(«, denoting the angle 6^ 

n^cw 6 ^- — ~ — ■ ■ 

Pq + 

Similarly, 

When the second point is the origin 0, y', and /, are each 

zero, and the equation 

_y~y' 

I m n 

becomes = 

t m n 

Ex, 10. Find the length of the line joining the two points 
(7, 9, 11), (3, 4, 5). Find the polar co-ordinates of the line and 
the angles which the line makes with the three axes of co-ordi’ 
nates. 

r = vV - 3)^ + (9 “ '*)' + { 1 1 - 5)’-^ ^ ^(77 
=^8 774; 

2 !- 2 '=rcos^, cos '6839; 

0 * 7*4 

51'; 

^:.6r W; 

Z'-x 4 

coso= — =0-4559, a==65r 63^; 

r S-i74 

co.j3 = *'^ = j|,,=0-6699, ^ = 55- 18'. 

^ r 8*774 

The method is equivalent to shifting the origin to the point 
(3, 4, 5). 

A. pQTftCticAl ap]dicatioil.~-8ome of the data we have con* 
sideri in this chapter may perhaps be better explained by 
the terms latltiide and longltade of a place on the earth’s 
surface. At regular distances from the two poles a series 
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parallel cirdee are drawn (Fig. 90) and are called ParaUd* 
of latitude. The parallel of Intrude midway between the 



poles is called the Equator. 
These parallels are crossed 
perpendicularly by circles 
passing through the poles 
and called merldiani of longi- 
tade. Selecting one meridian 
as a standard (the meridian 
passing through GreeuwichX 
the position of any object 
on the earth’e wr/ace can be 
specified. This information, 
together with the depth be- 
low the surface, or the height 
above it, determines any 
point or place on or near 


the earth. 


The plane xoy may be taken to represent the equatorial plane 
of the earth, and OZ the earth's axis. Then the position of 
a point P (Fig. ^91) on the surface of the earth, or that of 
a point outside the surface moving 
with the earth, is known when we 
are given its distance OP (or r) from 
the centre, its latitude 0, or co-lati- 
tude (90 -• $)y and its ^ or ^t longi- 
tude, from some Standard meridian 
plane, such as the plane passing 
through Greenwich. 

Assuming the earth to be a sphere 
of radius r, then the distance of a 
point on the surface can be obtained. 

If be a point on the surface, the 
distance of P from the axis is the distance PM^ and 



PM==^rm3iP0M=rQoeB. 


Xx. 11. A point (m the earth’s smfrkoe is in latitude 40*. Find 
its distance from the axis, assomiiig the earth to be a sphere of 
4000 miles ndisa 



LATITUDE AND LONGITUDE. 


Required distance = 4000 x cos 

4000x'5 -766=: 3064 mUes. 


Having found the distance iW, the speed at which such a 
point is moving due to the rotation of the earth can be found. 

Ex. 12. Assuming the earth to be a sphere of 4000 miles radius, 
what is the linear velocity of a place in 40° north latitude ? The 
earth makes one revolution in 23*93 hours. 

Radius of circle of latitude=4000xco8 40°. 

Let s denote the speed. 

4000xcos40'’x2r 


4000x0766x2v 

23*93 


=804*4 miles per hour. 


Ex. 13. Find the distance between the two points (3, 4, 5*31 
(1, 2*5, 3) and the angles made by the line with the three axes. 

Distance = V(3 - 1 f + (4 ~ 2*5)» f (S'S - 3)= 

= N^i?+i*5=‘+2*3*=3 397. 

f:=co8tt = |™ =0*5887; a=63“56'. 

ffl = coB^=-~Jij®=0-4416; .*. /3--63"48'. 

tt=cos0 = ||^^=O-677O; .*. 5 = 4724'. 


Oartasi&n Co-ordinates (two dimensions),— When the given 
point or points are in the plane of x, y, a resulting simplifi- 
cation occurs. Thus, denoting the co-ordinates of two points 
P and Q by (.r, y) and (a, b\ respectively, and the angles 
made by the line PQ with the axes of x and y by a and 
Then, if r be the distance between the points, 
r=.'(i--o)>+(y-'4)*. 


Also 


x-g y-h ^ 



but ^ is the complement of a ; 

cosjS=«ttaa. 
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Hence, y “ 6 = tan a(47 - a), 

and the equation of the line joinAig the two points may be 
written 

y-6=ni'(4r-aX 

where m' is the tangent of the 
angle made by the line with 
the axis of x. 

Thus, given j: = 3, y = 4, the 
point P (Pig. 92) is obtained 
by marking the points of inter- 
section of the lines a:=3, y = 4. 

In a similar manner, the 
point (1, 1’134) is obtained. 
Join P to then PQ is the 
Fw. w. line through the points (3, 4), 

(1, M34), and 

P$ = V(3-iy‘ + (4-Il34)»=3'495, 
ami the equation of the line is 

y-M34 = ?|^(T-l); 

' y = l’435x-0*3. 

Polar c(H>rdinat68 is two dimensions. —If from a point 
P a line be drawn to the origin, then if the length of OP 
be deQote<l by r, and the angle made by OP with the axis 
of X be when^ r and $ are known, the position of the 
point is determined Also x=:rcos^, y=rsin^, and the rect- 
angular co-ordinates can be found. 

Conversely, tan 0=’^. 

Ex, 14. Lei r=20, ^=35°; 6nd the co-ordinates z and y. 

Here x=:r(»8 35*=20 0*8192= 16‘384 ; 

y = r sin 35" = 20 X 0*5736 = 1 1 *472. 

Bz. 15. Given the co ordinates of a point P (4, 3) ; find the 
length of the line joining P to the origin and the angle 0, 
f*=4»-f33=25; r=5; 

tnn0=f=O*75, 0=36" 62'. 
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EXERCISES. XXm 

1. The fl;* and y-co ordinates of a point A measure 2" and 3" and 
the point is 4" from the origin. Determine the z-co-ordinate and 
draw the three projections of A, 

2. Obtaui the len^^h of the line joining two opposite comers of a 
rectangular prism T x 5" x 4"; and find tiie angles which this line 
makes with the edges of the solid, 

8. The co-ordinates of two points P and Q are (3, I, 2) (4, 2, 4); 
find the distance PQ. 

4 . The three rectangular co-ordinates of a point Dare 3, 4, and 
5 ; determine the polar co-ordinates of the line ; the cosines of the 
angles which the line makes with the three axes. 

5 The polar co-ordinates of a line joining a point to the origin 
are r = 3, e 3: tis", ^ = 50^ Determine its rectangular co-ord j nates. 

6. The co-ordinates of the two points are (3, 4, 5'3) (1, 2’5, 3); 
find the length of the line joining the two points and the direction- 
cosines of the line. 

7. The co-ordinates of two points are (7, 9, 1 1) and (3, 4, 5); find 
the length of line joining the points and the direction -cosines of the 
line. 

8. The polar co-ordinates of a point are r=5, 5=^2^, 0=70"; 
find the x-, y-, and s-co-ordinates. 

8. The co-ordinates of two points A and D are as follows ; 


Point : 

■t -r 

;j ® 

. y I 

1 " . 

A 

j 0*5" 

i O-h" 


P 

1 

: 3*1" 

12" 


Find the length of the line .^Dand the cosines of the angles made 
by the line with the three axes. 

10, Given r=: 100, 0=s7O*, find r, y, z. 

11. The three rectangular co-ordinates of a point P are I fi, 
y=2‘3, 2 = 1*8. Find the length of the line joining P to the origin 
&nd the cosines of the angles which OP makes wi^ the three axes. 

18. The polar co-ordinates of a point are r=t20, 8=32", 0 = 70". 
Find the rectangular co-ordinates, 

U.P.]f. 
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13. A mint P is 50 inches from Uie origin, the angles 9 and ^ are 
30’ and 70^ respectively; find the rec^sngular co ordinate a:, y, and 
z, and the angle made by the line joining P to the origin vith the 
three axw. 

In co-ordinate geometry on a plane : 

14. Given r=:10, <>=25’, find x and y. 

15. Given x==3*, y=4*, find rand 9, 

16. Given x=5, y-3, find r and 9. 

17. Given r=100, ^ = 15“, find x and y. 

18. Given find x and y. 

19. Show that *“ x*) (y - y') = (y* - y^) (x - x') is the equation of 
a straight line passing through two given points whose co-orrlinates 
are (x, y^), {x\ y"). 

20. Draw, on squared paper, the straight lines which pass 
through the following pairs of points : 

(i) 3) and (2, 4). (ii) (3, 4) and (5, fi|g^(iii) (3, 4) and (3, 5). 

(iv) (i, 1) and ( -2, -2). (v) (a,||H|id (-a, -6). 

(vi) (0, l)and (1. -1). (vii) {0, ITO, 8). 

Show that the equations of the lines are : 

(i) x-2=:0. (ii) y-x = l. (iii) x-*3 = 0. (iv) y-x=0. 

(v) 6x-ay = 0, (vi) y + 2x=:l. (vii) 3y-7x^3, 

21. Show that double the area of the triangle formed by the 
lines joining the points (x*, y'), (x^, to the origin is given by 
yV-/x^. 

22. The rectangular co-ordinates of the two points P and Q are 
(2, 3) and«(6, 1) respectively. Prove that the area of the triangle 
POQ (0 being the origin) is 8 sq. onite. 

28. Draw the following curves, given a=4 and 6=3 : 

V*_, . 

2* V* 

5-5=1: »'=4a<»-a). 



CHAPTER XIL 

VECTORS. 

ScaUur Quantities. — There are many quantities vhicli can 
be fuUy represented by a number. Thus ; time, mass, moment 
of inertia, area, volume, density, temperature, etc., are all 
examples of sO'Called scalar qoantitiM, or, more shortly, scalars, 
to distinguish them others called vectors, which involve 
direction as well as%ai^itude, such as forces, displacements, 
velocities, accelerations, etc. 

In specifying a force, its direction, or sense, and point of 
application, must be given. The direction may be indicated 
by using the points of the compass E,, W., 1^^., or S., or some 
intermediate direction. To say that a vector acts in a vertical 
direction is not sufficiently definite; it must also be stated 
whether it acts in an upward or a downward direction. 

In dealing with vectors in one plane and acting at a point, 
addition or subti-action may be carried out^ by calculation or 
graphically by using a parallelogram or triangle. By resolving 
a single vector horizontally and vertically two sides of a right- 
angled triangle are obtained, the hypotenuse giving the sum, 
or resultant, in magnitude and direction as in Fiig. 93. 

When the given vectors are all in one plane, but do not act 
at a point, in addition to the polygon necessary to obtain 
the nu^nitude of the resultant, another polygon, called a 
ftuiictilar or iink-pulygon, is required to determine its position. 
In the general case three scalars are necessary. Thus, a vector 
may be represented in Cartesian co-ordinates by af-d/, y-/, 
i'-t' (when one point is the origin this becomes the point 
•^1 y, ») ; or, in polar co-ordinates, bjr ft ^ 
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Bfisolution of VOCtOIS- — Two vectors acting at a point can 
Le replaced by a single vector wffich will produce the same 
effect. Thus, in Fig. 93, the two vectors A and B may be 
replaced by the vector C. 

Conversely, we may I'eplace 
a single vector by two vectors 
acting in different directions. 
Tlie two directions usually 
taken are at right angles to 
each other. 

Let OM (Fig. 93) represent 
in direction and magnitude a 
vector acting at the point 0. 
Two lines OX, OY, at right 
angles to each other are drawn through 0. From M, draw 
ilX perpendicular to Then OS is the resolved jwrt of 
the vector (7, in the direction OX. 

If d is the inclination of the vector (7, then 

OX omB. 

Similarly, if ML be drawrf perpendicular to the axis Oy, 

* OL^OMco^LOM 
-OMmi 0. 

Thus, we obtain two vectors Oi\‘=/l, and OL—B, which, 
acting siipuitaneously, produce the same effect on the point 0 
as tlie single vector OM. 

This important relation may l>e stated as follonrs: The 

molved part of a vector In any given direcUon la equal to the 
magnitiide of the vector multiplied hy the coilne of the angle 
made hy the vector with tlm glvm dlraetloii. 

The two vectors OS and OL are called the rectangular 
oompoiients of OM. 

The process of replacing a vector by its rectangular oom- 
ponaata is called raaolvlng a vector. The magnitudes of the 
components may be obtained by drawing the vector (7 to a 
convenient scale and measuring the components to the same 
scale. Or, the magnitudes may be readily obtained by calcula- 
tion, using either a slide-rule or logarithms for the purpose- 



Pig. 93.— Resolution of vectors. 
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Addition of vectors. —Let A and B (Fig. 94) be two vectors. 
Then, on the two vectors ah sides, complete the parallelogram. 
The diagonal OB denotes the vector sum A +5. 

Vector subtraction. —What is called vector sul)traction may 
be performed in a manner similar to that adopts! in addition ; 
thus, the diagonal I'm will represent A-B. This may be seen 
from Fig, 94, in which m is equal to of, but in the reverse 
direction; hence, if of =5, on =-5, op u the sum of om 
and on ; 

op=^lm=A-B. 



n P 

Fkj, ^.—Addition of vectors. 

In the precetiing example J-B may lie written A+C-.^) 
or the vector B is added to A after a reversal of direction. 

When several vectors act at a jK)iiit, the sum, or resultant, of 
the first two can be combined with the tliiiti, etc. Or, better, 
•set off a line denoting the magnitude and direction of the 
fii'St ; from the end of this line set off a line equal in magni- 
tude and parallel in direction to the second. Proceeding in 
inis manner, as many different sides of a polygon as there are 
given vectors are obtained. Tlie magnitude and direction of 
the line joining the initial petition to the final is the resultant 
in direction and magnitude. A vector equal in magnitude but 
reverswl in sense will balance the given vectors ; or, is the 
aquUllinuit of the given system of vectors. If the lines, drawn 
in the manner indicated, funn a closed polygon, it follows that 
the given vectors have no resultant ; or, in other words, the 
vector sum is zero. Thus, if the vectors denote displacements, 
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the effect of curying out the series of displacements is zero ; 
or, the point having been displace!! through the distances in- 
dicated by the sides of the polygon is brought back to the 
starting point. Similarly, if the vectors denote forces, the 
resultant force is zero, or the given vectors form a system of 
foix»8 in equilibrium. 

Vector equations. -So-called vector equations are for many 
purposes of the utmost importance, and it is necessary to be- 
come familiar with the notation usually adopted to specify a 
number of vectors imting either in one plane or in various 
positions in sj^ce. 

Methods which may be adopted in the solution of problems 
concerning magnitude have already been described ; these have 
l)een designated as scalar. We proceed now to extend the idea 
of equation so as to comprehend the solution of problems 



rw. V6. 


concerning vectors. 

A relation between a set 
of vectors is an identity 
when the result of their 
actual operation is nil. 
Thus, as in Fig. 95, two 
equal foi'ces acting in the 
same straight line at an 
angle a to the line OX may 
be written as /la“Aa=0, 


^ or + -^iw+a = ^*- 

Similarly, the sum of a vector A in a direction due £., and 
an equal vector in a direction due W., is zero ; or, 


Jo+d i«r* = 9. 


In like manner, the following results follow : 


dr+^a(r + .d4ir = 0, — .dif#*. 


The solution of a vector equation is therefore the process o( 
finding a suitable value of Rg (magnitude aud direction). It 
is necessary to' assume an initial line OX from which all angles 
are measured, the positive direction being anti-clockwise. 

In many cases the solution of a given vector equation nmy 
be obtained by two or more methods, and one may be used as 
a dieck on the other. 
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Ex. \. Solve the vector equation 

5=A*+X8(r-' Awo*. 

The given vectore may be eet out as in Fig. 96, iu which oa-Ao, 
and ob denotea Also denotes & vector such' aa ~ bo =o6, 

and 8e this ii the same aa Aar, the given system reduce to 
~A»+2ABa^. 

If the parallelogram oadb be completed on oa and oft as sides, 
then the resultant, U given in magnitude and direction by the 
diagonal od. 

By calculation, 

(2A)*-4A»cos 120" / // 

= / // 

od~A\1~2‘^A. / / / 

Let 9 denote the angle aod, f X / 

Then y/ 

jin^ / / 

»ini2U’ Ax^ >!V / /'' 

Hin i? — X 1/ ; 

’ 0 A a 

=0-6546; 

. . ft=40"53'. 

The result may also be obtained by the process of resolutioa 
of vecbon, tlms; 

X-A +2A co660‘'=2d, 
r=2A sinOO^vAv^ 
/?=:v0f^rf*=AN/7=2'645A, 


As already indicated, when several vectors are given acting 
at a point, the sura may be obtained by repeated applications 
of the parallelogram, or better by means of a polygon. Let 
d, B, C, D (Fig. 97) denote, in magnitude and direction, four 
vectors acting at a point 0. To find the sum we may use 
the two given vectors as two adjacent sides of a parallelogram, 
the diagonal of which will give the sum A + B, Next, we may 
the diagonal and the vector C as two sidea di a new 
pftmllelograjii ; imd obviously the sum of the given vectors 
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can be obtained by successive applications. But a better 
method is to form a polygon as •follows : — From a point a 
make ab on any convenient scale equal in magnitude and 
parallel in direction to vector A. Similarly, be is made to^ 
repi'esent the vector B, «/ to represent vector C, and de to 
repj-esent vector D. Then, the line ae to the same scale denotea 
the magnitude and dii'ection of the sum of the four given 

vectors. 

If a vector equal and 
parallel to ea were to 
act at 0, then the sum 
of the five vectors 

would l)e zero. 

The sum may also bo 
obtained by resolving 
the given vectors along 
and per|)cndicular to 
the line 0.4. In this 
manner two sides of a 
riglit-angled triangle 
are obtained, the hy}X)teouse of which is the lesultant in 
direction and magnitude. Thus, let mi and oh be the i^solved 
parts of the magnitudes of B and C in the dii-ection OA, then 
by adding, OA+mi-i-on-OD gives the resol vecl part of the 
sum in a horizontal direction ; this may be used as the l>asc 
of a right-aiigle<l triangle, the perpendicular being the sum of 
the distances op and oq. The hypotenuse is the value of Jb 
and the angle 6 is the inclination of the hypotenuse to the 
base. 

Ex, 2. The magnitudes of four given vectors acting at a point 
are i4 =24, B=10, C- 16, /)= 16 ; the angle A 05 = 30“, A(>C=60 - 
Find Uie tnm. 

If S denotes the sum, and 8 its inciination to the horizon, the 
vector equation may be written 

5^=24tr + 10»* + 16(i>» + 16j8e». 

As dheady described in Fig. 97t make a& equal to 24 on any coi^ 
venieat scale, also cd and de equal to 10, 16 and 16 respectively^ 
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Then R is numerically equal to the length oe, and 6 is the angle 
eab, R is found to be 31, ^nd $-ZT 25'. 

The result is also readily obtained by calculation. 

Sum of horiaontal components 

=s 24 + 10 «M 30“ + 16 cos 60® + 16 cos 180“ 

=i24 + 8-66 + 8-16 =24'66. 

Sum of vertical components 

24 X 0 + 1 0 sin 30“ + 16 sin 60“ + 16 X 0 
=5+13-86-1886. 

i?=>/ (24 tie)® + ( i« W =31-04, 

^=37“ 25'. 

Ex, 3. Three forces of 27, 52 and 49 lbs. respectively act at 
a point 0; the angle JO.fi=32“, the angle JOU=58“. Find the 
lesultant in direction or magnitude. 

The equation may be written in the form 

Rg~A(i + Bat + Car* 

Substituting the magnitudes of B, and (7, 

/f,-27<r + 523r + 49«-. 



Draw a6 {Fig, 98) equal aud parallel to vector A^ be equal and 
parallel to B, and cd equal and parallel to vector C. Then, ad 
denotea the aum, or resultant, in direction and magnitude. 
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Tb« iDftgnitude and direction of the reeulUnt may be obtained 
by calculation. The work may be arfanged ae followa: 


Force. 

Angle. 

HoitBont&l 

Component. 

Vertical 

Component 

27 


27 

0 

52 

32“ 

52co8 3i* = 44-096 

52 sin 32" =27*55 

49 

58“ 

49 cos 58“ =25 -96 

49 sin 58“=4T55 

By addition, 

97-06 

69*10 


i? = V(97 D6)=* + (69 • lO}’* = \^UlM 
= 1191, 

A t>=33“ 27'. 


One of the most important theorems with regard to vectors 
is~-t2iat a vector bud Ib the same in irtmtever sequence the vecton 

are added. Thus, if d, Zf, and C are three vectors, then it is 
easy to show either analytically or by gtaphical construction 
that d + In fact, the vectors may be added 

in any convenient manner. This law should l>e teste<l in the 
preceding and the remaining examples. 

Ex. 4'. The magnitudes of four forces acting at a point are 83rj 
490, 650, dnd 810, sml their directions 0", 58*, 260“, and -23“ 
(Fig. 99). 

Find (i) the direction and magnitude of the line denoting the 
sum, or resfiltant, of the forces. 

(ii) The components resolved along and perpendicular to the 
initial line. 

(iii) The magnitades of two forces which acting in directions 
%t 70^ and 170“ will balance the system. 

(iv) The directions of two balancing fOTces, magnitudes 600 and 
700. 

(i) The vector equation may be written 

y7«=835r4-400br-l-66(W-l-610..«r. 

Graphically, make a6 on a otmvenient scale equal to vector A, 
Le, equal to 835 and huisontal; make 6e parallel to vector B 
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(Fig. 99), »ad equal to 400. Sitnilarly^ cd U made equal and 
parallel to vector (7, and 4de equal and parallel to vector i?. 
Then, the resultant is the line joining a the initial, to e the tinal 
point; the inclination of the line ae to the horizon is the required 
inclination of the Ibe denoting the sutn. 



Or, the Bum of the projectiooa on the axes of x and V could be 
obtAine<i and made to form two Bides of a right-angled triangle; 
the sum of the given \ector8 U the hypotenuse of the triangle, 
}.et X denote the sum of the projections on the axis of x. 

Then, X=836c(»0V400co868"-650co88(y’ + 610co825" 

835 1 400 K 0*5299 - 650 x 0*1 736 + 610 x 0*9206 
=835+211 96- 112*84 + 561*5 
= 1495*62. 

Similarly, F= 400 sin 68^ -650 sin 80* -610 sin 23* 

=400x0*848 -650x09848-610x0*3907 
=339*2 - 640*12 - 238*33 
*-539*26; 
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.% i?=\/(U95W+( - 539-25)*=\^2627679-74«0 
==1589 87, * 

The work may be arranged as follows : 


Force P. 

Angle. 

Fees*. 

FsIdo. 

835 

400 

650 

610 

(f 

58* 

260* 

-23* 

835 
211-96 
- 112-34 
561-5 

339-2 
-640 12 
-238-33 



A' = 1495-62 

r= -539-25 


Having obtained A' and T, the value of B and d can be obtained 
as above. 

(ii) If A' and V denote the two compoueuts at 0“ and 00“, then 
the vector eqnatioh may be written 

Acr" + I »• = 835V + + 65O30{r + 610-33*. 

The valnes of A and Y have already been determined, and are 
1495'62 and -539^25 respectively. 

(iii) Tbe'iuclination of the resultant may be stated as - 19* 49'. 
or 360^* - 19 49 =340* IT. The three forces keeping equilibrium 
are as indicatetl in Fig, 99. Hence, set off m e(]ua] and parallel 
to R. Draw a line en parallel to Q, and a line an parallel to P, 
intersecting the former in n ; then, aen is the triangle of forces 
required, and the magnitudes of P and Q can be measured to 
the scale on which ae is equal to R. 

It will be seen that the triangle a*» in Fig, 99 which is use/l 
to determine the magnitades of P and could be drawn as a 
separate diagram. 

(iv) The directions are obtained by using a triangle of forces ; 
f.e. from a and e aa centres, and with radii 600, and 700, respec- 
tively, describe arcs of circles; then the triangle of forces is 
obtained, and from this the inclinations may be found. 
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Some vectors, such as displacements, velocities, accelera* 
tions, etc., may be represetoted by a line, or any parallel line 
may be used. Such vectors may be called firee vectors, to 
distinguish them from other vectors such as forces, in which 
the vectors are localised in a line, and are only free to move 
in the direction of the length of the line. 

Li nlp polygon. — In the preceding example the given vectors 
have been assumed to act at a point, when this is not the 
case, it is necessary to obtain the position of the resultant, 
in addition to its magnitude and direction. For this purpose 
what is called a ftinicnUr or link pol^n is used. 



Fio. 100.— Vectors which do not act at a 


Given three forces I\ and /f, which, acting at different 
points on a rigid l>ody, do not meet at the same point w’hen 
prtnluced, to find the rmdtant and also '\\j& point of applicotim. 
Instead of denoting a force by a single letter, a very con* 
venient and simple notation is to put a letter on each side of 
a force, the second letter h for any force P being carried to 
the first side of the next force thus, in Fig. 100, the force 
P may be denoted by the letters ah^ $ by 6c, and jS by oi 
In Fig. 100, called the foree iM^ygoii, a6, he, and cd, are drawn 
parallel to, and containing as many units of l^gth as there 



254 A MANUAL OF PRACTICAL MATHEMATICS. 


are unite of force in Py Ry respectively ; the resultant is 
given in direction and magnitude t)y the line joining a to 
But this doet not determine ite position. To find the position 
or point of iti appli(xiti(my 'we choose any point o and draw 
radiating lines from o to a, 6, c, d. 

In the space 6 of the original diagram of forces, at any 
point m of P draw a line mn parallel to ob intersecting the line 
of action of the force Q at ;t. In the space c draw a line nl 
parallel to oc intersecting the force H at L Finally, draw 
lines Uy ms parallel to od and oa respectively, interaecting at 
Tliis determines a point on the resultant whose direction 
and magnitude are indii^ted by the side ad of the Force 
Polygon. The whole diagram is now called a Funicular 
Polygon of the giv'en forces. Evidently the four forces P, i^y 
Ry and T revei-sed, would, if acting simultaneously, form a 
system of forces in equilibrium. 

Thus, the graphic conditions of equilibrium become 
d) The force polygon must be a closed flgore. 
di) The funieiilar or link polygon most be a closed Ognie. 
Another and very important method which may be usetl to 
specify the components and resultant of a given system of 

forces, is to give, in 
addition to the mag- 
nitude and direction 
of each vector, the 
distance from an 
arbitrary fixed point 
to the point of inter- 
section of the tine 
denoting a given 
vector with a hori- 
zontal line pasaing 
through the point. 

This is called the iatwespi of the vector. 

Thus, let ABODE (Fig. 101) be five given vectors in one 
plane. 0 is any convenient arbitrary point, and OX a 
horizontal line passing throngb 0. The distances, a, 6, c, of 
the points, where the lines denotbg the vectors intersect the 
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line OXy are called the intercepts of By and D. Tluus, the 
vector A is completely 8^)eci6ed by its intercept a, its in- 
clination a, and its sense, indicated by an arrow-head on 
the line denoting the vector. 

In a similar manner, the vector B is specified by its in- 
clination fiy its intercept h, and its sense. The vectors C 
and £ pass through the origin and the intercept is zero. 
In the case of the vector D the intercept is negative or -d. 

Hence, if iff, r, and 0, denote the resultant, its intercept 
and inclination to OX respectively, then the vector equation 
may be written 

=:ada + "I" - rDy 

If all the given vectors act at a point the preceding equation 
becomes : jffs -f Cy¥>,.. 

Ex. 5. Five vertical forces d, C, i), E, are as follows: 



A 

B 


D 

E 

Magnitude in tons, 

r85 

3-2 

32 2-7 

3-8 

Angle, - 

1 270^ 

90" 

270^ 

270° 

i 90° 

[ 

Intercept (feet), 

0 

4-2 

82 ’ II-5 , 

j 102 


(i) Find the sum of d + -f CV £ = rits. 

(ii) M ,1 C-f Z) + 

R is found to be 0 75 tons, tf-270'*, r=:23-6 ft. 

The vector equation is * 

f/i's—sl "Soijr +4'all‘2B(r +sv^‘2a»' + »-a2/27(r + j0-»3‘89(>.. 

The given vectors form a system of parallel forces, the sum of 
the upward components is 3'2 + 3'8=:7*(», and of the downward 
components is l*SJ5 + 3’2 + 27— 7*75j hence the resnltautis -075, 
and its direction 270°. 

To find the position of the resultant it is only necessary to 
take momenta about any convenient point such as 0. Then, 
if X denote the distance of R from 0, 

jFx(-0-76)» -3-2 16*2 

^-1771; 
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Ex. 6. In the preceding example^ if M and N are two pointa, 
such that is -4 and JiT is 6 feet>, respectively, show that the 
vertical forces, which acting through M and will balance the 
given forces, are 2'3 and 1-47, the former at 90“, the latter at 270°. 


Ex. 7. Eight gallons of water per second flow through a pipe 
6 inches diam. in which there is a nght^augled bend ; what is the 
resultant force exerted by the water on the pipe at the bend, 
neglecting friction ? 

What is the change in the velocity of the water (that is the rectof 
change) ? Find the change in the momentum of the water and the 
resultant force exerted at the bend (I gallon of water^O‘1605 
cub. ft.). 


Volume which passes in a second is 8 x 0i()05 x 17’?8 cub. in 
12 


„ , 8x0161X5x 1728 

Speetl = — IP — = 6'o39 ft. per sec. 


Eight gallons^ 10 x 8 = ^ lbs. 

_ 80 

The resultant of two e<]ual forces each equal to A =:A\% 

80x 


change of mor.ienturn per sec. : 


32*2 


< 6'589 = ^‘ 97 ; 


reavlt.tnt force at bend = 22 ‘97 lbs. 


Product of two vectors.— The scalar product of two vectors is 
the product of the scalars of the Tectors mulUpUed by the coeine of the 
inflrle between them. The vector product may l^e defi ned a.s the pro- 
duct of the scalars of the vectors 
multiplied by the sine of the angle 
between them, its direction is 
perpendtoilar to the plane of the 
vectoii. The simple.st example 
__ of the former occurs in the case 
^ of the product of a force and a 
^ displacement If, aa in Fig. 

102, the force Fis inclined at an angle B to the direction in which 
displacement occurs, then the effective part of F, so far as trans- 
la^m is ooDcemed, is the resolved part of F. Thus, set off OL to 
represent the force, and draw ZF perpendicular to OM ; then OS 
u the resolved of F in the diiv^on OM \ hut OZcos 
.d^^Foosd. 
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Hence, the {n^xluct of the two vectors, or work done by 

the force, is (i) 

where d denotes the dispiacement. 

When the angle is O’*, i.e, when the direction of the force 
and the diapUcement are coincident^ since cosO’=l, the 
product is Fxd. 

When ^==90" the force /’has no component in the direction 
of motion, and the work done by /* is tero. For any in- 
clination 90“ to ISC’*, the resolved part of F acta in a negative 
direction, and the work done by F would be in the nature 
of a resistance or retardation. This would obviously have 
its maximum value when ^==180“. 

Eq. (i) may be expressed in words as follows : 

Preleoi one vector on tbe other, the product of tHe vector and 
the projectloD ie the scalar product required. Or, multiply the 
numerical magnitudee of the two vectors hy the coelne of the 
an^e between them. 

From Eq. (i) it follows that the product of two unit vectors 
.such as unit force and unit displacement, is cos In any 
diagium, when two vectors are shown acting at a point, care 
must be taken that the arrow-heads denoting the tente of 
each vector are made to go in a direction outwardj from the 
point. When this is done, B is the angle between the vectors. 

Ex. 8. The direction of the rails of 
a tramway is due K., and a force A of 
300 lbs. in a direction 60° N. of £. acts 
on the car. Find the work done by the 
force during a displacement of 100 ft 
If denote the angle between the 
direction of the force A and the direc- 
tion of the displacement UW, then the 
resolved part of A in the direction 02f 
A 

The prodnet of a force, or Uie re- 
solved part of a force, and its displace- 
ment, or distance moved through, is 
the work done by the force. Thus, in 
^ig- 103, if S denote the dis^Mxunent of the oiu*, then the work 
is ABomB. * <0 



ICP.M. 


t 
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Aa A is 300. N=100. snd ^=30% 

Air cos30°:^300x 100 x 0-^66=25980 fL-lbs. 

Observe by way of verification that if 9 be 0'’, then co8 0*«l; 
the force A is acting in the direction ON, and hence 
work done=300x 100=30,000 ftdbs. 

When 6 is 90% then co8 90°=0; 

work done=:0. 

This latter result is obvious from the fact that, when the 
angle is 90”, the force is in a direction at right angles to the 
direction of motion, and hence no work is done by the force. 
Again, if the direction of the foi-ce were South, then negative 
work equal to ~3Cl0x 100= -30000 ft.-lba. would be done. 

The vector product is the product of the magnitudes of 
the two vectors and the sine of the included angle ; thus, if $ 
denote the angle between the two vectors, 

vector product = A sin (i) 

If the two vecioi-8 are at right angles 

sin 90" = 1 and Eq, (i) gives AB. 

Vector product are of importance in “couples,” etc. 

The general ca8e.™ln the preceding examples the given 
vectors have been taken to act in one plane. In the general 
case, in which the vectors may act in any specified directions 
in space, the sum or resultant of a number of vectors may be 
obtained by using, instead of two, the three co-ordinates, x, y, 
and z. iThe resolved parts of each vector may be obtained, 
and from the8e‘ the magnitude and direction of the line 
representing their sum. 

The process may be seen from the following example : 

Ex, 9. In the following table r denotes the magnitudes of each 
of three vectors A, B, and C, and a and the angles made by 


V^ector. 

r. 

a. 


$. 

z. 

y. 

z. 

A 

50 

45” 

60” 

60” 

35 '36 

25 

25 

S 

m 


B 

62*2' 

17-31 

-3'472 

9-38 

0 

10 ' m 

45” 

B 

1 


5 
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each vector with the axee ot x and y respectively. Find for each 
vector the valnee of $ (wheie 9 denotes the inclination to the 
axis of 2 ), X, y, and z, and tabulate as shown. 

From the given values of a and the value of ff can be 
caloalated from the relation 

C 06 *a + cos*/? + coeV = 1. 

Thus, for vector we have 

-coe^-coe*/?-! 
cm9=^ and 
Similarly, for J3, 

coe«fl=l-{0-86«)*-(0 1736)»=0'22; 2'. 

And, for C*, 

oo«V=l-^-^=j; /, $=.m\ 

To obtain the projections x, y, and z of each vector, we use 
the relations ar^rcoso, y=rco8/S, z=rcosfl. 

Thus, for vector A, 

r=50”, a=45“, /? and 9 are each 60“ ; 
a;s=50co845“=50 x 0-7071 = 35-35, 
y = .*50 cos 60“ = 50 X 0*50 = 25, 

2 = 50 cos 60“ =25. 

For vector B, • 

2 r= 20 cos 30“ = 17 '32, y= -2000880*= -^'472, 
2=20coae2" 2'=9'38. 

ForC, a;= -10cos60’=-6, y=10oo845“ = 7‘071, 

;= 10 cos 60“ = 6. 

Adding all the terms in column x and denotii^ the sufh by Sor, 
2a;=36'35+ 17-32 - 6 = 47*67. 

Similarly, Sy =25 - 3472 + 7*071 = 28-6, 

and 22=25 + 9*38 + 5 = 39'38. 

Hence the resnltant of the three vectors U 
A + B + 

To find the angles mode by the resultant vector with the three 
wes we have 

0O8a = -^j = 07000; «=45’35'. 

o«i^=^=o<3oi: .-.files’ to-. 

aM»=^=0'8784; t=S4’4(y. 
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Vector Many algebraical and trigonometrical re- 

lations may be obtained by usings vector notation. 

Let A and B (Fig. 104) denote two vectors acting at a point 
0, and let $ denote the angle between A and B, 

The diagonal of the 
0 parallelogram, on the 
two vectors as sides^ 
is denoted by the sum 
Let the sides 
Oi/, MD^ be denoted 
by a and 6 respec- 
tively^ and the dia- 
Pio.KM. by c, and 

LM by (L 

Then + 

because the included angle is 0^ 

Similarly, B-kB^BA. 

But, if a and 6 denote tike magnitudes of A and B respec- 
tively, then 2.ii?=2a6coe0. 

/. c»*(.4-|-B)3-A*-f-2J5+B*»«a»+2a6co6^+6». 

Similarly, * 

/. rf*-(^-i?)>-A*-2A5+5*«a*-Sa6co80+6* 

Id a similar manner we obtain 

or aicoea-a*-^*; 

(A+^+(i-B)»»2(d*+i?»), or c»+rf»«2(a*+6*); 

{AA-Bf-{A-Bf^AABy or <?-d*xi4abcoa9 
Again, if the vectors J, B, C represent the sidea of a triangle 
taken in order, . aa-B+C^^O, 

Let 0 , 6, c, denote the three sides, and a, j3, y, the opp(^’ 
site angles, Uien, 

(~ A)**«{iJ+C)*, or a*»t*+c*-26ccoe y; 
(A+B+C)*«=0, or a*+M+c*-2(aJ cosy +^coeo+ca cos 

The notation may easily be extended to the case of a pUne 
quadrilateral figure, or a rectangular prism. 
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Ex, 10. Expand and interpret the following vector equation, 


(a) when applied to a plane 
quadrilateral, 

(b) when applied to a paral' 
lelepiped. 

Let a, h, c respeotively de- 
note the magnitudes of three 
edges of a paiaUelopiped meet- 
ing at 0 (Fig. 105), and a, /?, 
y signify the internal angles 
between the sides be, co, ab. 
In (a) we obtain 



flP a* + />• + c* - 3ti5 coa 7 - 2ac cos /3 - 26c 006 a, 
or the square on the diagonal of a quadrilateral U given in terms of 
the three edges which it meets and their inclinatioD to one another. 

(5) d*=a*+6*+c*+2o6cos7+26ccogjS+2(WC08o, 

or, the square of a diagonal is given in terms of the lengths of 
the aides and the magnitudes of the included angles. 


EXERCISES. XX\1II 


1. The following four forces act in one plane. Determine the 
resultant, and measure its magnitude, directiou add intercept 



A 

B 

C 

D 

Magnitude, 

29 

IS 

27 

19 

Direction, 

32* 

105" 

172" j 

258" 

Intercept, 

2*6 1 

1*8 

0*5 

-0*4 


3. The following three vectors A, B, C act at a pomt ; determine 
the vector sums A^B^C and A-fl+C, also the directioii in 
each case. 



A 

... . . 

B 

C 

Magnitude, 

37*2 

505 

88*0 

Direction, 

2jr‘6| 

115* ‘5 

238--0 


Verify by conttmetion that A - (if ~ <7) = A - 5 + a Use a scale 
of i inch to 10 oniU. 
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3. Given the following system of coplanar forces, by means of a 
vector and link polygon determine^ the multant of the system. 
Write down the vector equation. 



! A 

1 210 

B 

C 

D 

E 

Magnitude, 

185 

313 

125 

Ifi? 

Direction, 

20" 

7r 

123" 

190^ 

200" 

Intercept, 

i 215 

1-3 

4-6 

i 0 

65 


Find the resultant of A, R and D. 

4 . Three vectors A, B, <7, acting in a horizontal plane, are 
defined in the following table. 

Find the vector sum ,.1 + JS + (7 ; show that A + B+C=:A + C-^B. 



A 

B 

(7 ^ 

^ I 

Magnitude, 

1*23 

1*95 

2-60 

1 Direction, 

* 

r 1 33"^ 

^ N. of E. 

112" ' 
N. of E. 1 


5. A ship A is sailing at $7 knots to the east, and a second 
ship B at 3*4 knots to the south-west. Find the velocity of B 
relatively to A. 

6. Suppose the yrind to be blowing at 5 knots from the north. 
Find the directions which wind vanes w’ould take if carried by 
the two ships in the preceding exercise. 

7. A ship is sailing eastwards at 10 miles an hour. It carries 
an inatmment for recording the apparent velocity of tke wind, 
in both magnitude and direction. 

(o) If the wind registered by the instrument is apparently one 
of 20 miles per hour from the north'east. what is the actoal wind ? 
Give the l^wer in miles per boar and degrees north of east of 
the quarter from which the wind comes. 

fh) II a wind of 15 miles per hour from the north-east were 
acii^y blowing, what apparent wind would the instrument <>n 
the veead register T State this answer in miles per boar and 
di^reee novtii of east as before. 

Use ft eeale of i inch to 1 mile per hour. 






EXERCISES. 


8 . If three vectors (7 are represented by the sides of a 

triangle taken in order and ^se (^ + ^+C)*=:0 obtain trigono- 
metrical forniulae by expanding the foUoiviDg equations : 

Use a, b, e for the three sides, and a, 8, y for the opposite 
angles. 

9. A ship is sailing at 8*7 knots through water apparently to 
the east, but there is an ocean current of 3*4 knots to the south- 
west. Find the actual velocity of the ship as regards the oc^n 
bed. 

10. A cyclist rides at 10 miles per hour in a direction due north. 
Find the apparent direction of the wind which the rider experiences 
when the actual velocity and direction of the wind is as follows : 

(o) 10 miles from E. (ft) 10 miles from X.E. 

{^) 10 „ „ N. (d) 10 „ „ N.W. 

(0 10 „ S. 

11. Show that Aff + Aw + A^tr^O- 

19, Aflo* + A iw + Aaw = A iatr> 

18. Atr+ Aetr Afor jr. 

Solve the vector equations : 

14. = I430f* + 3Uj«r- Find R and $. 

16. A so* + Ilsur + lOr- liar + 30290' = 0. Find A and A 

16. I6a +25|9 -f 1 Qb*~ 14mi> + 30i«(r = 0. Find a and 

IT. Ciar+27y + lOp* " 1-^ +302ar=0. Find 0 and y. 

18. Given the following five vectors: 



A 

B 


D 

E 

Magnitude, 

20 

12 

6*8 

3*3 

15*5 

Direction, 

0“ 

75* 

310“ 

225* 

120* 


Determine, by constructions, the following vector sums and 
uifierences : 

(a) A+B+C+D+Ey {b) A^B+E+D+C, 

(c) A + 5-C+/)-^, id) A + B-E+D-a 

19. If a vessel steams due N. against a K.E. wind, show in a 
<iisgram the direction in which the smoke leaves the funnel. 
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90L Find A aod a in the following yector equation, that u, add 
the three given vectors, which are in the phme of the paper. 
A « = 3 •730* + 1 ’4«r + 2*6im 

H. Find B and p from the equation 

N^=3*7jr - l*4er +2*6ieri 

Use a scale 1 inch to 1 unit 

SA Find the resultant or vector sum, that is, find A and a 
from the vector equation 

A « 3= 263^ + 37n8* + 4 1 aKr. 

Use a scale of 1 inch to 10 lb& 

S3. Verify by construction that 

26ar + 37nr+41wr=263r +41«r + 37iir. 

SI A mass of 10 lbs. has a velocity of I'Sir ft per sec. It 
receives a blow which chanfrea its velocity into one of O’Sioo* ft 
per sec. What change in the velocity and in the moinentam is 
produced? 

35. A point G moves in a straight line. Successive positions 
of U. measured from a potut 0 in the line at interval of second, 
are given in the following table : 


Distance of 0 (feet), - ! 

0*038 1 0*302 

0*515 

0*600 

0*516 

Time/ (seconds), - • 

DO 

0*025, 0<)5 

0*075 

0*1 


Determine succMstve valuu of the velocity and acceleration of 0. 
Draw curves showing velocity and time, and acceleration and time. 
Read off the velocity and acceleration when f = 0*06 second. 

Find R and 0 in the following equation ; 

56. i?«=2(V+12ir-]5'6nr+3'32»>’’6'8tw. 

57. A force acta on a tram-car moving with velocity B. Find 
A X R ^e activity or power in the following caeee : 


! 

A 

B 

la) 


Ibe. 

E 

20 ft 

per lec. 

E 

ih) 


Ibfc 

N.E 

15 


(0 


Ibe. 

N. 

20 

TT tr 




IbiL 

8.W. 

10 

*» «» 

*1 


M. 8<dve the vector eqaetlon 

Am*+.^+l(W- lfiir*f30iir=a 
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mi. There are three vectors in a horizontal plane : 

A of amount I'd towards the south-east 
B of amount 3*9 in the direction towards 20° west of south. 
C of amount 2*7 towards the north. ^ 

(o) Find the vector snms A + B-f-Oj (A) A^-B + O, (c) B-C, 
[d) find the scalar products A . B and A . C. 

so. Values of three vectors acting at a point are given in the 
following table. Find in each case toe value of the magnitudes 
the anglM made with the three axes of the line representing the 
sum of the three vectors. 



















81. Water is flowing at 10 feet per second along a pipe having 
a right-angled bend. What is the vector change or velocity at the 
bend ! 

82 . A boat is moving at the rate of 10 miles per hour in a direction 
33° B of W. At what rate is it moving east and north. 

88. Show from the definition of a vector product (p. 256) that 
the vector product x 7]30* is 5x7sin(120°-4^) = 3sifl80°=3i*47, 
in a direction perpendicular to the plane of the vectors. 

34 . The magnitude and direction of the force F per unit length 
experienced by a straight wire placed in a magnetic field, of intensity 
.V lines per square centimetre, Is given by CM sm where 
C denotes the magnitude of the current (in amperes) in the wire, 
and 6 the angle its direction makes with the magnetic field. 

Given (7=4 amperes, Jf=6000 lines permuareoentimetre, 8=55°, 
findF*. 




CHAPTER Xm. 

PROGRESSIONS. BINOMIAL THEOREM. ZERO AND 
INFINITY. 

Series.— The term ierieB is applied to any expression in 
which every term ia formed according to some common law. 

Thus, in the series L 3, 5, 7 ... each term is formed by add- 
ing 2 to the preceding term. In 1, 2, 4^ S ... each teiTn is 
formed by midtiplging the preceding term by 2, 

Usually a few terms only are given, these being sufficient 
to indicate the law which will produce the given terms. 

The first series ia called an arithmetical progreselont the con- 
stant quantity which is added to each term to produce the 
next is called the comnton difference. The letters a.p. are 
usually us4d to designate such a series. 

The second series is called a geometrical pn^jeailoii, the con> 
slant quotient obtained by dividing any terra by the preceding 
term is c^ed the common ratio or ccmtant factor of the seri»4. 
The letters o.p. aw used to denote a geometrical progression. 

Arithmetical ProgreeaioiL.— A series is said to Im an arith- 
metical pr o gi e eal en when any term Is ftomed Xry adding the same 
ipianttty (which may he poiltiTe or negatlTeX to the preceding 
tmsL 

Thus, the series 1, 2, 3, 4 ... is an arithmetical series, the 
constant difference, obtained by subtracting from any term the 
preceding term, is unity. 

In a series 21, 18, 15, ... the constant difference is -3. 

Again in a, a'fcf, a-fScf, ... and a, a-tf, a-2(f, ... the first 
increases and the second diminishes by a common difference d 

In writing such a series, it will be obvious that if a is the 
firrt torm, the second, the third, etc., any term 
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such as the seventh is the first term a together with the addi> 
tion of d repeated (7 -I) times, or is a+6rf. 

If I denote the last term, and n the number of terms, then 

/=«+(»- l)rf (i) 

Let S denote the sum of n terms, then 

/S— “ 2<f)4*(f 

Writing the series in the reverse order we obtain 
5= I + (/ — d) (f — 2d) 4* • . • (o 4* 2d) 4" (n 4* d) + o. 

Adding we obtain 

2iSs=(a4'f)4-(a+f)+ ■ ^ terms 

«»fl(a4-?) ; 

*5=|(a+0 (ii) 

From this equation, when a and I are known, the sum of 
n terms can be obtained. 

Again, substituting in (ii) the value of / from Eq. (i), we 
obtain 

S="j2a+(n-l)rf) * (iii) 

Giving the sum of n terms when the first term and the 
common dififerences are known. 

Arithmetical Uean.— If a, d, and b form three quantities 
in arithmetical progression, then 

A -a^b-’A ; 

. j 

.. g , 

or, the arithmetical mean of two ^rtantitici ii one-half their sum. 

Ex. 1. The first term of an arithmetical progres8i<ai is 3^ the 
third term is 9. What is the sum of 20 terms.* 

F«>in (i) above, 95=3+2d? 

d«a. 

S=V-(8+(S0-l)3J 

.:.630. 
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Sx, 2. Th« sam of three numbers in axithinetioftl progreaiicNi 
is 21, tuad their product is 315. Fiird the three numbers. 

Let a-><^ a, and o+d denote the three numbers. 

(o-d> + a + (a + d)=2l ; 

3o=21, 

a=7. 

The product of the Utree terras is 

a(a»-d>)=315; 

7(7*-'d*) = 315, 
or 49-cP=45; 

d-±2. 

Hence, the numbers sre 5, 7, 9. 

Ex. 3. The fifth term of an arithmetical progression is 81, and 
the second terra is 24. Find the series. 

o + 4d=81 
o+ d-24 

Subtracting, 3d = 57 ; 

d=19 and a=5. 

Hence, the series is 5, 24, 43, .... 

Ex. 4. Show that if unity be added to the sum of any number 
of terms of the lihries 8, 16, 24, etc., the result is the square of 
an odd nufiiber. 

=^*+4n. 

• .'.^s+l=4n* + 4n + I=(2a + l)* 

and (2a-f'iy' Is the square of an odd number. 

Ex. 5. Find the sum of the first n natural numbers. 

Here o=l, d=l : 

Sun of stjiMIOP. —The sum of the squares of the first n 
natond niadhcfn is often required ; if tLie sum is denoted by 
2a* then = l*+2*+ 3* + . .. a*. 

fVom the remit already obtained (£i. 5) for the eram of 
tlie fint n natural numbers we may infer that the result will 
eontun a*. In fact^ we find 
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Ab this is true for all ralues of 1 % we niay^ write n - 1 for 
and we obtain 1 

(n-l)»-(n-2)3=3(n~l)»-3(n-l) + L 
In a similar manner) again writing n^l for n, 
(n-2)3-(n-3)3=3(w~2)*-3(»-2)+l, 


/. 3*-23=3x3*-3x3 + 1, 
2’-l*=3x2«-3x2+l, 
l3-03«3xi2~3xl+l. 

By addition we obtain 

»5-3(l»+2»+3*4-...n*)-3(U2+3 + ...n)+;^ (i) 

but 

or 32»*= n* + ^ ; 

. n{n + l)(2n + l) 

■ ~ 6 ; 

EXERCISES. XXIX. 

Find the sum of the foltowing teriee; 

1. 4, 3}p 2\, ... to 20 terma 

3. n|+ 10j- + 0$+ ... to 21 terms. 

3. 142, 12-3, 10-4, eta, to 15 terms. 

4. l|, 2, 2^, to 8 terms. 

5. tlie third term of an A.P. is 7 and the seventh is 3. What 
ia the series? 

6. liie sum of three numbers in a. r. is 24, and their product 
is 460. Find the numbers. 

1. The sum of n terms of an a.p., whose first two terms are 43, 45, 
ia eqo^ to the sum of 2ii terms of another progression whose first 
two terms are 45, 43. Find the Wtiue of a. 

3. The sum of n terms of the eeries 3, 6, 9 is 975 ; find n. 
9. The mim of 20 terms of an A.P., the first term bemg 4, is 
Find the common diffiarenoe. 
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10, An A.P, consists of 21 termst the sum of the three last is 
117) and of the Uiree middle is ^ Find the first term and 
common difference. 

11, Find the sum of 14 terms of an arithmetical progression 
whose first term is 11, and common difference 9. 

15. If the common difference is >(i, and the sum of n terms 

find*. 

13. The first term of an a.p, is 5 and the seventh is 23 ; find the 
twentieth term. 

11 The sum of the first seven terms of an a.?, is 49, the sum 
of the next eight U 176. Find the series. 

11 Find the sum of n terms of the prc^ression 
(p + l) + (j) + 3) + (^ + 5)+ .... 

If three successive positive terms be taken of any arithmetical pro- 
gression, ^ow that the ratio of the first to the second is less 
than the ratio of the second to the third. 

16. The first term is 2, the fifth is 18. How many terms must 
be taken to make the sum 8007 

17. The snm of 29 terms is 146, and common difference j. 
Find the middle term. 

18. Find the fiAt term and common difference of an arithmetical 
progression^ in which the fifth term from the beginning is 2 and 
the third from the end -2, the number of terms being 9. 

19. If the term of an arithmetical series be a given number 
(A), show that the sum of 2n-l terms will be the same, what- 
ever be the first term. Find the sum of 7 terms when the 4*** term 
is 11, and verify Ihe preceding statement by writing down and 
then adding up the seven terms when the first is -4. 

Qoometricil progmsion.— A ttrles of terms are said to be 
in goometrtctl progre asl on when the quotient obtained by dividing 
any tenn by the pxeedlng term ia always the same. 

The constant quotient is called the common ratio of the series. 

Let r denote the common ratio and a the first term. 

The series of terms a, af, oH, etc., form a geometrical 
progression, and any term, such as the third, is equal to n 
multiplied by r raised to the power (3-1) or or*. 

Thus, if I denote the last term and n the number of term-H, 
then 
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Let S denote the sura of n terras, then 

+ (ii) 

Multiplying every terra by r, 

Nr=ar+ar®+ar^+... ar^'i+ar". (iii) 

Subtract (ii) from (iii). 

/. rN-5=^ar"-*a, 

or N(r-l)=xa(r*-l); 

• S = (iv) 

r-1 ' ' 


Hx. 1. The hrst term of a geometrical progre^ion is 3, and 
the third terra 12. Find the sum of 8 terms. 

From (i), 12^3r*; /. r=i2. 

From (iv), 

Or, UBiDg the minus value for r, 



Ex. Z Find the sum of 20 terms of the series ‘ 
3-*4 + -3 

Here r=-^, a=3, and n=20; 



The value of (y)'^ is readily obtained by using logarithms. 


Sum of an mfinite number of terms.— By changing signs 
in both numerator and denominator, Eq. (iv) above l)ecomes 




•vv) 


When r is a proper fraction it is evident that r" decreases 
as n increases. Thus, when r is etc. ; 

when n is indefinitely great, r" is zero, and (v) becomes 




a 

r=r' 


,(vi) 


Hence Eq. (vi) may be used to find the sum of an infinite 
number of terms ; or, as it is called, the sum of a aeries of 
terms to infinity. 
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Ex. 3. Find the sum of the series j+'s + f + ••• to infinity. 
Here a— i** r=§; * 

* 

Ex, A Find the sum of the series 0’9+0'81 + ... to infinity. 
Hero a=0’9, r=0 9; 


Value of a recurring decimal. — The arithmetical rules for 
finding the value of a recurring decimal depend on the formula 
for the sum of an infinite series in o.P. 


Ex. 5. Find the value of SA 
3e:=3*' 

r=0*l and a=0' 






0-6 6 2 
l-Ol 9^3* 


3 fi = 3| 


Qeomefteical mean.— The pfwitive value of the square root 
of the product of any two quantities is eaid to be a g«>nutric 
mean ^tween the other two. The two initial letters o.a. 
may be used to (^note the geometric mean. Thus, if x and 

y denote two numbers, the a,u. is the a.n. is s/jy. 

In the progroffiion % 4, 8 ... the middle term 4 is the o.v. 
of 2 and S. In like manner in a, or, or*,... ar is the o.M. of 
a and or*. 

to iastft (no|> CMflMtritt means tMtwssa two given qtuuitltiee. 

From 

we obtain 

a 

ud fran tbii eqna^n when I and a are given r can be 
tdjCained. 
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Sx, 6 Iniert four geometric means between 2 and 6i. 
Including the two given t^rms tlie number of terms will be 6^ 
the first term will be 2, and the last 64. 

'■ ^ T f 
r®=S2, or 

Hence the means are 4, 8^ 16, 82. 

Ex. 7. The arithmetical mean of two numbers is 10, and the 


geometrical mean is 8. Find the numbers. 

Let z aud y denote the two numbers. 

Then ^-10; a;+y=20; (i) 

= 8 ; a:y - 64 (ii) 

Multiply (ii) by 4 and subtract from (i) squared. 

/, x:*-2ay + y’*=144; 

x-y~±\2 (iti) 

Thus, from (iii) and (i), 


‘4iK=32or8; a:=fi6or4; 

2y =8 or 32 ; y =^4 or 16. 

Hence the numbers are 16 and 4. 

MISCELLANEOUS EXERCISES. *XXX.^ 

Sum the following series: 

1. 34-4J + 6i + ... to 10 terms. 

R 12+4 + 1J + ... to 10 terms. 

8. l’48-2*22+3'38- ... to 10 terms. 

4. l*3-3i -7'5 - to 10 terms. 

3. 14+64-i> 114+ ■■■ to 20 terms. 

6. 14+42+126... to 8 terma. 

7. 2 + 3i + 4) + ... to 10 terms. 

8. 12 + 3+j + ... to 10 terms. 

0. 0'74~ Ml + 1-665-... 

10. l‘2-2-I+5*4-... 

U. Find the o.P, whose fifth and ninth terms are 1458 and 
118098. 

18< F^nd five numbers in q.p. such that th^r sum is 124 ai^ 
the quotient of the sum of the fint and last by the middle term 
shall be 

M.ML 
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13. The continued product of three numbers in.o.p. is 64, and 
the sum ol the products of them in pairs is 84. Find the 
numbers. 

14. Sum the series 2 n/2'-2n/ 3 + 3V2- ... to 10 terms. 

16. Show that 6, f}... to infinity is equal to 3| to 

infinity. 

Sum where possible the following series to infinity : 

16. 1, -f, 17. l-f + y-.... 

18. 0’9+0-81+0m... 19. 56+14+3^+.... 

80 . i + J + | + ^V+ • 

81. The fifth term is 81, and the second term 24. Find the 
series. 

88. Find the sum of n terms of the geometrical series 

1-f + ... . 

What is the condition that the sum may be negative? 

83. The first four terms of a g.p. are together equal to 46, 
and the first six to 189. Find the common ratio and the first 
term. 

84. If the (p+y)** term of a o.p. be m and the {p-qY^ term 
be », show that the term Is Jmn. 

86. Show, that the arithmetic mean between two positive quan- 
tities is greater than the geometric mean. There is an exceptional 
case; state it. 


Hanaonical progression. — A series of terms are said to be 
in Harmonical Pr^ression when the reciprocals of the terms 
are in Arithmetical Progression. 

Thus, since 1, 2, 3, etc., -J, etc., are in A.P., their 
reciprocals, 1, etc., and 4, -4, etc., are in h.p. 

The preceding rule may be expressed in a more general 
manner as follows : 

Let the three quantities a, 6 , o be in h.p., then i are 
in JLF. 


As 


1 

b a 0 V 


.(i) 


tfe obtain the rdaiion aic—a-bib-Ct or tluree qnantlttM are 
In EP. vlwn the ratio of tlie first to tbs third Is equal to the 
ratio of tiio first mliiiis the second, to the second sdnut the third. 
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Again from (i) the barmonical mean between two quantities 

, . . 2ac 

a ana c is 6= . 

a+c 


Ex. 1, Find a barmonical mean between 42 and 7. 


We may use the formula h.m,= 


and I are in A.r., 
7 


2ac 2x42x7 
a+c~ 42+7 


= 12, or as 


42^7 


2 

42 


Hence, the required mean is 12, and 42, 12 and 7 are three terms 
in H,p. 


Ex. 2. Insert two barmonical means between 3 and 12. 
Inverting the given terms we find that ^ and are the first 
and last terms of an a.p. of four terms; therefore from 
^ = a + (w“ l)tf 

we have = + 

3t/ = y , or d = — 

Hence the common difference is ~ ; therefore the terms are 

3“T^-ai » 

or the arithmetical means are ^ and 
Hence the harmonic means are 4 and 6. 

Let A, 0, and ff denote the arithmetical, geometrical, and har- 
monical means respectively between two quantities a afid c. 

Then A =5^, //=^. 

2 a + c 


EXERCISES. XXXI. 

1. Define harmonic progression; insert 4 harmonic means be* 
tween 2 and 12. 

2. Find the arithmetic, geometric, and harmonic means between 
2 and 8, 

3. Find a third term to 42 and 12 in h.p. 
i Find a first term to 8 and 20 in h.p. 

3. The sum of three terms in H.P. is 1 -^ ; if the first term is |> 
what is the series? 




276 A MANUAL OF PRACTICAL MATHEMATICS. 


6L The arithmetical mean between two nombers exceeds the 
^metric by 2, and the geometrical exceeds the harmonica! by 
1*6. Find the numbers. * 

7. A H.p. consists of six terms ; the last three terms are 2, 3 
and 6 ; find the first three. 

8. Find in H.P. the fourth term to 6^ 8 and 12. 

9. Imert three harmonic means between 2 and 3. 

10. Find the arithmetic, geometric, and harmonic means between 
2 and f, and write down three terms of each series. 

11. If a;, y, z be the and terms of a h.p., show that 

(r-q)yt + [p-r)xt + (q-p)xy=0. 


UiBcellaneoiis Series. — The preceding methods may some- 
times be adopted to obtain the summation of given series 
neither in a.p, nor in g.p. The processes employed may be 
seen from the following examples : 

£!x. 1. (a) Find the sum of the series 

a + (a + &)ar + (a + 26)x*+... + ^o + (n- 1)6^3;"" ^ 

(6) Show that the sum of the first n even numbers is equal to 

numbers. 

(a) Let 5=o+(o-f*6)a: + (a+2Aix*+ ...{«+ (n- 
Multiplying all through by x, 

Sz=ax-{-{a + b)3^'f- ... {a + (n-2)6}a:""* + {a + (n- 1)6 }af- 
By subtraction, 

«S(1 -x)=o+6(as+a:3 + ...a!*'*)-{a+(n - l)6}x" 

-a + — — ■ -{a + (n-l)6}x*«, 

- a{l-x-) 6x(l-x-*) (n-l)6x" 

or O ^ ^ ~ J m 1 * 

l-X [l-xr 1-5C 

(b) The sum of the first n even numbers is an a.p. Common 
difii»wiee and first term 2. 

5=2+4+6... +2» 

=?(2 + 2»)=n(n + l) (i) 

Similarly, for the sum of the first n odd numbers, 
S'»l+8+6...+(2»-l) 

=*g(2n-l + l)^n* (ii) 
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Hetic«, compariog (i) and (ii), 

ram of first w evea nttmbeM=:^l+i^ tiroes the ram of ttie 
first n odd numbers. 

MISCELLANEOUS EXERCISEa XXXIL 

Soia to infinity the following series in o.p. : 

I. 9-6, 7*2, 5*4, etc. 2. 14-8, 10*8, 8*1, etc. 

8. ^ + 5 + etc. 4. 4 - 3 + ^, etc. 

6. 84 + 14+2|, etc. 8. 56 + 14 + 3^ etc. 

7. 0*8 -0*64 + etc. i + etc. 

8. 2+J + etc. 

10. What is meant by the sum of a geometrical series to infinity? 
Given that r is positive and that 

(l+r + r^+... to infimty){l+j)+p*+-.. to infinity) 

= l+f7>+rV+*.t 

show that p must be negative and r less than 

II. The first and second terms of a progress^ m are 5^ and 2^'’ 

Find the 4th term on the supposition that the progression is 
{fO A.P., (6) G.P., (c) H.P. * 

12, Find the a.p. in which the tenth term is -100 and forty- 
eighth term is 1^. 

IS. Fmd the sum of 8 terms of the series if, 2, 2f, ..., and 
the ram of 17 terms of -if, -1, -f, .... • 

14. Insert 8 arithmetical means between -250 and 1370. If 
one arithmetical mean, d, and two geometrical means, p and g, 
be inserted between two given quantities, show that p*+^^2Apq, 

15, Insert 8 geometrical means between 512 and 19683. If one 
geometrical mean, G, and two arithmetical means, p and be in- 
serted lietween two given quantities, show that (^==^[2p-q)&q-p). 

18. Find the sum of n terms of the series 8, 16, 24, .. arid show 
that if unity be added to the sum the result is the square of an 
bdd number. 

IT. Find the ram of the series 

fa) l + x+x“-l-x*+... +X*'"*, 

(5) l + 2x+4a?+8a:*+... + 2" +2-x*, 

(e) l+2x + 3x*+4x*+... +nx"~*. 
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18. If a and 6 are any two numbers, and A, ^ three other 

numbers, such that a, 6, A are in arithmetical progression, a, 6, 0 
in ffemnetrical progression, and <z, 6, H in hannonical progression, 
show that — 

19, Find the sum of y*+26, y*+4h, /+66, etc., to n terms. 


l^noTnial Theorem. — By the binomial theorem — one of the 
most useful theorems in mathematics — any binomial expression, 
iA* an expression consisting of two terms, can be raised to 
any required power. The theorem may be stated as follows : 


(.+.)-=.-+na-.+'^)a-V+5^5:^V 


The terms on the right-hand side of the equation form what 
is called the expansion of (a + 6)". 

The series on the right terminates only when n is a positive 
whole number. Thus, when w is 2, 


(a + 6)* = + 2ai + 6® 


=a*-!-2a6-l-h*. 

When » is 3, 

(a+i)?=o’+3a*6+^a6>+^|^6S 
, =o^+3a*6+3ah®-|-i^. 

The expansions of (a+fc)^ (a +6)*, etc., can be obtained in 
like manner. In each of the prewding results, where n is a 
positive integer, the following rules hold : 

(1) The index of the highest power is n and its coefficient 
is 1. 

(2) Indices of a decreaxe by 1 in each succeeding term, 
whilst those of 6 increase by one in each term. 

(3) Number of terms is equal to index +1. 

(4) 'The coefficients of the terms equally distant from the 
begmning and the end of the series are the same. 

When the preceding rules have been carefully studied it 
will be possible for the student to write down the second, 
third, or any other term, such as the rth or r+Uh term, of 
an expansion. The general or (r+l)th term is 




BINOMIAL THEOREM. 


279 


where [r, which is also written rl, signifies 
Ix6x3x... xr. 

Note that when r=0 the value of is called =1, 

When a is negative, the series indicated by (I) becomes 

etc,, 

and the general, or (r+l)***, term will be 

[r 

^x. 1. Find the 9th term of 
Here r+l=9; ^=8; 

... required term J J 

Li 

=:rl65a3H 

The theorem may be applied to expand an expression of 
more than two terms, thus : 

(a + 6 + c)* = (a + fj)* + 4 (a + 6)3(; + 6(a + 6) V + 4(a + + c*, 

and each binomial may be expanded in the ’usual manner. 

As n may be an integer, positive or negative, or k fractional 
number, it follows that a binomhil expression may be raised to 
a given power, or the root of a given number may be obtained 
from the expansion. ^ 

It can be proved that no limit need ordinarily be placed 
on the value of n. Care should be taken to ensure that an 
expression which is to be raised to a given power has its 
greatest term in the first place, especially when n is not a 
positive integer. When this is done any numerical result can 
be obtained to any desired degree of accuracy by increasing 
the number of terras. 

^*.2. (17)^=(4»+1)^=(43)*(i+t^)^ 

='‘{l+Ati^(lV)“+.etc.} 

=4(l+|^-YA7+ete-)==4123l approx. 
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Ex. 3. Find the value of 0-0^ by the binomial theorem. Com- 
pare the reaalt with that obtained l^y uaing logarithms. 

Expanding by the binomial theorem, this becomes 

, a.aq^4{-1)2* 4(-.})(-6)2».4(-1)(>-6)(-I1)2* 


= 1 - 0 08 * 0-0008 - 0-000032 - . 

= I - 0-08083376=0'91916624. 

Using fourfigure logarithms we have 

log (0 -O)* = J log 0 -9 = j X 1 -9042 = 1-9633 
= 0-9189. 

ApproiimatioiiS. — The biaomial theorem gives the expan- 
sion of (1 + a)" thus : 


When a is small compared with 1, then will be very 
small, and the first two terms of the expansion are sufficiently 
accurate for many practical purpcees. Thus 
(l-l-a)"=l-|-na, 

when a U small <x>mpared with 1. 

Ex. 4. Find the value of 1-05®. 

•l-05®=(l + 0-05)® = l + 3x0-05-t.3(0-05)* + {005)® 

= 1+0*15 + 00075 approx. 

Using only the first two terms, 

1 05’ = M5. 

It will be noticed that the error introduced only affects the 
third decimal place, and the numerical magnitude of the error 
decreases as the term a diminishes. 

Agai% if a= 0*005, then 

l*005»={l+0-005y»=l+3x0-006+^(0*005)*+(0-006)» 


= 1 + 0*016+0*000075 = 1 *016076 approx. 

The first two terms give (l*006)*=l+0*OGl6x3=l-016, which is 
,]nite accurate enough for most practical purposes. 

We may, coarse, nse the same rule when n is fractional 




APPROXIMATIONS. 


Ex, 5. -^t^=(l+0'05)* 

= l + ix0'<«^10167. 

^*, 6 . ^=(1 + 0 - 05 ,-* 

= 1 - J X 005 = 1 - 00167 = O-OSOS. 

7. Find the superficial and cubical expaoston of iron, taking 
a, the coefficient of linear expansion, as 0<X)0012 or l’2x 10”®. 

If the side of a square be of unit length, then when the tem- 
perature is increased by 1" C., the length of each side becomes 
I-f-a, and the area of the square is (l-f-aj^^l+Sa+a®; 

(l4-a)“*=l-h2 x 0 000012+(0-000012}*. 

Subtracting the value of the original area from this, ve find the 
coefficient of superficial expansion to be 2 x 0*000012-1' (0-000012)“. 

As a is a small quantity its square will be very small, even 
if an exact determination of it were made it would have uo 
appreciable effect on the larger quantity ; 

coefficient of superficial expansion is 2a =0*000024 or 2*4 x 10‘®. 

In a similar manner {1 +a}“ (when a is a small quantity compared 
with nnity) may be written as 1 -I- 3a ; 

* 

.*. coefficient of cubical expansion for the same material 
=3o=0*000036 = 3 6xl0-“. 

Again, by multiplication, 

(1 -|-ct)(l +-i>) = l+ct+&-l-aiJ 

when a and b are both small compared with unity, we may 

(l+a)(l-l-l))=i-f-a+b. 

Ex. 8. Find the approximate value of 1 *05 x 1 *07. 

Here we have 

(1+0‘06)(1-kO-07)=1+0*05+007 = M2. 

More accurately (l*06)(l*07) = l + 0*05+0-07-}-0*0035 = M235. 
Hence, the result obtained by the approximate method is true 
to the third significant figure. 

Similarly, when a and b are small compared with 1, 

(1 + a)*(l +b)*=«l +iia +mb. 
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We collect the preceding approximation formulae for refer- 
ence and add others which may Improved in a similar manner. 

(l±a)*=l±xia 
(l±a)(l±b)=l±a±b 
(l±a)(l±b)(l±c)... =l±a±b±c.... 

On degree of accuracy. —In the various arithmetical pro> 
ceases of multiplication, division, involution, and evolution, 
the numbers which are dealt with are usually known to be 
“correct” to a certain number of significant figures, and it 
is frequently necessary to ascertain to what number of 
significant figures a result such as a product or quotient is 
accurate. 

Thus, for example, to find the product of 3 54 and 2 '36, it 
being given that the decimals are correct to the second place. 
It follows that ^he four decimal places which are obtained in 
the product are not necessarily correct. Thus, 3 54 means that 
the number lies between 3 535 and 3 545 ; and 2*36 lies be- 
tween 2'355 and 2‘365, Hence, the product will lie between 
3-535 X 2-355 and 3545 x 2365, Le, between 8324925 and 8-383925. 
The product of tAie given numbers u 3*54 x 2 36 ”8’3544, but 
in the two extreme cases the r^ult may be expressed as 8 32 
or 8-38. Hence the four decimal figures cannot be retained. 
The result is correct only so far as the whole number is 
concerned, and at the most we can only retain one decimal 
place in the result. 

Hence, in calculating the area of a given figure from two 
measured lengths, say in inches, it follows that if the measure- 
ment be such that an error of 0*01 of an inch is pfVssible, 
then care is necessary to avoid giving a result which is 
apparently far more accurate than the given data will supply. 

So, too, in dealing with the square, cube, or higher power, 
j^i a number, the result must not indicate greater accuracy 




ON DEGREE OF ACCURACY. 


than is obtainable from the given data. As an example, the 
area of a circle is given where d is the diameter. If 

the diameter is 0‘08, the area, true to five significant 
figures, is 0’005026'.. ; but, if is slightly greater or less 
than the given amount, the corresponding area is greater or 
less. Thus, if (i is 0*079, the area is 0’0049018 ; and, if 0 081 
is OOOSISS, and hence, if there is any uncertainty in the 
second significant figure, not more than one significant figure 
can be retained in the answer. 

Assuming d to denote a measured length, and therefore 
probably slightly in error, it will be absurd to use an accurate 
value of TT, This constant has been calculated to over seven 
hundred significant figures ; its value is 3*1416 to five signifi- 
cant figures, and this number is usually sufficiently exact for ail 
practical purposes. A good value to use for nearly all practical 
22 

calculations, indeed, is the number The number 

3142 is usually used with four-figure logarithms, and it 
should be noticed that there are comparatively few calculations 
outside the range of four-figure logarithms. 

Ex. 9. Let X denote the diameter of a circle. A small error 
in the measured value of z may be denoted by dz. Calculate 
tlie proportional error in the area. 

For an alteration in the diameter denoted by 6x the correspond- 
ing change in the area may he denoted by SA, 

to 

Also A+U (a:-h3ae)’»=^{a;= + 2a:3x-}-{5a:}!'} {ii) 

As is a small quantity, its square will be too small to affect 
tiie result. 

Subtracting (i) from (ii) we obtain 

(ui) 

Dividing (iii) by (i) and omitting the last term as being too 
srnal) to affect the result. 

'* the proportional error in the calculated result is twice that 
inade in the measurement of x. 
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Ex, 10. Let X denote the radius of a circle ; 

the area y=yini^, (i) 

Let the radios increase by an amount Sx, then the increase 
in the area is given by 

y+Jy=:T{x+8!c)*=T{x*+2a;5*+(ia;)*}, (ii) 

or y + iy=T**+^2xte+(ix)*^x. 

Subtract (i) from (ii), 

^=x{2x5x + (5x)*[; 

A 5y=2rx3x + »{5*)*- 

Novr if ix is exceedingly mnall, the increase in the area is 
8im{ily the circumference of a circle of radius x multiplied by 
the change of radiua 

Ex, 11. Let V denote the volnme of a sphere of diameter x. 

Then W 

also F+ 5 r =^(x + «x)»= ^{x» + .VJx + 3x(«x)« + (Jx)*}, 

As 3ix is small, we need only retain the first two terma 

Subtracting (i)*!rom (ii), 

jr=|(3ar'ir) tiii) 

Dividing (iii) by (i), 

^ V~ x’ 

Hence, the proportional error in the calculated volume is 
three times that made in the measurenmnt of the diameter. 
In each of the preceding cases, certain terms have been rejected 
when such terms were small in comparison with a larger one. 
It will be found that, if an exact determination of the 
numerical value of such terms is made, no appreciable effect 
is produced in the result. It is important that this should 
be verified by the student. It clearly applies in the preceding 
osei^ and it may be shown to apply always when, as in raising 
a number to a given power or extracting a root, one or two 
tms a series are sufficient 




ZERO AND INEINITY. 


Bx, J2. Find the first fiire teraie of the equare root of 1+a?, 
and use the result to obtain ithe square root of 101. 

<v^r+^=(i+z)i 

Therefore, by using the bm<miial theorem, we obtain 
(l+a;)^=l+7aj--|a;2+-^£-j4^+,.. • 

^/iOI = >/(l66 -r 1) ~ 10>/(l + XCU") 

=10(1+ - mT<f + TwVimj’ ^ 

= 10( 1 + 0-005 - 0 “OOGOiafi + 0 0000000026) 

= 10 - 049875 . 

By the approximate rule (l+a;)*=l+?ia;, 
we obtain 10(l+0-0Q5)=10-O5. 

Zero and infinity*— Probably one of the greatest difficulties 
met with by a beginner is the meaning to be attached to the 
words zero and infinity. He is probably familiar with two 
meanings which may be attached to the former. Thus, in 
reference to numbers we might say 4-4 is zero, meaning 
that by the subtraction of four from four we obtain a result 
which has no magnitude. Another form may be roughly 
shown by considering 4-3*999..., in which the difference 
between the two magnitudes may be made e^^ceedingly small ,* 
or, as it is often expressed, when the magniti^e of the 
number representing the difference is made indefinitely small 
such a quantity may be called zero. In a similar manner, if 
X and are two points on a curve and close together, the 
distance apart may be indicated either by t»r by &r, 
where dr denotes a small increment of .r, which may be either 
positive or negative. Again, if one number be multiplied by 
another, the product becomes less and less as one of the 
numbers diminishes; hence, 6x0=0, or 0 is the limit of hx 
when .r becomes 0. 

It is important, also, to understand dearly what is meant 
ty “infinity.” Thus, 1 divided by is 100. Similarly, 1 
di voided by million. By diminishing the de- 

nominator, the result may be made of any magnitude. Hence, 
as the divisor approaches 0, the quotient becomes an exceed- 
great numW, and when the denominator is actually 0, 
the quotient is said to have an infinitely large value, or to be 
infinite (written as ®)l 
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The tangent of an angle is the ratio of the sine to the cosine 
BC f 

of the angle, or tan 5 = 2 ^ (p, 16) ; when the angle approaches 

90*, the base AB (Fig. 106) becomes exceedingly small j the 
height becomes equal to the radius of the circle when the 
angle is 90* and the base is 0 ; tan 90* = 00. Similarly, 
AC 

coeec0=^; as the angle $ approaches 0*, the side BC be- 
comes indefinitely small, and in the limit, 
when the angle becomes 0*, the side BC 
is zero, and cosec 0° = ao . Conversely, 
as the value of a fraction diminishes by 
increasing the denominator, it follows that 
when the denominator becomes indefinitely 
great, the value of the fraction or its limit 

is 0. Thus, the value of the fraction’ 
when X becomes indefinitely great, is zero. ^ 
TTnddtdrnuJied fonns. — When given values are substituted 
for X in a fraction, the expression sometimes assumes the 

form known as an undetermined fenn. There are various 
methods ^hich may be used to ascertain the value of such 
an expression. One consists in writing the given expression 
in factors, removing factors common to both numerator and 
denominator, and in this manner the factor which reduces the 
numerate r and denominator to the undetermined form may 
be eliminated. * 

Bz. 13. Find the value when x=2 of the fraction 
2x*-7ar*+12 
r'-7x + 6 ’ 

Subetituting the value x=2, the given fraction assumes the form 
Writing the given expression in the form of factoni, we have 

2x» - 7x*+ I2^{x - 2){2a:* - 3a: - 8) 

^-7x-^ (x-2)(a:»+2x-3)‘ 

3a;- fl 

Oancel the common factor x ->2, then ^ and this, wheu 
x«+2*-3 

heooines ~ ~ I* 
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Limits. —The undetermined form ^ ma^ be used to illustrate 
the meaning of a limit, ^us, to find the limit of ~ — 

when b approaches to the value of a and ultimately becomes 
equal to it. 

So long as b differs from a, the given expression has a 
definite value. When 6 becomes equal to a, the expression 

assumes the form ?. But as a^'-b^-(a-hb)(a-b), we obtain 

a^~b^ , , .... 

> j-=a+o by division. 

a-b 

When 6= a, this becomes 2a. 

It is important to bear in mind that 5 may have any value 
whatever. 


Sx. 14. Let (i) 

anklet x receive a alight increment denoted by 8x^ then y becomes 

y + 5y ; y + + 2a:5ar +(52;)® (ii) 

Subtract (i) from (ii) and divide by 5a ; ; 

^-2a; + 5a; (iii) 


When the numerical values of z and 5z are known, value of 

can at once be obtained from (iii). As 5a; is made smaller and 
5a: 

smaller, the value approaches 2a: in the limit. When 5a; is zero, we 

obtain 2a;, from which when x is known the nnmerfcal value 
5a; ' * 

can be found ; also when 5a; is zero, the preceding is written in the 

fonn^=2a:. 

dx 


EXERCISES, XXXm 


Find the value of 

it* - 25 c> - a;* + 4* - 2 


when a;=l. 


8 . 

3 . 


(a^-g^l^ + x-g 
(l+x-a)^-l 


when x=flr^ 
when x=£3. 
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1 Show that the limit of when hsa ii 3a^ 

0-6 

6. Write down and eimplify the middle term of the expansion 
/ o«\s 

of (l + i^). 

0. Find the third term, also the two middle terms, of (o + 6)'h 

7. Expand (x ± a)*. 8. (5-4x)\ 

8. What is the fifth term of (x+o)^* ? 

10. Find by means of a series ai\ approximate value of 4/?. 

11, Expand (v’o±n/x)*. 

Kumerics^ value of e. — The value of ^1+^^ when n in- 
creases without limit is denoted by the letter e, where e is 
ftie base of the Naperian logarithms. On p. 289 we have 
found that when n is a large number, or in other wiords when 
- is a small number and a is not large compared wit||^ 

then (1 + i) =1+- approximately. 

\ «/ n 

Ax. 1. If nslOOO and n-o, 


*with an error of 1 in 100,000, 

/ 1 \]000 

The value of 11'^ ^ obtained by the Binonual 

Tneorem; p. 278, as follows : 

* V”* i .innn ^ ^ V 

\ ■^mooy 2 \\m) 

. 1000(1000- 1X1000 - 2)/' 1 V 

2.3 uoooj 


1000(1000- lH1000-2)(1000-3)/ I V 
^ 2.3.4 VUKX)/ 


-1 +1 + 2(1 - lOQo) + bI ‘ " looo) ■^24(^ “i 

+ etc., 

2/ 1 11/ 1 \* 

24(1005) ’“*• 




NDMEKIOAL VALUE OF e. 


Hence, 
neglecting terms 


1 \w 


'^^^ 2 ^ 6 ^ 24 ^ 120 ^ 720 ’ 


1 


3 


2000' 6000’ 24000’ 


etc.; 


/ 1 \i®“ 


718 


with an error of about 1 in 2000. 


From the preceding it will be seen that, if a approaches 

equality with «, the equation { ] =1 + ? is very far from 

\ ‘fi/ n 

being true. 

If the value of « be assumed to be 10000 instead of 1000, 
then the error in the above eipansioi] of + is found 

to be less than and when n is 100000 an error of 1 in 

200100, in fact the greater n is made the nearer does 

^1+^^ approach the value, 


1 + 1+r 




~+etc* 


' 1.2' 1.2.3’ 1.2, 3. 4^ *'-1.2.3.4...(r-l)r" 

% 

There is equality when n is made indefinitely greats 
is then represented by e, A more formal proof than the 


preceding may be obtained as follows 

, 1 

I 1 

1.2.3 

, n(n“-l)(»-2) ... (n-r+i) 1 
r273.4...(r-l) 


n/ n 1 . 2 




and when^ is indefinitely great this b^omee 

1 


’+'+r^+rlT3+ - 1.2.3. 


+ etc. ; 


this is denoted by «, where eK8*7iS282.... 

This series will give the numerical value of « to any degree 
of accuracy required. 
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£!x. 2. Calculate the numerical value of e to hve decimal 


places. ^ 

l + l + i=2'500000, 2^3=0166686, 2 - ^ - 4 =0041666, 


.=0'008333, o 0 4 -^=0<I01388, 

2 . 3. 4 . 5 2.3.4. 5.6 

1=0-000198, 1=0-000034, 1=0-000003, 

li II 12. 

by addition the numerical value of t is 2*718282. 

The symbol [7, which is read as factorial seven, is a convenient 
term to denote the product of 1 , 2 . 3. 4. 5 . 6. 7. Similarly 
denotes 1 . 2 . 3 . 4 . 5 . 6 . 7 . 8, etc., [^denotes 1 . 2 . 3 . 4 ... (r - l)r. 

Expansion of powers of e.~We may now proceed to obtain 
a series which will enable the values of any power of e such 
as e* to be obtained. 

Since 6=^1 + ^) when n h indefinitely great, e* ir the 
value of (l+^) ^ indefinitely great 

By the^ Binomial Theorem 




!+?«:-+ 


1 nrinx-l) 




. nx{nx-l){nx-2) 1 , 

+ Hi n^^"‘ 


\1 

.u:(ju: - 1 )(>uf - 2)(n* - 3) . . . (ni - r+ 1) 2 
Lr - 
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When n is increased indefinitely 


.AV 




there being an infinite number of terms, 
or «'=l+a:+^+^+.,. +^+.,.. 
Hence it follows at once that 

««=1 + op :+^+^+... + ^+ 


.(i) 


Ex. 3. Calculate to four decimal places the value of e* when 

Z=:1'2. 

From (i) we obtain, where a=I, 


l + x=2*20000, ^=0-72000, 

^=0 08640, ,^=0'ft2064, 

L5 

-=0-00071, ^=0'00011, 

LI 


1 ^= 0 - 28800 , 
-=0-00418, 
the sum is 3*32000. 


Other valnes of x, t.g. 0*4, 0*8, 1*6, 2-0, etc., may in like manner 
be assumed and the corresponding values of e* obtained. 


From the series for e* it will be obvious that when x 
is 0, e<>=l. 

When s is indefinitely great, or (as usually.expressecl) when 
X is infinite, e* is infinite ; 

e* = 00 . 

Aijso, vSince e"'— ^==0, when x is infinite, e* has a range 

of positive values from zero to ao, as a? changes from -co 
to + 00 . That its value cannot be negative if j? is real may 
he seen from the graph on p, 141. 

Ei pawftiA Ti a^. — The series for a* is readily deduced from 
that of tf*. 

Since e* can have any positive value from zero to infinity, 
it follows that if a is any real positive quantity whatever, 
can always find c, so'^liiat 
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Tlius if a^2, 0=0^693147 to 6 plaoee of decimalB, and 
In fact, we see from the definition of l<^nthmsi, 

p, 49, c=Iog.a, if «»=a. ' 

c^ar (rJT , , 

But a*=e“=l+cx+-j+'|y + „.+’|^+— ; 

. (rlosf.a)* . . (xlog^a)’’ , 

a*=l +J?log,aH ‘ + "|^ +•■• > 

^ , (6arloe,a)* , (fe^log,a)’' , 

and a**=l+?wlog,a+^ — — t — 

We collect here for reference the four expansiona already 
obtained. 

(o) ®=l+l+j| + |7+ • + * 

X* 

(6) •*=i+i+-+jy+-+iY+.-i 

a-x* , aV , , aY . 

(c) e =i+“+'j^+-[7 + -+-[r^ 

. (lalog,a)* , (lahv-a)* , 

(rf) a^=l+bxlog.a +' — ^ + — 

The last is the most general of the preceding aeries *, from 
this one the remaining series may be obtained by giving 
particular values to b and and substituting e for a. 
SxpaiiBion of loge(l+x).— Take the series 

- , 2 *flog,a)* z®(log^ay , 

a»=r^-2log,a-h ^ ^ || 

and let a^l+x: 

(l+x)*=l+2log,(l+jr)+g{log4(l+x)}*+..,. 

But, by the Binomial Theorem, p. 878, 

^ g(r— l)(g—2)(g— 3) ... (s~r+l) 





CALCULATION OF LOGARITHMS. 


This IB only true when x is lesa^than I, for the Binomial 
Theorem is only applicablt in such a case. Hence, if x 

= 1+ ^ log, ( 1 + J?) + g {log, ( 1 + ^r)}* + . . . 


for all values of Therefore, the ooefHcient of any power of 
z on one side of the identity is equal to that of the similar 
power on the other, provided :r is not > 1. 

Selecting the coefficients of the first power of ^ we obtain 
the series 


log,(l+x)*x- 


^ ^ X* 

2 '^ 3 ~ 4 ‘^ 5 * 


This holds when x is not greater than unity. But when 
1 ' is greater than unity it is obviously infinite in value for 
an infinite number of terms. But log,(l+a:) is finite, if ar is 
finite ; hence the above cannot be true if > 1. 

Calculation of logarithms. — From the preceding series it 
is possible to calculate a table of logarithms to the base e. 

4. In the preceding series (i) put and we obtain 

or log,3 - log, 2s: J J (^)®+ 5 - j ... 

=0-549305 -0T43840; 

.'. log, 3 ~log,2 =0-405465. 


In a similar manner, the series may be used to calculate 
the numerical values of log, 2, log,3, .... 

Thus, subetituting J in the series for log(l+iF), we obtain. 
log,4-log>3«0*287682, 
21og,2-log«3«0‘287683; 
also log,3-log,2=0-406465, 

by addition log,2^0-693U7, 
log,3»lf)086^|^lBO log,4«l*386m 
selected values ma^^lUculated in like manner. 
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The preceding method^ much too laborious for general 
use in calculations. More convrnient formulae may be ob- 
tained as follows ; 


Thus, 
■ ♦ 


4^ aiS 4^ 

log .( l +*)=*--2 + 3 -^+... ’ 

1 /I \ 


The latter is obtained from the former by writing -x for x. 
Subtracting, 

/. log.(l-Hj:)-log,(l-x)=2^x-|-^-l-^+...), 

•or log.l^= 2 (^+|+^^+,..] (ii) 


If j: is small it is only necessary to retain and calculate the 
values of two or three terras in the series (ii). 


Ex. 5. Given log«9— 2'197224, 6nd the value of log* 11. 


If x=^, log,Y^=log,ll-log,9 

A series in which it is necessary to retain only a few terms. 

It will be obvious that if a series for log, (w -Hi)- log, « 
can be obtained in which the successive terms in the series 
decrease veiy ^pidly, then it will be possible, when log,/; 
is known, to obtain log, (n -Hi), and therefore the logarithnw 
of all numbers tonsecutiyely. 

Now log,(w+])-log, »==log, — 


Let 


1-Hw _l-Hx 

n 




'2n-Hr 


Now substitute this value of x obtained in the series for 
1 1+^ 


g.?±l=2l_L 

*• » \2n + 




la»-Hr 3(2n#Jl)»^6(2n+l)»^ 

A aeries in which the successive terms decrease very rapidly- 
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Calculation of common logarithms.— To calculate common 
logarithms or logarithms to, base lU, we may, as indicated on 
p. 54, divide the logarithm of a number to base e by loga 10. 
Thus log,2s=0’69315 and log,10«2’30258 ; 


« 0-69316 
^^^*^“ 2-30258 


=0-301 03, 


Proofing in this manner it would be possible to change 
the logarithms of all numbers calculated to base e into 
common- logarithms. 

The number r'~ 7 ,= 0*4342945 is called the modulus of 
log, 10 

the common system of logarithms, and is often represented 
by the letter fi. 

Thus, the series for log,^“ and the value of ^ enables 
us to calculate common logarithms directly, for 




w-i-l 

n 


Hence, log„^=2f.{^j+gp^+...}. 
The work is further simplified by the fact That 

Thuf. logio 1 "Ohei =^logio 10661 - 4, 


since 


1-0561- 


10561 
10 < ' 


IHx, 6. Calculate logiQ 10-001 to 7 decimal places. 

log.,J0-001 =log 10,000+?i|^|^ 
=4 + 0-0000434; 


log 10-001 = 1*0000434, 
SimiUrly, log,, 10, 002=log 10.001 

=4-0000868; 


EXERCISES. XXXIV. 

I The values of log^2, log^3, are 0-60315, and 1-09661 respec* 
calculate and tabulate the lo^thms of 5, 6, 7, 8, 9, and 
10 to bass e in each case to 5 signmcaat figures. 
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S. Given 1<^30=3‘40UW» caloulate to 5 significant figures 
the nomerioal values of the logarithms of 31, 32, 33, 34, 35, 36, 
37, 38, 39, and 4a * 

3. Find series for the expressions 

«*+e-* «*-«-* 

2 * 2 ’ 2 ■ 

4 . Taking log, 1'!:=; 0*09531, test the identity 

to four decimal places. 

5. Given log|94*1110 = 0'6139475, calcnlate the logarithms ot 
jQumbers of 6 significant figures between 4'UIO and 4*1120. 

6. Take log ;4 3^0 from the tables at the end of the book and 
calculate logs of numbers between 3420 and 3430 to at least 4 
decimal pla^. Compare your emswers with the tables. 

Hint. Use n=3420, not 34,200 as before; 

logjo 3421 = log 3420 + 2(3^) + 1* 

Using the formulae (l±a)" = l±na etc., p. 282. Verify the 
following : 

7. If tljere is a possible error of 2 per cent, in the radius of a 
circle, the possible error in the calculated area will be 4 per cent. 

Given r=5*23 in., show that the possible error is 3*4 sq, in. 

3. The area o^ triangle is calculated by the formula Jicsin^L 
If an error of 3 fcr cent, excess is made in measuring the side 
and 2 peV cent, defect in measuring the side c, show that the cnh 
culatea ^^ue of the area will be 1 per cent, excess. 

Given 5 = 13*1 it. c-7’2 ft., A =40“, show that the error is 
0*31 sqmure feet. 

9 . The torsional rifidi^ of a length of wire is obtained from the 
formula = 8rll — If an error of 2 per cent, defect is made in 
the oheerved value of /, 1^ per cent, excess in t, and 2 per cent, 
excess in r, show that the resulting error in the calculated value 
of .V is 13 per cent Given 7=34,300, f=38*2, f=6*28, rsO^W, 
show that (he probable error in the value of 77 is 4*58 x 10^^. 




CHAPTER XIV. 

RATE OF mCREASR SIMPLE mPFEREiVTIATION. 

Bate of ULcrease.— Most students are probably familiar with 
what is meant by such a statement as the following; — The 
population of a country in 1901 was 3,000,000 in excess of 
that in 1891, thus giving an average rate of increase of 300,000 
per year during the ten years. The calculation involved is 
simply the increase of population for the 10 years divided by 
10, and this gives what is called the average rate of increase 
per year. This average rate of increase, though useful to the 
statistician, is not sufficiently definite for mathematical pur- 
poses. Such a rate does not, for instance, gjve the rate of 
increase for any one year ; this might be 200,000 during 1898 
and 400,000 during 1899 without altering the average rate 
during the ten years. 

Probably a better illustration is obtained frim a table such 
as the following, in which the relation between ^ dbd x is 
and in which for values of x corresponding values of y 
are given. 

From such a table we are able to ascertain the average, 
and also thfe actual, rate of increase of a given quantity. 


X 

4-000 





y 

IQQI 



16*0801 

16*81 


The amount by which one value of x has increased, to form 
% second value is ialled an increment of x. Thus, referring 
to the table and subtracting 4*0 from 4T we obtain 0*1 : 
this is tbe^ increment of x which is being considered ; and 
k2 
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16’81-160=:0*81 is the corresponding increment of y. The 
average rate of increase of y, as increases from 4 0 to 4*1, 
is the increment of y divided by the corresponding increment 
of X, and is equal to 


Taking other values from the table, we have, between x=4*0 
and 4*01, the ratio : 


increment of y 0*0801 
increment of 0*01 


Between a; =4*0 and j;= 4*001 


0*008001 

O-OOl 


- 8 * 001 . 


Between x-4“0 and j:= 4*0001 = 


0*00080001 

0*0001 


= 8 * 0001 , 


Thus, the average rate of increase of y is a variable quantity 
which depends on the magnitude of the increment of x. 
Further, as the increment is diminished, the corresponding 
increment of y also diminishes, and the average rate approaches 
a value 8. The approximation becomes closer and closer as 
the increment 6f x is diminished, and ultimately, when the 
increment? of x is made indefinitely small, the ratio has the 
value 8, and this is the actual rate of increase of y when x—i. 

The value 8 is then said to be the limit of the ratio of the 
incremet^t of y to the corresponding increment of x. 

As the expression “ increment of y ” occurs frequently, the 
symbol By is used to denote an increment of and the above 

ratio is written 


The expression “ the limit of \ 
limit” is written in the form 


Lt 


when Bx diminishes without 






fi/MX value of Bx wQl he zero^ and the result obtained 
is called the difforantlil ooelBcleiit of jr. Thi 4 is the definition 
in ita algebraic form of a differential coefficient 
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Comparing this, step hy step, with the example given, we 
obtm for one particular case 

&r-o‘i r 

the ratio having a numerical value of 8*1 or 8 +&p. 


Again, for a second case, 8y= 0*0801 and &p=0'01, 


and so on as far as possible. 

It is obvious, however, that we may proceed to make &c le^ 
and less, and shall not come to a stop until it is absolutely 
zero. When this occurs, 8+&i' becomes 8+0 or 8— a perfectly 
definite result, which does not depend on the increment taken. 
Or, in other words, we have reached a limit to the value of 

and we call it a differential coefficient, writing it 
or oLr 

It must be carefully noticed that in is a symbol of 

ax ax 


an operation just as + indicates division, or x indicates 
multiplication, and therefore it doen not mean Vfxx and dviy; 

the symbol ^ simply indicates a rate of increase. 

The relation between two variables x and y from which the 
preceding numbers may be calculated being given b^ 

* (i) 


Let ar+&r denote a slightly larger value of jr, and y+^ 
the corresponding value of y. Then we obtain from (i), by 
substitution, 

y+^=(ar+&r)* 

-x*+ 2ir&r + (ii) 

Subtract (i) from (iiX 

8y=2j:&r+(&r)*. 

Divide both sides by Sjt ; 



300 A MANUAL OF PRACTICAL MATHEMATICS. 


Comparison with the preceding tabulated numbers wiU 
explain the meaning when x=i qf 

and for the reasons already given when &c becomes zero we 

write $ instead of ^ and say that the differential coefficient 
or ox 

of y is 8 when x has the value 4. 

Ex, 1. From the deOnition 

ax ^0 ox 

£nd^when y=10 + 6x+3x“. (i) 

dx 

The equation (i) must be true for all values of y and x. 

Hence y+^=10 + 5(z + 5x) + 3(x+5ar)* 

= 10 + 5z + 55z + 3z»+&cffx + 3{aa:)». (U) 

Subtracting (i) from (ii), 

6y^5ix + ^Sx+S(Sx)\ 

or + 

Sx 

Now make ftr-O ; this also makes ^ become and we obtain 
^ 3a: dx 



Expressing {iii) in words we may say “ The limit of the ratio of 
the increment of y to the increment of jc, when the latter is made 
zero, is aalled the differential coefficient of y with respect to x, 
And is equal, in the case considered, to 5 + 6a:.” 

Sx, 2, Show that when 

y=x*, tt=a:*, r=6a;*, 

then g=3*>, ^=4x», ^=lte; 

also when ^=3aa:*. 

^ has been defined as Lt ^ 

ftpd in order to find its actual value the relation between x and 
most be known. This is expressed by saying that y is some 
fonctioD of ar, or y=/(*) 
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As bsfore y-Viy and x + Sxtkte simultoneons values ; 

yJtSy=^/{x+Sx) (ii) 

Subtract (i) from (ii) ; 

Sy==/{x+Sx)’-/(x). 

Substitute this value in the definition above, and 
f{x+iz)-/ix) 
dx 5z 

This is the usual expression for defining a differential coefficient 
and is more convenient for use. 

Ex, 3. Given thaty=3a:®+9a:, find 

dx 

Ti. {3(a;+3r)® + 9(x + 3x)}-(33;*+9a:) 

T , +3a;(a*)» + (ix)*} + 95x 

to 

= {9x* + 9xto + 3(3x)* -f 9}. 

Apply the limiting condition, >.£. put 3x=0, and 

The differential coefficients of certain expressions such as 
j/=:siDX, etc., are of the utmost importance; the results when 
obtained should be committed to memory. 


Differential coefficient i’*.— If then, from the defini- 
tion just given, the average rate of increase of y with respect 
to X is 

^y_T^ (x+&r)"-x" 

— 




sLti, 


Since ^ is < 1 we may apply the I^omial Theomn 
(p> 278) to the expansion of f 14- — 1 , and therefore 


=« — s — ■ 
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(it-)'-' , n, 

.^4 \ ^ / n . «(n-l) I / 5 S ^ . X 

uid ^ =-+_^^(&)+eto. 

The remaining terms will contain increasing powers of &c 
as multipKers, and will therefore disappear in the limit, when 
&p is made zero. 

Hence, the value of ^ is : 

dx X 

when y=J?", ^=^nx*~^. 

Differential coefficient of Bin x.— To obtain the differential 
coefficient when y=sinx, we have, by definition, 
dy j sin (x + &t) - sin x 

dx~ ’ 

and by Trigonometry (p. 28), 

gin(x + Sx) - sin X = 2 cos sin Y ; 

/ &r\ . Sx 

oos(^x+Yj«^T 


Now the valne of when A is very small and measured 
* A 

in radians, is very nearly unity, and when A is zero the ratio 
is exactly 1 ; 

sin ^ 

■' ~ cos ^x+Y^ =co8x, when SxasO. 


Hence, g=coftx from (i). 

Differanffial coefficient of coBZ.--The value of when 

dx 

y^oosx, may be obtained in a similar manner to the pre* 
eedingi 

, dy CO8(x+&C)“0O8X 

'* 
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and by Trigonometry (p. 28 ), this 


l-sm(z+|) 


&r\ . &r 
— sin-jT 




Differential coefficient of e”.— The differential coefficient 
of y=e* may be obtained as follows ; 

By definition ^ is the limiting value of 
dr &r 

when dr is made zero^ 




But, as on p. 292 , 


«»'=l + &r+^+..., 






Now, when dr becomes zero, ail terms in the brackets, 
except the first, disappear; 


dx 
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The last result may be obtained aa follows ; 

Let 

Now» «*=l4-jp+^+^+.., (see p. 292); 

I* 

Differentiating, 

•'■ 

It will be noticed that the series obtained by differentiation 
is identical with the original series ; 

In other words, the rate of increase, or differential coefficient, 
of e^, li the fonctlDn itselL lliis remarkable result, as indicated 
on pp 474, 477, 479, 587, is known as the oompoond Interest law. 

IMerenMation of log«x.~Let y=:log,x; 

. log,(47 + &F)“log,:p 


But the difft^nce of two logarithms is the logarithm of 
their quotient (p. 51) ; 

jf+&r 




= Lt., 


log.-- 


log,(l+J) 


=Lt*, 


IT 


obtain 


Now, using the expansion for log,^l+^^ (p. 293^ we 

X 

Hence, the differential coefficient of log«4p is K 
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Geometrical meaning of % — In order to make the mean- 

QS 

ing ^ a of increate^ clear, it may be necessary 

to consider the properties of the tangent line at a given 
point on a curve, particularly with regard to the angle made 
by the line with the axis of x, or as it is called the slope 
of the line. 

If we take a line PQR (Fig. 107), ite inclination to the axis 
of JT, or the slope of the line, 
may be measured by several 
different methods. 

A length PR may be 
measured along the incline 
and the height of RT^ 
above P obtained. Then 
RT 

the ratio ^ or sin B is 

called by surveyors and 
others, the gradient or the 
slope of the road. It is 
usually expressed as a fraction having unity ^or ite numerator, 
such as etc. 

A much more convenient method for mathematical purpose 
is given by the ratio of RT to PT \ 



H M I 

Flfl. 107. 


tan0= 


RT 

Tf 


This will, in all the following cases, be called the slope of 
the line. 

Tangent to ft curve. — The tangent to a curve at a given 
point is defined as the straight line touching the curve at the 
point. In the case of a curve which passes through a series 
of plotted points, the line joining two points on the curve 
close to each other can be determined by diminislimg the 
distance between them. In this manner the approximation 
to the tangent at a point may be made to any degree of 
^cui^ and the tan^nt is the limit ; t.a. when the points 
forming two consecutive points ccuncide on the curve. 

M.r.u. 
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Slope of a curve.— The dope of a corre at a givon point nay 
tM deilnM as tbe tangent of tbe angle (made 'bj tbe tangent 
to the dirre at that point) with the axis at x. 

Meaning of differential coefficient at a point on a curve.— 
Suppose PSQ to be a portion of a curve found by plotting 

Taking the algebraic form of expression for ^ and 
applying it to the geometrical case illustrated in Fig. 108 . 



N 


If !f=AA 

t 

then 




and since /(.r)=y and /'(j?+Sy)=^+^ it may be written 

(y+^)-y 


(y+^)-y 

Let ^ denote PIf and then NM will be de- 


noted by &r. ' 

But QM--PN is equal to QL and NM^PL^ whilst 
g=tanf 


qu-PN 
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But tan ^ has been defined as the slope of the line PQ ; 

OM PN 

replacing — by Ihe words “ the slope of the line 

we obtain 

^=Lt 5 ,^ 5 , “the slope of the line PQ” 

Now, as &p decreases, i.e, as Q approaches nearer and nearer 
to i®, PQ also approximates closer and closer to the tangent 
PT^ and will become the tangent at P when &»=0, i,e. 

“Lt&f=o, the slope of the line now becomes the slope 
of the tangent at P. 

Also, as y=PiV, it follows that the differential coefficient of 
PiV, with respect to is equal to the slope of the tangent 
at P* 

Ex. 4. = 

By the algebraic method, 

dy ,, ^{x+Sx)^-W 

~x. 


Now plot the curve from y=0 to y=l. 

This is shown by the curve in Fig. 109, p. 308. 

Put the set square in the position indicated in *Fig. IQO, 
and draw the tangent at the point P as carefully as possible, 
P being the point for which t=1. 

Measure the angle and obtain its tangent from Table 
VI,, or measure tan & directly from the figure by making 
VP equal to unity, and measuring on the vertical scale the 
length of ifP, this is seen to be unity ; 


tan^s 


MT_l 

NT^\ 


1 . 


We have already found that ^nd therefore for the 
point P, where 

*The following have usually the same m^ingi Differential 
Coefficienti "Slope,” "Gradient”; Bate of Increase, "Derivative,” 



A MANUAL OF PRACTICAL MATHEMATICS, 


In a similar manner, other points on the curve may be 
selected, and the numerical values bf ^ can be calculated by 



Fin. loe. 


measuring the tangent of the angle made between the tangent 
to the curve and the axis of x, 

EXERCISES. XXXV. 

Li each of the following, from the given value of y, find the 

value of ^ 
ax 

L y=ar* + 3**-a:*+5. 

8. yssmox. 

8. ysAooaojr. 

7. ilKnd ^ from + 


5. 

4 . y=A%max, 

6. y»V?. 




EXERCISES. 


$, Illustrate that if '^^sinx, then ^=oo8a; by working out the 
following table: 


Angle in 
degree#. 

3.-£ 

If 

y or sin x. 

tx ly 

^ Sx 

"''II 

1 

40" 1 

0-698131 

0*642788 



40"-l 

0-699877 

0*644124 i 



40"-2 

0*701622 

0*645458 




9. If tt=Binar, and p=cosa;, determine by hrat principles the 

values of f and ^ . 
ax dx 

Hence, or otherwise, find the value of ^ where y=tanr. 

do; 

10. Determine the values of 

djatAnbx) d{a cob 6ar ) d[ax^) 
dx ' dx ' dx ' 

11. «=acos(6x+c}, Determine the values of 

du dv 
dx* dx 

Find the differential coefficient in each of the following cases; 

12. IS, y=:oota;, 

14. y=logox. 16. y=a» 

10. y=8mox’*. 17. 0 =^^. 

18. r = 19. y=loga:». 

20. y=4a:* + 13x+4. 21, y=5a;*-fti(:+2. 

82, y=:*« + 4a:*. 23. y=2;c'i 

24. piii«'=e, find 21. t=\fe, find ^ 


S6. «=A find 

at 





CHAPTER XV. 

DIFFERENTIATION. 

The definitiona and principles of the preceding chapter are 
probably sufficient to enable the student to find the rate of 
increase, or the differential coefficient, of any function with 
respect to its variable, provided there is sufficient data given 
with regard to the function. 

The labour thus involved may be reduced by the use of 
certain rules. 

[Such rules have an undoubted advantage from a labour- 
saving point of view ; but, as they may in some cases hide 
the steps in the^work, and as it is so easy a matter for a 
student to use such rules without understanding them, it 
may be desirable to explain somewhat fully how some of 
these rules may be obtained.] 

Differential coefficient of a constant. —As a constant is, 
from defcition, an invariable quantity, and admits of no 
vaftiation, it follows that if y— c, then which denotes an 
increase in the value of y, is zero ; and, therefore, all values 

of ^ are zero, and consequently the limit ^=0. Now, it will 

be obvious that y—c denotes a line parallel to the axis of x and 
at a distance c from it. Hence, the tangent of the inclination, ix. 

$ is zero. 

dx 

Differentlfttioii of a sum of fonctions.— This problem has 
been illustrated in a former chapter, but the general proof 
may with advantage be given here. 

Let y=*tt+r+w, 

where v, and %o are each functions of x \ and let 
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and »+8w be the values of these functions when x has become 
Then, by definition, 


^=Iitto=o{ 
— Dttosoj 




8» . , ^wl 


But, making dx zero, which is an independent operation for 
each fraction, we obtain 

But others; 

dw 

dx dx~ djr dx 


This form is most convenient for use, but it is often necessary 
to use njore cumbrous expressions than «, v, and ip for functions 
of the independent variable; and for this reason, the same 
operations are repeated exactly as follows ; 

Let y- F{x) -\-f{x) + <^(t), 

where /(x), and (^(x) denote functions of the variable x 
and do not contain the variable y; when x becomes x+&x, 
then y becomes 

y-hfy=/'(x+&r)4-/(x+&p)4-^(x-f&r) ; 
c?y T * / F{x^h:)-F{x)+f{x-\-Zxyf(x) -I- 0(x + &r) 

.. ^ 1 


f F(x + &r) - F{r) ^ f{x 4- Sx) -/(,r) ^ <^(x + - <^(x) \ 

\ Sx Sx Sx /* 



is equal to 


F{x-\-^)-F{x) , 


/(x+&x)^/(x). 


^^use it is obvious that each term is independent of the 
others, since is put zero in each. 
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Also 

» 

or the diffejEential coe£Eicient of F{x). 


HeQoe» 


rfy dF{x) df{x) mx) 
dx dx dx dx 


We may express the result in words as follows : The dUtSr’ 
entlal ooefflduit of the sum of a eeriee of ftmctions is tilie enm of 
the dlflhrentUl ooeffldeBts of each of the reepeetlTe Amotioiu. 

dF{x) is often written F\x), and similarly for the others. 
Ex, I. y=**+*»; 

|=3*«+2x. 


Ex. 2. y=o + af+a:*+a:*+a^; 

^^0+l+2j; + 3a:* + 4x>. 
dx 

Bifferentihtioii of a ftmction of a function.— The meaning 
of the term function of a function of x will be clear from the 
following examples : 

Ex. 3. Let y=>/(TT^) (1) 

This is a function of a function of x. 

If we substitute a letter such as z for the quantity in the 
bracket, we obtain from (1) 

y=s^; 

where • *=*1+^, 

z is a function of jr, and y is a function of x. 

Hence y, a function of z, — which is itself a function of Xy— 
is said to be a function of a function of x. 


Ex. 4. Similarly, if y-co8(ji^), 
let ^~z\ 


y is the cosine of 
function of x. 


y^cosz. 

, function of z, and is a fanotioo of s 


We can obtain in each case, with some labour, the differential 
eoeffident of a complex fonction from first principlee. Befer- 
ting to Bi. 3, let yW(T+:^j 
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B 7 the binomial theorem, 

/, , &r{2^+&i?)\^ , , 1 M2^+S^) 1 (24:+&r)*5> , , ^ 

\‘+-T+F-; =‘+2-T+F^-4 ( 1 +??^+^*^ 


• ^ 
dx 




(l + .r^)^ 

6jo 


^ , 1 &p(2.r+Ar) 1 /^ 2 j:+&rV 5 , , ^ ,) 

- 4 I -IT^j 

WilTT^j ^+ -; 

.I.t..(.*.ll[[f^-{!(|lJ)Vi5bll^l 

..a 

This may be written in the form 

g=l(l+^-ix 2 x. 


Again referring to (3), if 

2 =al+ 4 :*, then y~z^i 

dt 

dx^ dx dx 

Let y^f{z) where x^F{x\ then y^f{f^{x)). 

If X increases to a:+&r, t will increase to r+8» where 

*+Sew/X^+&f) 

«id Se^F(x^^)-P(x), 
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Using «+&, we can calculate y+5^ from y~/( 2 ). 

This result will be the same as if^x+&i; had been substituted 
directly in 

Under these conditions we can say that 




because Sz is the same in the ratio as in Also Sv is 
8v Sv ^ ^ 

the same in the ratio ^ as in This will be true no matter 
oz or 

how small fir is. 

If we now assume fir to be made smaller and smaller 
without limit. Then 


dx dz' dx 


Thus, to calculate ^ where y-f{z)=f{F{x)]^ we may first 


find 

cU '' dy 
of the results is 


^ from y=f{z\ then ~ from z=F(r), and the product 
dz 1 dx 


Oeomet^cal iUofitratioiL— 'The preceding considerations 
may be illustrated graphically as follows : 

In Fig. 110, (i) represents 2 = F(r), r=r^ ; 

(») » y =/(4 y=C08z; 

(iii) „ y=^f{F{x)}y y=coa A 


Take x—Op and r + &r = Oy. Draw the corresponding 
ordinates of (i). Measure in (ii) Ot=Pp^ 08= Qq^ 

ie, Ot=z and 0«=zd*Sz. 

Since from (i) Pp=z and ^y=z+Sz, 
in (iiiX 0r=0p=Xf 

(h=0q=x>{-8x, 

Rr= Tt=y, 

Vv=Si =y+fiy j 
Vl’^Sm. and Rl=pq, 


Then 
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It follows, therefore, that 

Sm %Qn YL ’ 

TwT Pn~ Pn~ BjC 

Now, if be made smaller and smaller without limit till 
it becomes zero, 

~ becomes f.e, slope of (ii) at T, 



Pio. 110 .— To show that = " • r* 

(Lc df dx 

/*, T and R being three corresponding points as described. 

' dz dx dx 

The relation ^ complicated 

expressions. 
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Ex. 5. Tbps, if y=(ar+a:*)*. 

Let thep (i) becomes 

Then ^=l+2x; 


also 



dy_(ly dz 
t^~d£ dx 


= 22 (l + 2r) 


=s2(x+x»){l+2a!). 


♦vM 


Ex. 6. Let 

Assoiae 

Then 


also, 


y=z^* 

dz 2^ * 

^ o 

-j-=: ~'2x; 

dx 

•• dx dzdx 2^ ^ 


% 

Ex. 7. When the temperature of platinum wire U increased, the 
variation of electrical resistance, with temperature is given by 

+ (i) 

The increase in the r^istance is given by the differential co< 
efficient of (i) mnltipUed by the small rise in temperature ; 

^ = Jf,ta+2^). 


Sx. 8. Find^ when y=8inAr^. 


z=**; 

dz „ 
dx 

y=ein 2 ; 

dy 

^=oos*. 



aB±roosa^. 


Put 
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'x. fl. Find ^ when ysR(a:*+4)*. 


Pnt 


Heno«, 


z=x‘+4-, ^=2*. 

dx 

y=z*; 

oj; az ax 

=Bxiu^+4:'f. 


Ex. 10. Fmd ^ when y=: 2 -- — • 
dx ^ x*+x + c 

Let z=a:*+x+<, /. ~=2a: + l, 

dx 



• 23 ?+! 

dx~ {ar*+x+c)* 


11. If X increasefl uniformly at the rate of 0*001 ft. per eec., 
at what rate i« the expression (1 -f increasing* per second, when 
X becomes 9? 


Let * = l+x, then y=z*, 


^=1 and ^=32*. 
ax dz 


Sub.tituting, i=*£=3(‘ + *)’ 

When X becomes 9 this gives 300, or y increases 300 times as 
<piickly as x. 

But X increases 0*001 ft. per see. ; 

y increases at 300 x 0*001=0*3 ft. per sec, 

Biffeiential coefficient of the product of two ftmctions. 

Ex, 1. Let y^x*cogx. 

This is a typical reprasentative of a J^rge &mily of fonctiona 
its differeotiid coefficient may be found by mther of the following 
methods : 
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I* n«+3ac)*co8(a;+iaf)-as*co8X"l 

^=L4.=o|_ J 

r 

_ fa* {cos (x + 4x) - cos 2x1^008 (x + 6x) + (8x)*co® (x + ten 

=Ltto«oL J 

+ 2xco8(x+te) + teco8(x+te) * 

^ ~ x^sin X + 2x cos X. 
dr 

Instead of the pre<^ing method of solution} the result 
could be obtained as follows : 

~Xit j~ (‘y+^ycoa(x+&r)-(-^ + &r)^co8x+(x+&r)*co8x- x^sxj 

(x+&r)*co8x has been added and subtracted in the numerator, 
then, by rearrangement of the terms, we obtain 

Ti. * f(x+&r)*{co8(x+&r)-co8x} (x’+&r)*-x* 1 

S" ‘‘'="\ & ■*■ s 

But we have already found that 

‘ T i f co8(x+ &x) - cos xl 

^ ) 

is the differential coefficient of coex^ or ^( corx ). 

ax 


Similarly, Lt^^O 

is the differential coefficient of x*, or ~ (x*). 

dx 

Now, in the limit, (x+&r)* is x’ ; 

- X* sin X + 2® cos X. 
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These operatioos apply to any case, and the following proof 
is only a repetition, using symbols instead of the^rec^ing 
concrete case. Comparison •should be made step by step. 

Thus, instead of ^ and cos:r, write fix) and F{x\ respec- 
tively. 

Then, y=f{x)y.F{x). 

Hence, y + ^/(^ + &») F{x + $x\ 


4. r /(^' + X F{x + dr) - f(x) F(x)' 

^=Ui,=o[_ ^ ^ 


This may be written in the form 

/{j; + &r) X F{x + &r) -'/{x + 8r) x F(x) 
rfy T4. r +/(x‘h^)xF(x)- f(x)xF(x)‘] 

& J 

n , T, • d V, . 

But 


i.e. the differential coefficient of F{x) with respect to x, 

.Mbo Lt^.„{/i£±^} iu^(4 

Similarly, /(jr+dr) becomes /(x). 

Hence |=/(,r)^f ;4+f(.r)^^(x). 

The following demonstration is very general, and perhaps 
better for comparison with the example. 

Let y=ttxt?, where « and « are functions of x. 

When X increases to jc + dr, y becomes y+^y, k becomes 
k+5m, and v becomes v-f-Sr ; 

y+Sy=(tt+Stt)(r-|-Sr), 
and ^ 



+ 1 ^- 
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Now, as becomes smaller and smaller, 

^ t. dv Sni . du ^ . dy 
^ approidies nearer and nearer <<> j;- ^ g to 5^’ 

and becomes 0. 


Hence, in the limit, 


dV dv , dtt 


The preceding important result may be stated in words as 
follows:— The dUftrential coeffldent of the product of two 
ftmcfctons is the sum of the products of each flmctlon py the 
dtffSresUal eoeffldeint of the other. 

As a first use of this theorem consider 

y = const. x/(x). 

But the differentia! coefficient of a constant is zero; 


const, 


or is sin^ply the product of the same constant and tlie 
differential coefficient of the function. Simple examples which 
may easily be verified may be manufactured as follows : 

Ex. 2. Let y=20a:*, 




As 20 x*-42*x5z*, we can also obtain the result from (i) as 
follows : 

4** X lOcr + 5a:* X 16** = 120a:*. 

In a similar manner, when y=unr, 

dy dw du , dv 

E=“’’ai+™E+““’S- 


To obtain familiarity with the method it may be advisable, 
as in the preceding case, to select some fairly easy example 
and proceed to apply the rule to it. 
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Sx.Z, Let y=24d:*=2a:“x5a:*x4a?*, 

^ 2ar» X X X 4a:* X + 3x3 X 4a^ X 

ax ax dx dx 

=96aH> + 72a:«+4&*«=2l6x*, 

and thU can be verified readily, because if y=24**, 

^=9x24x«=2l6x8. 

dx 


Ex. 4. A rectangular slab of wrought iron is heated and its 
linear dimensions increase at the rate O'Ol inch per sec. Find 
the rate at which its volume is increasing at the instant when 
the dimensions are 4, 3, and 12 inches respectively. 

If y=ar«7, whero u, r, and w are functions of t, the time 
denoting three edges of the solid mutually at right angles, then 


dy du dv dw 

~n ~ + toc-r; + wr-jr. 

(it (U (it cU 


.{ii) 


But y denotes the volume of the solid, and /. ^ denotes the 

(U 

rate of increase of volume due to change of temperature. 

Hence, at the instant when the three dimensions are 4, 3, and 
1*2, the rate of increase of the volume is obtained from (ii) by 
substituting the given values, and is 

(36x0-Ol) + (4SxOOl) + (12xO'Ol)=96xO'Ol; 

^=0-96 cub. in. per sec. 


Bx. 6. Find^ when y = (x* + a)(3x*+6). 
dx 

|=(x.+«)M+(3x»+ 6)^) 
= (x» + a)a«+(3a:»+6)3x» 

= l&i::* + 3Ar*+6aa:. 


Bx. «. 


Find ^ when y=(a+ar)(6+a:)(c+ar). 


ss3a:*4' 2 (a + ft + c) X + oft 4-ac + 6e 




L 
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7. Find ^ when y=a(6x^)*. 

Let «=6a«. 

Tb^ 

|=te>andg=a.*; 

A ^=4a*Sx2Ai;=:4a(6x»)*x2&» 
ax 

= Sofcx (&£*)* = 8aif*x’. 


EXERCISES. XXXVI. 

Fbid in each of the following cases the value of ^ ; verify the 

result obtained calculation from hrst principles. 

1. y-l3*. 8. y-Ssinx. 

3. y=:cos3x. A y=:5cos(2a:+3). 

5. y = log &r. 8. y = ..4 log x*. 

7. y = 3e^. 8. y = ^<-**. 

Find the values of ~ in the following examples ; 

(U 

8. s=3<*-4/ + 7. 10. ;»=:Af®+i?t + c. 

11. «=38in(4< + 9). la. « = 7cos*(6<* + 9<+5>. 

j t 

13. «=14«* + 9sin8^. 11 s:=lle*sin(6i + 7/. 

16. #=jle^8in(ct+/). 


Quoti^t of two ftmctiotts.— To obtain a general expres- 
sion for tbe differentiation of the quotient of two functions 
we may proceed as follows: 



therefore, 






DIFFERENTIATION. 


In the munerator f{£)F{x) haa been added and subtracted ; 
this allows ^ to be put ii)to the following form : 



and finallj, taking the limiting values of the functions in 
the numerator and denominator, 

dx {F(x)\* 

Altamatire proofl — An alternate form of proof of the 
preceding result may be obtained 


Thus, let y=-, 


v+Sp V \ 


Tf dy ^ dx ^ dx 

Hence. 

Or, Cba dUhrential coefficient of a tpiotlent of two ftmctiona Is ttw 
product of the denominator and the dlffiBrentlal ooefflcient of the 
numerator, minus the product of the numerator and the dlillwential 
coeffictent of the denominator, divided by the denominator iqaired 

This important rule may be tested as follows : 
lOx* 

Bx. 1. y— y w really Sr*, but consider it as a quotient. 

Then "y 

dx (2**)* 

2x*x6a»»-40»»_^ 

4pt -W. 

As ysr&c^, we see that $=Sh)la^» 
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k. 2. y=tanx, find 

dx 


By oar rale, since y= 


oosx 

, co8X"(sinx)-8lnx^(ooBx) 
oy ox ax 

dx~ C08*X 

co8*3r + ain*x 1 


From first principles, 


oos^x 


0065^ 


=8ec*a:. 


dx' 


Lt4jj=0 


ftan (x + 3x) - ton x' 

L ^ 


G 


• — T t r X - sin X cos(x + to) *] 

— C08XCC»(X + 5x) J 


= Ltix=:0 


COS X COS (x + ibr) J 
r sin Sx 1 "1 

L C 08 XC 08 (x + to)J' 


In the liinit, when Jx=0, (p- 383), 


dy 1 „ 


Bifferentiatioii of mTerse fanctiona— We proceed to prove 


that 

dx 

By definition 


and 

<icj &p 

^=Lt„.o^. 

therefore, 

* Tt ^vTi ^ 


Now the product of the limiting values of two or more 
functions is equal to the limit of the products, and therefore 
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Before the limit is taken) ^ and are of any value corre- 
sponding to each others are also Ax and Ay, and, as we 
have seen previously, the limit is independent of such quan- 
tities. Since this is the case, make Ay=Sy, and then Ax 
will =s8iar, and we have 



Er, 1. 


thenz=y8 


dz 


and 


dx _] 
dy~Z 




Ex. 2. 


dy dz „ . i , 

»=!*; r=±yi, 

dy . dx I -i I 

dz dy 2^ 2x’ 

where tlie ± signs agree with those before ; 

dy dz . 1 - 

j- X j- =2 jx^ = 1, 

dx dy 2z 

Ex. 2a. I{y=Iog,x, * = er. 

. dy_^l 

dy * " z’ 

OMmetlical proof.— A geometrical proof that ^’^=1 
may be obtained as follows : ^ ^ 

bet (Fig. Ill) be a portion of a curve representing 

y=/W. 

Then, as on p. 305, 

(fig- fil) 

^tan^. 


Again, 


Ax 
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Novr, as Ay gets less and leas, must get nearer to point 
P, and eventually will coincide wiA tbe tangent at P, 
and the angle <f> will become equal to 



But ^=oot<^ and» therefore, in the limit, when </> be- 
eomes 

=tan dxcotd“l. 

The theorem that 

finding the ratM of increase, or differential coefficients, of 
eertazn fandiona as follows ; 
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Ex, 3, Let y=sin'*-. 

' a 

Since y=8in~^^i ^=8my, 

^3:aco«y=a\/l - siliV i 


Ex. i. Let 
then 

Similarly, if 


. dy _ 1 

' dx 

y^sin'^or, a particnlar case of the preceding example, 

dy_ 1 

dx 4\zr^ 

y-ooB 


_ 1 

Thus if yj = 8in“*x and ; yj + y, has for its least value 

^T^bat in any case is constant ; 

■ ^yi , dy.i_ d{\T) 

‘ dxdx dx 

Hence 

dx dx * " dx dx * 

80 rf{tan’^3e )_ d(c ot~^x ) 

dx '' dx ' 

Ex. 5, Iiet y = cos"*-; 

a 

.*. acosy— :r 

, dy . 

-o«iny^=lj 


.-. 56f= ! ,» 

d* »Vl-coeV JT^ 


1 
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Sx^ S. Let 
Here 


. X 

5'=“” a 

z=atftn]^; 

^ = a Hec*y = a ( 1 4 tan*y ) 



. <^ y I « 


Bz. % ^milarly* if 
then 


y=:cot~^- 

a 

. 

dx 


x^+a* 

These caees of inverse functions, viz. 


cot-i- 


«re of great importance in the application of mathematict to 
physical and mechanical sciences. 


-=msr- 


Kx. 8. Let 

a:=3r, 
dx 
rfv 

. 

dy wiy"' 

^ibetitate in (U) the value of y from (i) ; 

• tfy- t ,1 


■ ti) 


Hence ^ =1.. 

ax dy 


(ii) 


JBx. 9. If the diameter of a circle increases at the rate of 001 
inch per se«md, at what rate u the area increasing when the 
initiai dimneter is 10 inches? 

Here, if x denote the diameter, and tx the increase in length ; 
then areassy=:~ a^, (i) 

and y + {* + Sxf = ~ {ac* + 2af3x + (ii) 
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Subtracting (i) from (ii) and dividing by 5x, 


Sx i 4 


Hence, average rate of increaae when a:=10 ia given by 
^=0-7854 X 20 + 0-7854 x 8x. 


It will be seen that the second term on the right hand side 
becomes smaller and smaller as 5a; is diminished. Finally, when 
8x is iodeBnitely small, the actual rate of increase, 

or ^=16-708. 

ax 

That is, the area changes 15 '708 times as quickly as the diameter 
at this point, or is increasing 15*708 x 0*01 sq. in. per sec. =0*15708 
sq. in. per sec. 


Ex. 10. If the diameter of a spherical soap-bubble increases 
uniformly at the rate of 0*1 inch per second, at what rate is the 
volume increasing when the diameter is 3 inches? 

Let V denote the volume and x the diameter.* 


Then 




(i) 


also F+ 5 F= ~{.r + = ^|a;*+3x®3ar + ^{8xf + (5a:)®}. (ii) 

Subtracting (i) from (ii) and dividing by 5x, 

^=^|3*»+ac5i + (ite)“}. 

When X is 3, we obtain for average rate of increase 

|^=0'5236{27+9x5a:+(5a:»)}. 

When 5a; is indefinitely small, 

=0*5236 x 27 =14*137; 
a* ' 

'• rate of increase of volume is 14*137x0*1 = 1*4137 cubic inches 
second. 


M.P.H. 
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Ex, 11. If the radius of a Boap<bubble ia increasiug at the rate 
of 0*05 inch per second, at what is the capacity increasing 
when the radios becomes one inch? 

r=volnine of a sphere = where r denotes the radios of 
the sphere; 

dr * 

3F’=4irr®3r, when 3r is small, =4 txPx0‘05 

=:0*2t cub. in. per sec. =0‘6‘283 cub. in, per sec. 

Tangent, subtangent, and subnormal— Let P (Fig. 112) 
be a point on the curve y^f{x\ the coonlinatea of the point 
V being 0M~x and MP=y, 

If /< be the point where the 
/ tangent at P cuts the axis of x, 
/y and if PN ia a line perpendicular 
to PL and meeting the axis of x 
at iV, then LP ia the tangent, PN 
jT ^ is the namuU, LM is the tubtangent, 

^ and JfiV the subnormal to the curve 

y\ 

— — ^ jj |jj If 6 denotes the angle which 

Y , , * , the tangent makes with the axis 

rrn. 11^— T&tiffenL mhtAiaiMMiL ° 


Jio. Ill— TftDgent, rabtansttit, 
and subnoTEM to a cnrre. 


of X, then the angle PNM=^ 


PH , * 

^=tane=^. 


i«hiionB»l— O') 

OX 

The lengths of the normal PN and tangent PL are easily 
nbtained. 

Thiu, : 




TANGENT AND NORMAL TO A CURVE. 


m 


Similarly, tangest = PZ + Ml ? = 




dz 


Ske. 1. Draw a tangent and normal at a given point P on the 
curve y*=4aar. Plotting <m squared paper, a cui’ve called a para- 
bola is obtained as In Fig. 113. 

Differentiating, we obtain 

=4fl; 


<■ 



•Tangent and i^pnnal to a 
nerubola. 


dy_4a_2a 
dx~2y~ y' 

Prom (ii), 

subnormal =y ^ =2a. 

^ dx 

From ii), 

subtangent :=y^=^ = 2r. 

To draw the tangent at P, 

make UL^^AU (Fig. 113) 
and join P L, then PL is 
the tangent at P. 

To draw the normal, make 
ii}ff='ZA8 and join NP^ then PN is the normal required. 

Length of curve.— Let A and B be two points near 
together on the curve NAM 
(Pig. 114)l 

Let the coordinates of 
point A be denoted by (^, y ) ; 
and of B by (jr+&r, y+^). 

If t denote length of curve, 
then AB will be represented 
by 8a 

As AB is a very small 
length of curve, we may 
assume it to form the hypo- 



g f fcf -i 

Fio. of a oorva 


tenuse of a right-angled triangle, of which PA uid PB are 
the two perpendicular sides. 
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where <f> is the inclmation of the tangent to the axis of x. 

The preceding result is often required in polar coordinates. 

Join the origin 0 to J and B (Fig. 114). Draw AD perpen- 
dicular to OB. Then, if OA -r, OB-OD+DB^ we may denote 
DB by 8r, and angle AOD by Bd. 

Now ADia very nearly the arc of a circle, whose radius is r, 
and which subtends an angle Sd at the centre of the circle this 
gives. * 

AD-rB^i whence we obtain from the right-angled triangle 
ADB, 


or taking the square root and dividing by 

& . / , . /5rV 


.*. in the limit 


Badins of cnrratnre.— The radius of curvature of a curve 
at any point is the radius of that circle which agrees most 
nearly with the curve at that point ; also, the curvature of an 
arc of a circle is the reciprocal of its radius. If three points 
ABC be taken near together on a curve DE (Fig. 115), then 
a circle can be drawn through the three points, as the distance 
betwemi the points is dimini^ed, the circle will more and 
more nearly coincide with 4he curve ; or, the circU drawn 
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through three points, indefinitely near each other, gives the 
radius and centre of the ciVcle of curvature at the point. 
The slope of the line passing through the two points A 

and B is written ^ ; the change in ^ in passing from B to 
G, is the change in the angle itself multiplied by sec*^. This 
increase in ^ divided by the length of "'x ^ 

arc is therefore the average curvature / \ Iq 

from B to C, i.e. ^=:-. \ i/ 

Let p denote radius of curvature at \ 

B. ^ "---d 

Now write M— tan^=^ ; 

ox 0 

and consider ^ to be functions of 

r. Take the difierential coefficient of this equation ; 


the latter is abbreviated into 

or* 

To obtain ^ we use the relation 
ax 

^^1 JL 

cLt ds ' dx p cos ^ 
Substituting this value in (i\ we obtain 

also I + taa*«^- 1 + 
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Sx* 1. Find the ndioa of onr^tnre at the point on the 
curve yasSsc*. 

As y=:2a:», ^=ex»=216 when 

^=:iai:=12x0’6=7-2; 


r 7-2 


Ex, 2. In the parabok y-ox*, find Oie radius of curvature at 
the vertex. 

Here y=a»* ^=2aa? and ^=2a; 

. . 2tt 

” (l+iaV)^' 

■ when a:=0. 


WLon, as often occurs in engineering problems, the curve 
28 a very fiat one and nearly parallel to the axis of x, then 
the length S< may be taken to be simply the change in x. The 
approximation being closer as the curve is flatter ; when 
b^mes indefinitely small we may denote the curvature by 
the change in 


^ i 




’• <ix\dxj~<ix*‘ 


Hence, instead of the more accurate expression given by 
£q. (u) ‘ we can use— especially in problems dealing with 
beams— the approximate expression ^ result which 

could be obtained by putting ^=0 in (ii). 


EXERcisEa xxxvn. 

l)ifferefll&|4e the following with regard to x : 

1. Ify=^ 


i. 


I-* 


(i) 


mx+ n 

JW+?' 






EXERCISES. 


7. (i) |ii) y=afiogz. 


B. y 




" ^+1 ' 

10. y=log*8in'*ar. 

10. sin + 

14. y=Bm“^a:*. 

15. If tt = (x + l){a:»+l), 0nd 

ax 


0. y =€•*“* 

IX. cos\^a®+ar 
IS. logiv/x^TeST 


16. tan 
18. log 


2ar 

i-a? 

x~o 

x+a’ 


Find 


80. u ~ log, [z + + X*). 
2x 

r^- 

x* + >/x*^-l 


81. u=tan~^ 


88. «=log. 




17. 


+x 1 . , 

iT^+itan-ir. 


19 3x + ooa X 

sinSx-aiax' 


28. «=(a®-xS)^. 
ainTAX 


31 u= 


(coax)"* 


85. 

vTiT? 



86. 

(a f ftx)x*. 

87. 


88. 

sin^. 

89. 

sin’x cos X. 

SO. 

(ox +*»)*. 

81. 

e*cosx. 

88. 

x*log^ 

33. 

x\/(a*~x*). 

81 


85. 

8in"*x 

-X* 

86. 

If y h the area of 

a circle of radius x, show that 


87, Jf y denotes the surface of a sphere of radius Xt 

^=8«. 

ax 

Show abo that where y denotes the volume. 


88. The volume of a splusrioal balloon is increasing at the rate 
c cuMc feet per second -when the dismeter is z feet. What is 
the rate of increase of the anperSoial area of the balloon at ^at 
Wstantf 


CHAmR XVI. 

RATES OF INCREASE. VELOCITY. ACCELERATION 
AND FORCE. 

Bates of increase. — Probably everyone is more or less 
familiar with the statement that the average speedy or velocity^ 
of a train is 50 miles per hour. Thus, suppose a train takes 
8 hours for a journey of 400 miles, then to obtain the average 
^)eed, the number denoting the distance is divided by the 
number denoting the time. Or, more shortly, the distance 
divided by the time gives an average speed of 50 miles per 
hour. But> during the 8 houra the train has many times re- 
duced its speed, stopped altogether, and increased its speed 
again, so ^that the average rate of 50 miles an hour gives no 
measure of its speed at any given instant^ such as when 
passing a station on the line of route. How can we proceed 
to measure the speed of the train when passing such a place ? 
We might perhaps set out a distance of 176 yards, close to 
the station, and measure as accurately as possible the time, 
say 6 seconds or ^ hour, which a given point in the train 
takes to pass over the distance : then, the distance divided 
by the time 60 miles per hour, gives us the average 

soeed or velocity of the train during 6 seconds while passing 
over 176 yards. 

If inst^ of 176 yards we use the symbol &f, and instead 
of 6 seconds the symbol then we have the average speed 

for this interval of time expressed by Noyr, as and 

tlmrefore Ss, get smaller and smaller, this result gets more 
and more ne^ly equal to the actual velocity of the train at 
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the BUtion. But the distance and time may be made so small 
that we have no means of measuring them. It would therefore 
be impossible to find exactlf the limit of this expression when 

If we could get the limit ^which is expressed by 

we should find the actual velocity when the train passes a 
given point at the station. Thus, if s represents the space 
moved over* by a body, and t the time measured from some 
convenient instant, then the actual velocity, or the rate of 

increase of space with time, is denoted by 

In many cases it is possible to express the relation between 
i and t by means of a formula, and hence to find the value of 

j- 

^ from the known motion of the body. For example, in the 

case of a falling body starting from rest at a time when /=0, 
we have 


where ^=32 2 feet per second per second ; 


^gt, 

As ^ simply denotes velocity, we may replace it by v and 
thus obtain the well-known law, 


v-gt (ii 

In the preceding consideration, v indicated the rate of change 
of space with time ; so, in the same manner, the acceleration 
of a moving body, which may be denoted by a, is the rate of 
change of velocity with the time ; 


dv 


Prom (i), 


3^=u, 




Thus, we arrive at a result already well known, that tite 
acceleration of a falling body is * constant. 
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1. A body from rest AcoordiDg Xo the lav 
where « ia the ppace paeaed over m t aeconda. Fhui the aottwl 
Telocity of the body when t ia 1 aepoaid. 

We may, frmn the given equation, find the apace paaaed over 
in ^ fractional part of a second, and, by dividing the apace by the 
time, obtain the average velocity. 

Thna, we may Uke aocb valnea of < aa 1 and Tl, 1 and lOl, 
and I and lOOl, the approximation being eloaer and closer to the 
^tnal value as the interval is diminished. From time 1 to time 
I'l seconds, the space passed over is, from the given equation, 
I6’l{(l‘l)*-l*}=3*381feet, 
described in O'l second; 

3*381 

average velocity during O’l second =33 ’81 feet per second. 

The average velocity durii^ tbe 0*01 second froin to 
/^l-Ol U 

16*1{(1-01)»-1*K0 01 =32*361 feet per second. 

From < = 1 to ( = 1‘001, it is 

16’1{(1’00I)*-1*}^0’001 =32-2161 ft. per sec. 

Taking smaller and smaller intervals of time, we find that the 
average velocity approaches nearer and nearer to the value 32*2, 
and ultimately ve obtain, when ( is one second, the actual velocity 
as 32*2 feet per Second. 

It should ^ noticed that if t be taken as 0*99 and 101, two 
values separated by an interval of 1 second, then 

average veIocity = 16 H l*0l)*-t0*99H-r ‘02 
^ =32*2 ft per sec., 

'and this result follows no matter how much the two intervals 
may differ from one seccmd, provided their mean is one second. 

Tbu will readily be understood when we remember that for 
such a law (A motion the velocity is proportional to the time. 

The preceding reaulto are readily obtained by means of 
Algebra. The coordinates of any point on the curve 

s-16‘U* (i) 

may be denoted by (s, and those a point near it by 
s+& and 

Sub^tnting these values in (i)| 

(«) 
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Sobtracting (i) from (ii), 

Dividing by S(, ^«32-2^+16'l&. 


When St is made zero, then the last term 16*1 & is zero, 
and (iii) becomes 

Hence, the actual value, when ^ is 1, is 32'2. 

£fX, 2. At the end of a time t seconds it is observed that a 
body has passed over a distance s feet, reckoned from some starts 
ing point If it is known that 

s=5t + 0-5t’, (i) 

what is the velocity at the time t ? Plot the curve. 

Find the average velocity at a time ^=4*1, 4'01, 4-001. Hence, 
find the actnal velocity at a time t=4. 

Assuming values 0, J, 2, ... for f, values of s can be found. Thus, 
when t is 2, <=;fix2 + 0'ox4=12. 

Other values of s are tabulated : 


i ^ 

1 0 1 

1 j 2 

3 4^ 

6 

7 

# 

0 

5-3 12 ; 

19-5 28 j 37*5 

1 48 

59-5 

When t 

is 4*1, 

s=(5x4-l) + {0-5x (4-1)3} 




=28-905; 

» is 4-1-4=01 and ds=28-905 - 28 =0-906. 
TTAn/ui ^ 0'906 

Similarly, whtfi t is 4-01, a;s=0-09006; 

When ( is 4*001, then 

S=(6x4'001)+{0-5X(4’001)*}=28<K)90005; 
A Ai»0-0090006 and if = 0-001 ; 

. i$ 0-0090005 

•• 5=-Toor=®^- 
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It is obvious that, as is made less and less, the values of ^ 

m 

are approaching 9; this is confirmed, by simple differentiation. 
Thus, if s=5< + 0'5i*, 

then ^z=5+i=:9, when < is 4. 

<U 

Hence, the actual velocity, when i ia 4, is 9 ft. per sec. 

The following construction is an easy verification. The 
value just obtained for v denotes the tangent of the angle 
made with the axis of x by the line touching the curve at 
the point P\ using the edge of a set-square and a hard, 
sharp pencil, such a line as in Fig. 116 may be drawn with 
some approach to accuracy. 



Ex.Z. U * y*2’4-l'2ar + 0'2a:«, (i) 

find ^ and plot two curves from x=0 to showing how y 

il^ dq)eDd upon x» 
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Prom (i), (u) 

To plot the two curves gi^eo by (i) and (ii), we may, in the 
usual manner, assume values of x, and calculate values of y. 
Thus, from (i), when a: =2, 

y=2'4-2’4 + 4x0'2 5=0-8. 

Similarly, when ar=2, from (ii), 

^=-l'2+2x0-4=-0-4. 

dx 

Values of x and y and ^ may be tabulated as follows 
ax 


X 

0 

1 

2 

3 

4 

y 

2-4 

1-4 

0-8 

0-6 

0-8 

dx 

-1-2 

-0-8 

-0-4 

0-0 

0-4 


By plotting values of x and y, the curve ab in Pig. 117 is 
obtained. 



By plotting the valnea z and the straight line fg (Fig. 217) 
ax 

^es through the plotted points. 
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rorc8.—In books on Mechanics it is shown that the force 
Fy necessary to give an acceleration a to a body of mass if, 
is rei^esented by the product of tie mass and the acceleration. 

The mass of a body in gravitation units is its weight divided 
by g, the acceleration of a body falling freely under the action 
of gravity, where j^=32'2 ft. per sec. per sec. 

Ex. A Find the force required to give a body weighing 100 
Iba. an acceleration of 20 ft per sec. per aec. 

x20=e2llbe, 

9 

[The unit of force is the weight of 1 lb.] 

Ex. 5. A body weighing 100 lbs, passes through the space s feet 
measared from some sero point in its path at the time i seconds, 
measured from some zero of time; the law of motion is 

s=l2-2-.3-& + 6-7f* (i) 

(i) Find the actual velocity at the cud of the fourth second. 

(ii) Find the acceleration and the force which is giving this 
acceleration to il. 

Differentiating (i), we obtain 

36 + 13*4/ (ii) 

Hence^ when / = 4, -- 3*6 + 4 x 13*4 

=50 ft. per sec. 

Let a denote the aocelention, then, from [ii), 
a=r^s^=;13*4 ft per sec. per sec. 

That is, the acceleratimi is uniform uid the body increases its 
velocity at the rate of 13*4 feet every second. 

The nuuM it X00-r32*2. If F denotes the force, 

then 18*4=41*61 lbs. 

A vdodty of 60 ft per sec. U oonveniently denoted by 60/^- 
9lau!aily, an aoc^erati/m of 13*4 It per see. per see. would be 
wiittea 13*4 /^.a 



FORCte. 


34^ 


In many practical cagra the relation between space and time 
and velocity and time is nof| known^ and an approximate value 

of ^ or ^ ia all that can be found. The following example 

indicates some metboda which may be used to find such an 
approximate value. 

Ex. 6. There is a piece of mechanism whose weight is 200 Ihs, 
The following values of s in feet show the distance of its centre 
of gravity (as measured on a skeleton drawing) from some point in 
its straight path at the time t seconds from some era of reckoning. 
Find its velocity at the time 2'01, its acceleration at the time 
/=2‘05 and the force in pounds which is giving this acceleration 
to it. 


a 

0*3090 

0-4931 

0-6799 

0*8701 

1 0643 

1-2631 

^ t 

2 

2-02 1 

: 2-0* 

2^ I 

208 

2*10 


As the values oi ^ differ by 01)2 sec., we may take ?<=0'02, 
and Ss will be obtained by subtracting consecutive values of a. 
This procedure enables values of 5« to be tabulated. Thus 
0*4031-03090=01841; ** 

ether values similarly obtained are given in the follovfing table. 

Velocity at time 2*01 is 0*1841 -rO‘02.' 

In a similar manner, by subtracting consecutive values of 3s, we 
may obtain the numerical values of S^a. These may be tabulated 
as follows: * 


a 

0-3090, 0*4931, 0-6799, 0*8701, 1*0643, 1 2631. 

la 

01841, 0*1868, 0*1902, 0*1942, 0*1988. 

6h 

0<»27, 0-0034, 0-0040, 0-0046. 


The mean value of 3*s=i(0*0027 + 0‘0034 + 0 0040 + OD046) 
=0*0037. 

. , 3»s 0*0037 0*0037 

Acoelerahon = 

=9*25 ft per sec. per see. 

nArt 

, •• for<»=^x9-26 = 67*6 Iba 


As RUMS is 


200 
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Oirenlar motioiL—WheQ a particle of mass m is moving 
in a circular path of radius r with velocity r, or with an 
angular velocity Oy in passing from a position P to 
although the magnitude of the velocity is unaltered, the 
direction is changed from that of the tangent at i’(Fig. 118) 
to that of the tangent at P,. 
The change in the direction of 
the vector V may be set out, 
as in Fig. 118, bj making Oa 
and Ob each equal in magni- 
tude to V, the former parallel 
to the tangent at P, the latter 
to the tangent at P| ; the total 
vector change is represented by 
the line ab. But it is obvious 
that a6 is made up of a series 
of vectors obtained by taking 
points Pf and etc., between 
P and Py The result becomes 
nearer and nearer to the actual 
value as the points P^ Pj, etc., 
approach each other. Finally, 
when Pf, P5, etc., are consecu- 
tive points on the circle, then 
the vector change at any instant 
is an indefinitely small arc of 
a circle of radius v. Thus, the 
vector change, or acceleration, is in the direction of the tangent 
at CL, and is therefore along the radius PC. 

To find the magnitude, let t be the time, in seconds, of one 
revolution of P. Then, from the relation we obtain 

2irr=vt; (i) 



,Plo. 11a— Motion in a circle. 


Also (vector change per unit 

2irg 
t * 

Bnhatitute the value of t from (i); 


acceleration 
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E&nnolUC uotion. — If a point P (Fig. 119) is moving in a 
circular path of radius r with uniform speed v ft. per sec., then 
the acceleration of P at anyjinstant is directed towards C, and 

its magnitude is given by 

f 

The point M (Fig. 1 19), the 
projection of P on a diameter 
AA\ moves with simple haniuiiio 
motion, usually denoted by the 
letters S.B.M. 

The acceleration of i/" is the 
resolved part of the accelera- 
tion of Py and is therefore 

~C 08 ^=<|}VC 06 ^, 

where to denotes the constant angular velocity of P, and B is 
the angle PCM. 

Let x denote the distance C'My ie, the distance of M from 
its mean position. 

Then, the acceleration of 

"••‘V W 

If the direction C to A* in the usual manner be taken to 
he positive, then (i) becomes indicating that the direc- 

tion of the acceleration is from A' to C. 

The maximum value of x occurs when P is at A or A\ 
wheie x~r. Hence, maximum acceleration of is <uV. * * 

Since Force Maas x Acceleration, it follows from (i) that 
the force P, acting on a body of mass m moving with 
8.H.M. ia given by 

The maximum value of the velocity occurs when M passes 
through C. 

When a point is moving with 8.H.M. the maximum velocity 
>uay be obtained by multiplying its mean velocity by ^ 

If r is the velocity of the point P in the auxiliary circle, the 
niaximum velocity of M occurs when M is at the middle of 
Its path, and is then v or cer. 



Fig, 119 .— Harmonic motion. 
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If 7* is the periodic time of a vibration, then 


mean velocity = 


-'JtH 

distance 4r 2wr 
time ~2ir 


^so 


2iar TT , 

— x^=«ra*max, vel, 
IT 2 


Sx, 7. A p<Hnt has two harmonic motions, in the same line, 
represented by 


. Tt 

asm-g 


and + respectively; 

ant moth 

T( w\ 

2 + 2)' 


find the greatest velocity of the resultant motion. 
Let S denote the resultant velocity ; 


or, if 
then 


?-asin ^ -i-asm 


” 2 
J?=a8iQ04-a8in 


in(0 + r). 


To find the nbximum value differeutiate and equate to zero in 
the usoal <nanner (see p. 356) ; 

. ^ 

.. ^=acos^ + 


0008^^ + ^^; 
acos^+acos^^ + ^^=:0, 

or oo«^= - co8^^ + ^j=:8in0 ; 

tan^^l, giving ^=45". 

We may obtain the same result os follows : 

a sin ^+a sin + • 

roaximnin valoe is as/% 

Tlw direction of motion P is usually taken to be in the 
opposite direction to the hands of a clo<^ or anticlockwise; 
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but in dealing with (say) tiie mecfaaiiism of a direct-acting 
engine) no auch reatriction ^ neoeasary ; the motion may and 
often doM occur in a clockwise direction. 

If) as in Fig. 120, a rod be attached to F, the direction 
of motion of Q being always in the line QC^ then the motion 
of for uniform motion of P is not 8.B.U. but approaches 
more to it the longer the link PQ becomes. The maximum 
values of the acceleration of Q occur when is at A or 



The maximum forces acting on Q therefore occur when P 
is at A or A\ and are, in each case, the product of the mass 
of the recipi'ocating parts and the acceleration. ■ 

It will be noticed that when I is great compared with r, 
the term ~ becomes very small and may be neglected ; the 


acceleration may be taken to be simply cuV. Sudh a case 
occurs in an eccentric and valve rod in which the motion of 
the valve is often assumed to be S.B.K. 

The case when the motion of ^ is assumed to be 8.H.H. is 
Usually referred to as a rod of infinite length, or more shortly 
as an infinite rod. When the rod is comparatively shorty say 
% 3, 4, etc , times the length of the crank, then the preceding 
equation may be used to find the magnitude of the maximum 
acceleration of Q, and hence of the maximum force at Q. 


In the formula nnuV 



where m is the mass of the 


^^ciprocating parts, in the angular velocity of the crank 
burned to be constant, I the length of the rod P^ (Fig. 121)^ 
r the length of the crank CP, 
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Let the crank PC make an angle S with QC, and let ^ 
denote the angle PQC. From draw PD perpendicular to 
QCy and let PD-y, 

If X denote the distance QC, then 

jr=QZ) + /)C'>=Zc<»<^» + rcoa 



Flo. iSl, 


If w' denote the angular velocity of QP^ 

t j 

then « and -r=w; 

at at 

« 

by differentiating (i) with regard to 

sin igycos <#.- *in e-rgiycon ft .(ii) 

P is* a point on the rod PQ and also on the crank CP 
Therefore, ^ sin = r sin 6. 

Differentiating this gives wVcos <^ = wr cos 

, (or cmd 

or (0 =-r X - 7 . 

I 000 9 

When P is at jj, and ^^0, substitute in (ii); 
and when P ii at A\ and B-v ; 


In ea^ of these expressions the negative sign indicates that 
the direction of the acceleration is negative^ t.a. tending to 
decrease x. 




GRAPHICAL METHODS. 


m 


Ex. %, In » direct-ecting engine (Fig. 120) the crank GP U 
0’5 feet long and makes 125 revolntiona per minute. The mass 
of the reciprocating parts i 0 ,m. Find the forces acting at Q 
when the point T’ ia at a dead>pomt, A or A', 

(а) when the connecting rod is infinite, 

(б) when the length of the connecting rod is three times the 
crank. 

2tx125 125t 

(a) Here ^ i*adiana per sec., 

F-— xOS 
= OT x85'7 ; 

= ibx8S-7(1+s), or mx85'7(l-7) 

=mx 857x3, or mx857x| 

= ll4'2?n, or 57 ’im. 



Graphical methods.— 'The velocity and acceleration of Q 
Diay be obtained by assuming P to move through small 
distances PqPi^ PiP^, during small intervals of time 5^, and 
then measuring the distances Q^Q^, moved through 

Q (Fig. 121), The distances moved through by Q may 
^ denot^ by s ; then, subtracting consecutive values, 
obtain values of &r. Proceeding in this manner, a series 
of such distances moved through by Q may be obtained 

tabulated. From such a table, values of ^ can be calcu- 
Similarly, values of ^ or ^ can be found ; from the 
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ktter reeulte an appiH>zimat6 value of the force acting on Q 
at any given instant — and producing the acceleration of Q-- 
can be obtained. < 

The method adopted may be seen from the following 
example : 

Sx. 9. In a direct-acting engine mechanism (Fig. 120), CPsGin. 
(=0‘5 ft.), and PQ = r5 ft., the crank CF makes 125 revolutions 
per min. in a clockwise direction. The woiglit of the reciprocat- 
ing parts at Q is 100 lbs. Find the magnitude of the force at 
Q for a given position of P. 

To obtttin the distances moved through by Q draw a diagram 
(Fig. 122) to a scale (say) of O'l in. =^1 ft. The circle denoting the 
path of the crank pin P may be divided into 24 equal parts, 
corresponding to equal augnlar intervals at 15°. 

To determine the position of Q when P is at point (23) on the 
circle, use the point as centre and the length of the rod =: 1*5 ft. 
as radius, and deecribe an arc of a circle ; then the point of inter- 
section of the arc with the line CQ gives the position of Q, 
Similarly, using the point 24, or 0, as centre and with the same 
radius, obtain the next poetUon of and so on. In this manner, 
the distances moved through by (^, as P moves through equal 
angular distances of 15°, can be obtained and the distance of each 
position Q from some point in QC may be measured and denoted 
by z. 

The time taken by the point P to move through eqnid angles 
of 15^ or of the circumference, is (time of one revolu- 
tion) sOK)2 second. 

This may be denoted by and the results tabulated as follows: 


PosiHon 
ot P. 
Na. 

Dftplacemeiit 

oftf 

feet 

u 

it. 

Vetxicy 

ix 

it' 


IcceteratioQ 

H 

0D22 

0*000 

0*022 

0186 

0i«i 

0 * 0(8 

- 01K2 

0*022 

0D64 

0*099 

o*m 

0*02 

0*02 

0*02 

01>2 

0*02 

-MO 

MO 

3*20 

4 ^ 

6*16 

2i » 

2*10 

176 

1*20 

110 

105 

87*5 

60*0 
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By taking the differences of the various tabulated values of x 
in column 2» a series of valuM Sx, as in column 3, are obtained. 

The ratio ~ gives approximately the velocity of Q at each given 
instant. 

In like mannerp by taking the differences of consecutive values 
of column 6, giving numerical values of can be obtained. 
Finally, the acceleration at each position is approximately given 
, Sv 

'> 3 ' 

If W denotes the weight of the reciprocating parts, then W-i-g 
is the mass, and when If is known, the force acting at any point 
of the stroke can be ascertained. 


EXERCISES. XXXVm. 

1. A body is observed at the instant when it is passing a point P. 
From subsequent observstions it is found that in any time t seconds, 
measured from this instant, the body has described s feet (measured 
from P) where » and ^ are connected by the equation 

Find the average speed of the body between the interval and 
< - 1 i betw'een ^ ^ 1 and 1 POl and between < = 1 and f == 1 ‘CNX)1 and 
deduce the actual speed when t is exactly 1. 

2. Suppose that a curve lias been plotted such that the;or<linates 
and ahsosiae represent distance and time respectively, what will be 
represented by the slope of the curve at any point on it ? Obtain an 
expression for the slope if the distance s and time I are connected by 
the equation 

Give the numerical value at the instant when /=5. 

S. At the end of a time t seconds it is observed that a body has 
passed over a distance s feet reckoned from some starting point. If 
6iid the velocity at a time i and give the value 
wJ)en/=7. l^nd also the acceleration and the force causing this 
acceleration if the weight of the body is 100 lbs. 

1 A train starts from rest and its speeds at the ends of the first, 
8«w>nd, third, fourth, fifth and sixth minutes are 9 “8, 13 '75, 16*^, 
i9'6, 21 *9 and 24 miles per hour respectively. Plot a curve ahowinn 
the relation between speed and time, and between acceleration ana 
time, deduce approximately the velocity and acceleration at the 
of the sixth minute. 

A body has passed through the apace s feet measured from some 
26ro point iu its path mi the time t seconds measured from some aero 

time ; the law of motiou is 

#=5l2-2-3‘8<+8‘7A 




362 A MANUAL OF PRACTICAL MATHEMATICS. 


Calculate the average velocity of the body 

(i) for the next tentii of a second following the completion of 

the fourth second. ^ 

(ii) for the next ^ second following the completion of 

the fourth second. 

(iii) for the next xocrirth of a second following the completion of 

the fourth second. 

Hence deduce the actual velocity at the end of the fourth second. 

6. A piston makes n revolutions mr second and drives a crank of 
Isngtli r through a connecting roil of length 1. Show that the accelera* 
tion at the ends of the strokes are 

4t*bV^ 1 + ^ ^ and -* 

7. A body weighing 50 lbs. has passed through the space a feet 
measured from some zero point in its path at the time t seconds 
measured from some zero oi time; the law of motion is 

s = l*2-0-6( + l*7(^. 

Find the acceleration when t is 7 and the force giving this accelera- 
tion to it. 

t. The following values of a, in feet, show the distance of the 
centre of gravity of a piece of mecfaanistn weighing 100 lbs. from some 
point in its straight path at the time t seconds. Find the velocity 
and the acoeleration at the time < =0*085 ; find also the force which 
U giving this acceleration to it 


a 

I 0-OH8 

0-2226 

03612 

0 5038 ' 

i 

0-6505 

0-8011 j 

t 

006 

0*07 i 

0-08 

0^09 

O’lO 

0-11 


2. In the mechanism shown (Fig. l‘2o) C and D are fixed centres 
of motiuu, the linear scale of the 
figure being full size, CB ia a 
crank (6^ long) rotating in a 
clockwise direction at a speeil 
of 8 radians per sec. DA is an 
oscillating lever and AB a con- 
necting fink. Draw a diagram 
which shall give the acceleration 
of any point in the link HA, ano 
state tne magnitude wd direc- 
tion of the ao<»leration of the 
^*0* point E. 

10. In a direct-acting engine m^hanuim (Fig. 120) a crank C? 
rotates about a fixed centre % and the end of the connecting 
PQ morea in tile line 





EXERCISES. 


Given CP— 6 in., PQ^IQ in.; epe^ 120 rerolations per min. 

Find by means of careful graphical constraction, measurement, 
tabulation, and calculation, thj) displacement, velocity and acceleni' 
tion of $ as P moves through equal distances of jjth the circmnfer- 
euce. 

Complete the folloiviug table : 


Position 

of?. 

Displacement 
of Q^x feet. 

Sx. 

fit. 

Velocity 

V = &X-rSt. 


Acoeleiation 

a.=iv~-St. 

0 

1 

2 

3 

4 1 

0 

00183 

00725 

01542 

0*0183 

0*0542 

0-0208 

0*0208 

! 

i 

0-87 

2*54 

1*67 

80*3 

I 


n. The sketch (Fig. 124) shows a mechanism called a “quick 
return motion,” where CF is a crank rotating with constant speed, 
the end of the rod PQ moving in the straight line QM. 



Given (?P=5 in., PQ-\6 in., and CJf=7 in. ; sp^ 120 revolu- 
tions per min. ; determine as in the preceding exercise the displace- 
ment, velocity, and acceleration of the point Q. 

Set out curves representing these quantities (a) on a time base, 
on a displacmnent base. 

12, CP (Fig. J21) is a crank which rotates clockwise about Cat 
ft uniform speed of 1 ‘6 radians per second. PD is a perpendicular 
un a 0xed horizontal line. The position shown is that for which 
the time tasO; the figure is TfuUmze. 

If y is the distance of D from C at any time t (positive when to 
me right of C) and is mven by y=:a gin find the numerical 

Values of a> o and e in this case. Also draw (be position of the crank 
ftno of D wnen <=3, and measure the value of y. 

M.P.H. K 
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13. In Fig. 125, a diagram of a radial valve gear is given, the point 
Q moving in the straight line XQ, 

Given FM^QM=ir, Jl8^4r, angle ^5^*30*. 



Pia 13S. 


PidI the displacement, velocity, and a<VMlenition of Q for a 
number of consecutive poeitioDS of P when the speed of the crank 
CP is 120 revolutions per min. 

lA From the*following ralnes of p and 6 find ^ when d=Il.'». 



Snbtraotmg ocHisecntive values d ^ we obtain Af thus 
17*53- 14-7 =^2*83, etc, 

Shnilariy Ag is obtained by subtraction, i.e. 3*27 - 2*83= *44 etc. 

A sloping line tlurangh 24*54 will pass through 3*74, *47, ‘03 or 
4*29, *50, *OT. As the difference tn 0 is 5 ; 

« ®=M-4^+W=i<<’29'ix-»+sX'07)=«», 



CHAPTER XVn. 

MAXIMA AND MINIMA 

Marina and minima.— it ha« already been shown (p. 306) 
that the slope of the curve representing is equal to 

dx 

In Fig. 126 the graph of a function y=f{x) is shown, and the 
changes in the ftlope of this curve may be seen from the vaiying 
inclinations of the lines touching the curve at varioas points. 



Thus, at a point /*, ^=tan^, and as d is less than 90* the 

slope of the curve at P is positive, i.e. ^ is positive. At f7, 

^=tan^ and is negative. If the curve has been continuous 

between P and then ^ must have bad a zero value at some 

dir 

intermediate point, or in other words, the tangent to the curve 
must have b^n parallel to the axis of x. Such a mint is 
shown at Q, At each of the points and IF, ^ must 
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also be zero. It will be sees that the ordinate at $ is a little 
greater than any ordinate near to it on either side ; it U said 
to be a maximum ordinate, or a Tmiimum yalue of y. 

The ordinate at F is less than any adjacent to it on either 
side, and is called a mmfmum ordinate. 

Dsr. When y increases with increase of j? to a certain 
value and then diminishes, it is said to have a ni*T<Tnnni value 
where the change occurs ; and when y diminishes to a certain 
value and then increases, a value is obtained. In 

either case ^-0. So the maximum value of a function may 


be defined as a value greater than either the one just before 
it or just after it. Or, in other words, ^ changes from + 
to — as the curve pas^ through a maximum point. SimUai'ly, 
if ^ changes from - to -f in passing through zero, the point 
where ^ is zero is a minimum point 


Pohito of inflectioiL — It should be noted that although 
^ must be zero whenever y is a maximum or minimum, it 

AM? a r 

does not follow that if ^-0 that y must have a maximum or 


minimum value at that point. Thus, at IF, Fig. 126, ^=0, 


because the tangent there is parallel to the axis of x, yet y is 
neither ^ maximum, nor a minimum. At such a point, called 
a pdnt of tnfleotUm, it will be found that ^ does not change 
sign in passing through zero. 

It will be seen from Fig. 126 that the terms maximum and 
minimum are relative, and that we can have one maximum 
value, as at Q, greater than another maximum, as at S. 

The method of procedure in finding maximum or minimum 
values of a function y will be seen in the following example : 


Ex. 1. Find for what values of x the function 


y^z»-6a:®+ftc-12, 


b a maximum or a minimum, 
values of y. 

Since 


Give the maximum and minimum 

.{i) 


y-*>-6a:*+9a!-12; 




POINTS OF INFLECTION. 


^=air»-l2a?+9. 

Bot when y is a inaximuraV minimain, ^=0. 

j dx 

To 6nd what values of x make ^ aero, we solve tiie equation 

3**-I2ar+9=0, 
and obtain and ar=3. 

It remains to determine which of these values makes y a maxi- 
niom and which makes it a minimum. 

In Eq. (i), substitute a:=l ; 

/, y=l -6+9->12= -8 ; -8. 

Now, when a::=0'999, a value slightly less than 1, find the 
value of y; 


y= -8-000003. 

Also, when 

aj^l-OOl, 
y= -8-lHX>m 

Hence y increases, alge- 
braically, as X increases 
from 0*999 to x=l, and 
diminishes as x increases 
from 1 to 1001 (since 
-8*000003 is <-8). 

Hence, at x-l^ y has 
the maximum value -8. 

Another method of test- 
ing will be iqpipUed at 

In Fig. 127 it is evident 
that ^ it poeitive for a 
value of X slightly less 



Pio. IZT.—Ontpb of y-xS-ftz2+9z-12. 


than that giving y a maximum, and negative for a value of x 


^ little greater than this ; also ^ is negative for x leas than, and 
dx 


positive fmr x greater than, that making y a minimum. 

Now, ^=3(**-4sc+3): when *=2-99, ^=-0-0603! 


8e«p.SS&. 
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when a?=3’01» ^=+0-0603, 

dy 

or g changee fwm» to +»• «8 i'inoreaaee from 299 to 3D1. 

Henoe (pves a miniuiam value of ys - 12. Fig. 127 shows 
the graph of y=x**-ftr*+9X'-12. 

It will be noticed in Fig. 126 that maximum and minimum 
values of y occur alternately. This is always so; between 
two consecutive maximum >'alues of y there must be one, and 
only one minimum value, and between consecutive minimum 
values, one maximum. For after y is a maximum it decreases 
and must, before it can increase again to reach another maxi> 
mum, have stopped decreasing, and so have had a midimiun 
value. 

By plotting a function we can always find maximum and 
minimum values, and this is often the readiest and simplest 
method available ; in the case of experimental numbers it is 
the only method. 


(x- ly* 

Ex. 2. y = Find maximum and minimnra values of y. 

dy_ (x-l)« , 


We find 


5(x+5). 


dx (x+l)* 

Hence, x=l and z=-5 both make ^ ; 

dx 


Whm y=-j 2^ 

A* 

andwhen x-l + A, 

y increases continuously as x changes from 1 -Atol-fA, bo 
x-l cammt make y either a maximnm or minimnni. Apply the 
same teat at ^ 5, we find that y is a maximum there. 


iEr. 3. If y=;sin*doosd, (i) 

■how that y is a maximum when 0=60”. 

Sobstitating various values, 10”, 20^, etc., for 0, the corresponding 
values of y can ha eahmlated from (i). 

Thus, when 0=40”, 

■in4(F=0m28, <NNi40”=07a60; 

.*. y=(0‘6^)*x0’7660»0<2033. 



maxima and minima. 




other value! of y may be obtained in like manner and tabnlated 
as follow! : 


B 

aop 

“f — 
40* 

60* 

80" 

90" 

y 

0-0376 

0-203 

0-325 

0-166 

0 


Plotting these valnes as in Fig. 128, the msxiimim valae of y 
occurs at m when 



Fia 12a,-Grsph of 


We have y=8m*dco3tf; 

^=5 -gin^tfsintf + 3coe^5in^co6^= -8in*?+ Ssin^dcos^, 
dx 

hr a maximum value this must vanish ; 

3!m®tfcoa^d-sin*d=0. 

The solntions of this equation are d=nv or «*•+(- 1)"'* g- 
This gives tf=0O^ 

Ex, A To divide a given namber into two parts so that their 
product is a maximum. 

bet a be the given numberi and x one of the parts, then the 
remaining part is o - The product is x(a - jr}> 

If y-xifi'‘x)siax‘-x^t 

for a maximum. 
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By differentiation, ^=a-'2a?=0 for a xnaximam ; 


A reenlt which givee a maximom valae of y, as may easily be 
proved. 

Henee, the two parte most be equal. 

It will be noticed that tiiis is the same problem as to divide a 
Une into two puts such that the rectangle on the two peurts as 
sides is a maximum. Hence, of all rectangles having a given 
pwimeter, the square has the greatest area. 

Applicatioil to a beam. — The strength of a rectangular 
beam to resist cross-breaking is 
^ known to vary as bd\ where 

: / T\ b is the breadth, and d the 
/ // i \ <iepth. 

j // 1 \ The value of x, the breadth 

I f / I 1 of a beam of a maximum 

I ^ I strength which can be cut 

\ jt j / from a circular log of diameter 

\ // j j D (Fig. 129), may be obtained 

\ * // ' I / either by plotting or by dif 

A y ferentiation. 

jc Thus, if be the depth, 
Fio. 129. then d=t*iW- — x\ and putting 

^ (i) 

we obtain 

and therefore for a maximum ^i.e, o)' 


5. Lrt the diameter Z> be 9 in. Then, giving a series of 
Tallies to values of y can be cabnlated and tabulated as 
foEows; 


3 


4 


5 


6 


7 





APPUCATION TO A B^AM. 


m 


By pbtting the values of and y a curve may be drawn 
through the plotted points aa in Fig. 130, The nm-x im o m value, 
i.e. the point on the curve aiP which the tangent is horizon|a!, is 
seen to be between xs:5 and a;=6, viz. at a. Also, from such a 
curve, we can 6nd within what limits the breadth may vaiy so as 
not to weaken the beam more than a certain percenti^, say 
iO or 15 per cent 



Now, making in {ii}, we have 

a;=^=3v/5=6-I96 in. 

The maximum value of y can readily be obtained either fzxHn 
the curve or by substituting the value of x in (i). 

Thus, y=3N/3(81-27)=163s/3 = 280-5A ' 

StiffMt b6aa[L*~T]ie deflection of a beam due to a given 
lo&d IS inversely proportional to the breadth and the cube of 
the depth of the beam. 
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Ex. 6. If J> u the diameter of a cylindrical of timber, and 
if * denote ^e breadth, tiien the depth d is 
Hence* patting y=xcP; 

^ = (I>> - *“)* +|x(Z)» - X ( - 2*) 

For the stiffest beam ^ meet vanish, giving ^he remaining 

value x^D being obvioaely inadniissible. 

Ex 7. The two banks of a lake are parallel and 100 yds, apart. 

A person at a point A (Fig. 131} on one bank wishes to reach a 
point B 300 yds. ahead of him on the opposite bank in the shortest 
poedble time. If he can travel on the bank AC at the late of 
5 inilea an hoar and can row at 3 miles an hour, at what point D 
in AC should he begin to row ? 



Draw CB perpendicular to AC and let the distance CD be 
denoted by x. Then, AD~300-ar. 

The distance D5=s/i0^TPf 

and time takm from U to is 

sOTT? 

g 

Along the bask the distance Ai>s300-« and time taken froa 

j 800 -« 




MAXIMA AND MINIMA 


The total time 


s/l00* + aj® 300-ar 
3 


_5N/ld^+^4-900-3ar 

16 

is to be a minimum ; 

. rft_ 5x|(100»+ir«r*xga;~-3 

dx^ 15 

tor a maximum or minimum^ 


whence 


bx 

Vioi?+^ 


3=0. 


Hence, 16a:®=9x 100®, a;=±75yd& 

It is obvioue that the negatiye valne is not applicable, hence 
a;=75 yds. 


Ex, 8. of rectangle of tnaxIniTini area inseilbed In a 

given tilanglo. 

Let ABC (Fig. 132) be the given triangle, the base AB equal 
to a, and the ^titude A 

Let QDy one of the sides of the rectangle, be denoted by x, 
and the base, FG^ by y. 

Height of triangle DBO-h-Xf 
and h'.[h-x)-AB: DE (similar As), 


or A:A“X=o:y; 

Area of rectangle 

=»xy=?(A-x)xj 


dA Sax . 

E=“-x=® 

for a maximum or minimum, 
giving 2r=A; A x=a 



which makes A a maximum ; therefore altitude of rectangle most 
^ ooe-half of the altitude M the kiangle. 
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Mx. 9. To find Xb» dimsDstoiui of tlw cylindor of groatoit Tolnmo 
irtikh can bo obtained fttnn a given cone. 

Let ^ denote the height of the 
cone, and h the radioe of the base 
(Fig. 133). Also let x and y denote 
the correepondtng dimensions fur the 
cylinder. 

Then Tai^xx, (i) 

also A:(it“x)=6;y; 

_h{h-x) 



and 


t6“ 
= 7,5 


...(U) 

(iU) 


Fw. 1S3.— Cytoder of greatest 
ToltiKiM to a cone. 


Let 

Then 


as t and h are both constant, to 
obtain the maximum value of (iii) it 
is only necessary when differentiating 
to consider the terms {h-x)^ 
r ^ (A -- x)»j: = - 2Ax* + 


dx 


4Ax + 3a^; 


3U^-4Ax=:-A» 

Solving this, we find x=A or The former is inadmissible. 
3 

Hence, snbetitnting the t«lue x=^ 


in (ii), 




4vhb* 

W' 


Sx. 10. Show that the expense of lining a cylinder of given 
volume with lead will be least when the depth of the cylinder 
is equal to the radius of the base. 

Lrt z denote dm height and y the radius of the base. 

The snrhuio ^ will be the convex surface 2xxy together with 
the ana ol base 

/. 5=2wxy+»y«, (il 

Fs volume siry*x } 

V • 




MAXIMA AND MINIMA. 


Subfltitute in (i); 


■y 


2rV 

dS „ 

^=-7-+2ry, 


y®= “ for a minimum. 


yt yi y 

From (ii), - irV~ ~ ir ~ ^ 

Hence a?=y, or the height of the cylinder is equal to the radius 
of the base. 

We may consider the preceding problem as an example of 
a more general method. Thus, taking the equations for the 
surface and volume respectively of a cylinder, 

where x denotes the height of the cylinder and y the radius of 
its base, Y=iry^x. 

Two conditions are to be satisfied. ^ must be zero for a 

ax 

minimum. (Either j: or y might have been chosen as the 
independent variable.) 

Also r is to be constant, or ^ must be zero. 

dx 

g=0 gives y(2+^|)+(2^+y)g=0. (1) 


and : (u) 

To find the relation between x and y eliminate ^ ; 

■ from (uX 
Substitute this value in (i); 

• y(2-^)_(2.+y)|=(^ 


or 

or 

u. 




y“A 
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iSr. 11. From « droolar dito of thm sheet copper a piece in 
the shape of a sector is out out iu such a way that the rernuuder 
can be bent into the form of a right aircular conical funnel What 
is the least ]X>asible diameter for the disc if the capacity of the 
< funnel is to be one pint! [1 pmt=3i'66 cub. in.] 

Let r denote the length of a dant side of cone, and x the radius 
of the base of the cone. 


volume of cone =^a:ts/r“ - a^, 
and the volume has to be oonstant, viz. 1 pint ; 


..(i) 


dx 


=0. 


But the minimum value of the diameter, or the radius, being 

(ii) 


..(iii) 


required. 

••• ^-0. 

From 

2r^ 

we obtaiu 



«xa»=0. .. 
' Vr»-x» 

Substituting from (U), 

or 

From (1) and (iv), since 1 ptnt-M'dO cub. in., 

^ 9^^x34•66 

" - 2. ’ 

. r=4'413m., 

or the least diameter is 8*826 inches. 


► .(iv) 


Ex, 12. It is known that tiie wdght of coal in tons consumed 
per hour in a certain vessel is 0'8 + 0 * 0011 ^, where v is the speed 
in knots (or nanUcal miles per hour). ' For a voyage of 1,000 
nautical miles, tabnlata the time in hours, and the total coal con- 
suniptian for various vslues of e. If the wages, interest on cost 
of veMel, etc., are represented by the value of 1 ton of coal pet 
hour, talmlate for each value of e tiie total cost, stating it in the 




maxima and minima. 


Msr 


value of tons of coel, and jdot on squared paper. About what 
value of V gives the greatest economy? 

Let t denote the time {in h^um), and s the distance described, 

then s=:vt 

Total cost in tons of coal ccmsuniption 

=0=<+(0'3+0*001f>»)f. (u) 

Also t may be expressed in terms of v from (i) ; 

t=«;-» = 1000w-*. 



Fto. 1S4. 


Substituting in (it)^ 

f7= lOOOr-i + (0*3+0*001v») I000 p-‘ 
= 1300v-> + »*, 


dv 


— - 1300v'*+2v=i0 for a minimum ; 


v*=660 gives a minimum, 
hence w=:8*66 knots, 

the mhmniun ?;idae for r may be obtained 1^ plotting 
equated paper. 
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Tabolating each valae of we obtain the following table : 



Plotting these values as in Fig. 134, it is seen that the total cost 
C passes through a minimum, at a point where 0=8*7 (roughly). 


Ex. 13. Given the perimeter of an ellipse, find the relation 
between the major and minor axes, so that the area may be a 
maximum. 

Denote the axes by x and y. The perimeter of an ellipse cannot 
be accurately expressed in a simple form, but when the axes are 
nearly equal a rough form is expressed by *'(x + y), when x and 
y denote the semi-major and semi-minor axes respectively. 


The area of ellipse A =rxy (i) 

If p denote the given perimeter, then 

P = »(x-l-y); (ii) 



Substituting this value in (i) ; 


^=P-2»*=0! 



OTt the given ellipse must have its semi-axes equal, and that form 
is a circle. 


Rrof. Boys, F.R.S., has suggested the use of elliptical water 
pipes to prevent the pipes bursting during frosty weather. 
Tbe expansion of the water due to freezing tends to make 
tihe internal cross-section become more circular, that is, to 
isereue its area ; and the internal volome of the jnpe would 
be linileqMndmgiy enlarged. 








MAXIMA AND MINIMA. 


■ ,+i 

Ex. 14. When ia x^-x ^ a maximum, 7 being 1*4? Also 
«how, by two or throe values near the maximum, and on either 
aide, that the value obtainedeia a maximum. 

Let y=ar^"ar*^y. 

Substituting the given value for 7 , 

L 

y =*'•<- a: ; 


V 


dx 7 7 


For a maximum value ^=0: 

ax 


5x^=6x^-, *»=:(1*2)V; 

21ogz=7 (log 10 -log 12 ) ; 
0-5282. 


Ai) 


Insert this value in (i) and calculate the coifeaponding value 
of y. Thus, when x- 0*5282, from (i), 

y =0*6282^ - 0-5282^' = 0*0669. 

Calculate valu^ of y on each side of the maximum, and tabulate 
as follows: 


Values of x 





0*6 

y 







Ex, 15. Determine the speed most economical in fuel when 
Bteaming o^'nst a tide, supposing the resistance to the ship to 
vary as the square of the velocity, and that the fuel burnt per hour 
is proportional to the product of resistance and speed. 

Let V miles per hour be the constant velocity of the tide, and 
^ miles per hour the velocity of the ship. Then, the velocity of 
the ship relative to the bank is F-r miles per hour; 

' • time required to steam a distance of m miles is hours. 
m.p.m. 
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But the reeietaiice to motioii U paroportional to and the fuel 
burnt per hour to K x P ; 

fool burnt per hour=:AP, where, A is some constant; 

♦ m 

to ^eam « miles reqniree 

We have to find what value of V makes F a minimum. 


dF ^ 8P(F-e)-P 


smAx 


2P-3F»e 


This is sero when F=0 or F^-^* 

F=0 is inadmisaible. Hence, F=fe gives the speed at which 
tile minimnin quantity is burnt. 

Taking miles per hour, and that A=0‘0016) plot the curve 
oounectlng fuel per mile per hour in tons, if A= 0-0016, and V 
varies from ^^=5^ to F:=10. Show that we can depart oontider 
ably from F=7L the most ttxmomioal speed without altering F 
very much. 

[i^is is shown by the graph of F and F being fiat in the 
neighbourhood of 


EXERCISES. XXXIX. 


1. ITie sum of two numbers is 33 ; find the numbers when the 
sum of their squares is a minimum. 

*. For what value of is 3x - 4x* a minimum T Is there a 
maxim mnT 

8. Find the turning valuee of x+^* 

i. Find the area of the greateet rectangle whose pmmeter 
is 10 feet. 


A Divide a line into two parte so that the sum of the aqoarei 
m the two parts shall be a minimnm. 


Find the maximum and minimmn valuee cd the following; 
R 3af«+8*»-.a4fl^-96*+n2. 


r. ae»-17a^+44*-30. 


4 


*• 
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a 


Prove that the greatest valae of 


2 ^ 9 +^ 

“ 9 + 7 *» 


iei. 


10. IHvide 12 into two parts, {i) so that the least multiplied 
by the square of the greatest shall be a maxinmm ; (ii) so that 
the least multiplied by the cube of the greatest shall be a 
maxim unu 

11. Find maximum and minimum values of p-co9{az+b}. 

13. Find the value of x for which Is a minimnin ; find 

the numerical value when a^S, &s2. ^ 

13. Find the maximum and miuimuiu values of 

(i) y = (x-3)*(x®~3x-3), (ii) y=x*(x-4), (iii) y=x*"^*{x-2n). 

14. Find maximum and minimum values of ^/a+x+^/a-x. 

13. Find the least area of sheet metal that can be used to make 
ft cylindrical gasometer, whose volume is 10 million cub. ft, the one 
closed end being fiat. Give the dimeusiona of the gasometer. 

16. Find the volume of the neatest cylindrical parcel which 
may be sent by parcel post. Given that the combined length 
ftod girth must not be greater than 6 feet. 

17. Find the values of x which will make sin(x~a)cosx a 

maximum or minimum. * 


18. Determine the maximum and minimum values of /(x) when 

/(x) = (x-2)Mr-4)« 

19. Find the values of x which make x(a~x)*(2a-x)’ a maxi> 

mum or minimum. , 

20. Find the least area of canvas that cau be used to construct 
ft conical tent whose cubical capacity is 800 cub. feet. 

21. Show that the maximum and minimum values of y~ r. ~ ^ 
are ^ and respectively. 

22. The hypotenuse of a right-angled triangle is given ; find the 
lengths of the other sides when the area is a maximum. 

23. Find the maximum and minimam values of 

(1) **-6x“+6x+10, (ii) >/4aM-2aa?r 

24. A oylindrical dstem made of sheet metal is required to hold 
^ gidloni of water, find the dimensions when the cost of the 
Material iq a minimnm. (a) No cover, (6) oloeed top and bottom. 



CHAPTER XVm. 


SUCCESSIVE DIFFERENTIATION. TAYLOR’S AND 
MACLAURIN’S THEOREMS. 


SnccMrive differentiation. — In the process of differentiation 
we have alr^y found that when an expression contains x to 
any power, its differential contains jc to a power lower by 
unity ; we may consider such a differential of a function as a 
new function, and proceed to determine its differential. 

Ex. \. Let y=A^)t where ylr)=3r*, ^=12 j*. 

As the differential contains we may proceed to differ- 
entiate it as a •new function. The differential of 12^;® is 3d.r^, 
and is called the second differential of fix\ and may be 
denoted by 



This expression is more conveniently written in the usual 

dPv 

Repeating the process, the third differential 
obtained; and similarly, ^=72. As this, the fourth, differ- 
ential does not contain Xy all succeeding differential coefficients 
will be zero. 

Care most be taken not to confuse ^ with {£}' [ The 

former denotoa the ^fferential of the differential of y with 
^respect to Xy the latter is the sqnare of the differential of 



THEOREM OF LEIBNITZ. 
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If u and V are functions of jf, it can easily be shown that 
d^uv) _ du n{n-\)dH 

This is called the Theorem of Leilmits. 

If we differentiate y^nvy we find, as on p. 320, 

dy dv , dv, 
dx ^dx 

Differentiating again,' this becomes 

d^ dH du dv dv du dhfr 
t£r* ^5? dx dx dx^^dj^ 

dH , ^du dv dht 
dx dj^' 

In a similar manner, from the third differentiation, 

d^y _ dh> ^du dh> d^u dv d^u 
dj^~^d^ dv db^ db? dx^^ 

and, generally, 

«f*v dud^~H n{n-\)d^u^~^h 
3j^~^djf* ^dx 1 . 2 db^ db^~^ "* clr”*** 

in which the coefficients follow the law of the Binomial 
Theorem. Hence the result follows. 

The simplest case of successive differentiation occurs with 
the function y— in which all the differential coefficients are 
equal to the original functions. 

Kx, 2. Let y-oar*. 

Then ^=4<Lr®, ^=:12aa::®, ^^-2Aax. 
dx ’ dar ax“ 

A convenient notation is to write 

y=/(4 

Thus, if f(x)=^a^y then 

r(ar)=24aj?. 
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j&e. 3. Let ysaeinar. * 

Then ^%aooex=oetQ^x+^ji 

cPy (j(acosx) • / , o 

a.m*=o«i.(^x+2.gj. 

Sinularly, -oeo«i=oBin^i+3. J j- 

£c. A Let y-aeinitr. 
dv 

~ = a& 006 6a;=oA eio 
^s; -a&%ui6xsia6^iD^&x-f 

- ab^lx-ah^^x + Z^t 
and ^=o6’^^&c + »“^- 

ImjiUeit ftmctions.— Eo far we have confined our attention 
to functions in which y occurs alone on the left-hand side of 
the equation. Such are called explicit ftinctlona ; in contra- 
distinction im impUdt flisetlon is one in which the variable 
y is not expensed directly as a function of x. We proceed 
to show how to find the differential coeflScient of such an 
expressioD. The method adopted may be seen from the 
following examples: 

Sx, 5t oy*=sla*. (i) 

Differentiatiog according to z, we obtain 

dividing hy 2 and rearranging, 

(oy+*)^=ia-yj 

. jii, 

dx ay-i-x 

This equation admits of being reduced to a simpler form 
by uaiDg Eq. (i> 

Thus, from {i\ iix*-yxr»«c^+yjf, 
or ^i*-!f)*y(<»y+*); 



IMPLICIT FUNCTIONS. 


X ay-\’X 

Substitute this value in ^i), and we obtain 
dx X 

For verification (i) may be treated as a quadratic for y ; 

'• y ^ 

=?(-l±vT+^); 

... 


Ex. 6. The equation 

or ^i) 

ia known an the rectangular hyperbola; 

" dx 3?' 


Xow, consider it as an implicit function, in which case we have, 
by differentiating both aides [xy being the product of two functions 
of ar), 


X 


dx 


+y=0; 


da: z 


Substitute the value of y from (i), and we find as before that 
dx 'i?’ 


Partial differentiation.--In the preceding example, in 
which the relation betweeen a? and y may be denoted by 
/’{jy)=0, the result obtained by differentiation is precisely 
the same as would be obtained by differentiating the given 
expression, firstly wiUi regard to x assuming y to be constant, 
and seconiy with regard to y assuming x to remiwn constant, 
ud finally taking the quotient with the opposite rign. ^ 
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The process of difiFerentiating with respect to one only of 
two or more variables is known as partial dUferentta^n. It 

is usually denoted by such symbo'ls as ^ and which read 

as the partial differential coeflBcient of /(x, y) with respect 
to Xj and a corresponding expression for y, or shortly, “the 
partial with respect to x,” “ the partial with respect to y.*’ 


Ex, 7. Let /(x, y) = 2yx+ay*-&ar=0. 

Differentiating first with respect to x, keeping y constant, we find 

^= 2 y- 26 x. 

Next differentiating with regard to y, keeping x constant, 

|'=2'+2»y- 


In order to convert which is a differentiation with respect 


dy 


to y, into one with respect to x, we must multiply by or the 
differential coefficient of y with respect to x. 

cr y-6^^+(ar + ay)^=0; 


dx z-tay ay-fx x* 

or for aU implicit relations between two variables such as x and y, 
we have 


dx ^ dz 


= 0 ; 

d/ 


dx “57* 


EXERCISES, XL. 

t H y=*‘+at»-*‘+5, find ^ 0 

S. y=)inax, find ^ ud 
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i. y=Atu>ax, and ^ and 

1 y-AcoaasCf find ^ and 

6. find ^ 

0. find 

7. a;=ABinrj^ + j5cosn^, prove that ^+tA;=0. 

8. y=e"*co8x, prove that ^+4y=0- 

9. X— prove that ^=5- 

tA i A . A iL X cosfl 

10. x:=tan0 + flectf» prove that 

U. Show by ineane of the following examples that 
3% ^ BPtt . 

3^2tp Srciy ' 

(i) (ii) u=x8iny+y8iiix. 

19. If tt=(**+y"+2*) \ prove that 

t* tt co8(2tan-^x) . ,, . 

18. If y = — ^ show that 

(l+x»)g+fe|+6y=0. 

Uaclauria's Theorem.— It is frequently necessary* to ex* 
pand an algebraical or trigonometrical function into an 
infinite series. Examples are furnished in the expansion of 
a series by the Binomial Theorem, and vaiious methods have 
already been given for the expansion of such expressions 
as {a+xff o*, log,(l+x), etc., in a series of ascending 
powers of X. We may now find a general theorem by means 
of which all the preceding, as well as others, may be expanded 

Let y denote some function of x, or y=/(x). Assuming 
that this function, when expanded, can be represented by a 
aeries of ascending powers of x, whose coefficients ... 

do not contain x, we may write 

y=/(^)=»Ad*Ar+<?x*-h/lx*+AIr*+... (i) 
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))i£rerenti«tu)g) 

Difierentiating again, 

^=2C+3. 2ar+4 . 3£t*+... , 

ftiid ^^^2. 3Z)+4 . 3. 2£ir+ , 

Now, as the series must be true for all values of x, it must be 
true for the value s=0 ; and, therefore, if the expressions (y), 

(^)’ (S)’ ®‘°-’ ^ ^ 

the particular case when x»0, we obtain 


or 


il 

□- 


‘‘■dM 

■^=1.2.3.4(^)’“^ 


Substitating these values in £q. (i), 

’v-w+(|)*+o(B)^+d:3®^+--<“' 

or y=Ax).+T/'(*),+^jm+i:^r(^)o+ N 

in which the given function y=/(x) is represented in a series 
of ascending powers of x with constant coefficients. 

The result given by (ii) or (iii) is known as tudsurtii'a 

nsorai 

If any fancthm x be changed into x+4, then the differential 
cxwfficient will be the same whether we suppose x to vary 
uniformly and h to remam constant, or A to vary and x to 
r emain constant, 




TAYLOR’S THEORfeM.* 


m 

It ia an easy matter to see that this is so from a simple 
example as follows ; 

Let 

Then, when s becomes A, we may write 

On the supposition that x varies and h remains constant, 
we obtain 

|=3(^+A)l 

Also if A varies and x is constant, 

^=3(^+A)«; 

■■ 

Taylor’s ThooresiL — A theorem of great importance, known 
as Taylor’s Theorem, may now be stated. 

Let y==/(4 

and let y denote the new function when x becomes ,r+A ; 

.. y*=y+AA+Bh^-^Ch^+,.„ ? (i) 

whose coefficients A, Cy etc., contain x but not k 

Differentiate on the supposition that x is constant and A 
varies ; 

^=j+m+3a*+ (ii) 

Next let X vary and A remain constant, then 



As the left-hand sides of Equations (ii) and (iii) are equal, 
the two series are identical, and therefore the coefficients of 
the same powers of A are equal ; 

, By I dA ^ I dB n I 'Sic . 

Subatituting in B the value of A ; 

IdA 1 
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etc. 


Sumkrlv, — - SL 

^ 1.2,3^ 

Now, Bubetituting these valu4 in (iX 


■'->-‘1+01 




™-. /(x+A)=/(4:)+A/(x)+^^)+^^)+ (,V) 

where f{x), f'(x\ etc., refer to differentiation with respect to 
X only. This is Taylor^ Theorem. 

1^.1. Let Ax)=x^,/{x+h)={x+h)\ 


/(x) = jw*-», etc,; 


1 • « 

the weil-known binomial expaoBion. 

Bxamples of the use of Taylor's Theorem. —A few 

examples of the use of Taylor’s Theorem are given ; othera 
of a s i mi l ar kmd may easily be obtained if necessary. 

£x. 2. Given sin 30® =0-5, find the ^*alue of si&aO® Sff. 

In ibis case A is the tadian measure of 3ff ; 


3(K= 


3i4}/i9x30 
60x ISO 


= 0t)087. 


Front Eqoal^n (iv), we find 


/(x) =sin 30* = 0-5, fix ) = cos 30* = 0*866, 

/*(*)= -im3(r= -0-5. /"(x)= -oos30*= -0*860. 
Substituting these values in Bq. (iv), we find 

ria3ff3ff=8in3(r +0*0087 X cos 30*+ 

= 0-6 + 0’0087 X o-see - ^5^^’ S, O-S . . . + etc. 
=O-5+0'OO75342-O-000OIS9Z2=0'8O75. 

Dewlopiwnt of log, a +X).— The derelopment of this series 
has already been found (p. 293) ; it may also be obtained by 
Taylorh Theorem. 



DEVELOPMENT OF loge(l+x). 


m 


Ex. 3. Lot y=log 0 X, y'=log,(x+A), 


i 2.3 

dx X ar*’ dar*^ jc* 

Subfltittttiiig these values in Taylor’s Theorem, we obUun 
h h* h*‘ 

log.(» + i) = Iog,* + j-2^ + gj,-^+.... 

Substituting unity for x, and a; for h, then, since 
log,I=0, 




;he sauMB result as that already found on p. 293. 

MacUurin’a Theorem can easily be obtained from Taylor’s 
rbeorenif thus: 

/(x+A)=/W+f/’(*)+ ... . 

Now put arcN^and for h write .r, and we find 

/W=/H+.?r(.tr),+~/’(^)o+ - ■ 

The meaning attached to the symbols may be shown by 
f'{x)^ which indicates that f{x) is to be differentiated twice 
with respect to jr, and finally put j;=0 in the result. 


Ex. i. Expand the function in a series of ascending 

powers of as. 

ysssinx; when (y)=0, or/(ar)=:0. « 

^=0081; when a: = 0 , /'(a:) cos 0 = 1 . 

oas 

Also /"(xls: - MX, when x=:0; /^'(x)=0. 

/’"(x) = - 008 X, when x = 0 ; /. /"(x) = - 1. 

Substituting these valnes in (iii) of Maclaurin’s Theorem, 

X® . x“ x^ ^ 

»=“i'*=*-i7^+r:o:o'7!+-- 
where 7! is read as factorial sevens and simply 
Ix2x3x4x6xex7. 

Sinularly^ if yacoax, we obtain 

c08X«l-^ + ^- ‘ (See p. 512.) 


means 
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Infinitesiinal qnantitieB.— if we soppoee some quantity 
denoted bj Q to be divided into a number of equal 
parts (saj a million, 1(FX ^ ^ equal quanUtiea, $], will 
be small in compaiison with Again, if we assume each of 
these equal parts to be again divided into one million, then 

each part would be or 

Proceeding in this manner, any number of quantities may be 
obtained in which the second is extremely small in comparison 
with the first, the third in comparison with the second, and 
so on. 

The quantitiee so obtained may be denoted by Q|, Qt, 
and are known as small quantities of the first, second third, 
etc., orders. These small quantities ai*e such that those of the 
second order may be neglected in comparison with those cf 
the first order, etc. Examples of their use are furnished in 
calculating the numerical values of a give|!^^function from a 
series in which the numerical values of the several terms 
rapidly diminish. 

Then, for example, since 


“**=>-57+17- 


It follows that if is of the first order, then sinjr and 
I -coax are respectively of the first and second orders of 
small quantities. 

YaIm of atnx. — Ihe value of sin x can be obtained to anr 
reqoisite degree of accuracy by using a few terms of the 
series (p. 3S1), viz. : 

»i"*=*-3!+5r"-- 


Thus, for an angle of 30°, as sin 30° » 0*5236 radians, we 
obtain by snbstitation 

« 0*6236 - 00289 + 0*0003 « O’SOOO. 


Thus, 

Kmihudy,* 


im30°«*0*5. 

xinro- l*or 2 0‘<M72)*,0W2)‘ 
ian60-»1'04/2 SOdT 

- 1-0472 - 0*1914+00106 ^H)008 



VALUES OE TBIGONOMETRICALTUNCnONS. 


Oalcolation of tlio Talno of coax. —The numerical valtie 
of the coeine of a g^ivea angle may aleo be determined by 
means of the appropriate series. 

Ex. fi. Calculate the numerical value of cosSO*. 

We have cosa;=l , 

and as 30*=0*5236 radians, we obtain, by eabstitation, 
oosw -I g 

= l-Oi371 + 0*003J=0'S660. 


In a similar manner other values may be calculated and 
^be reaulte compared with those in Table V. 

Since sm ^ ^ “ etc., 

WTO have, dividing by x, 


ainx ^ 

X " 3!'’'5! 


-etc, ; 




Small angles. — If the angle x be so small ^at and all 
succeeding terms can be omitted, then from the preceding 
levies siar:=.r, or when an angle Is small, its sine is approxi* 
auitely equal to tbe rircnlar measure of ttm angle and its cosine 
is appreslinately eqoal to iiiiit7- ^ 

Series for tanx — The series for tanx may be obtained 
from Maclaurin’e Theorem. 

^W=/(i))+f/(0)+^/'(0)+.... 


Here /(j:)»tanx; /(0)=0. 

/■(4-.l+tan>x=l+W,r)P; A /(0)=1. 
/'(x)-S/(x)/(x); A /'(0)=0. 

rW-8/'W/(*) +*!/(*)? : ■■■ /"(0)=2, ete. 

A0)-18. 

Hence, b, anbetitution. 


1? Kt* 

tan*=x+y+j5+™. 
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Maxima and minima.— We have already found (p. 356) that 
if, at a point denoting a maximum value on a curve, the 
abscissa x receives a small increment, the corresponding value 
of y is less than its preceding value. Or, the slope of the 
curve becomes negative. In other words, the tangent to a 
curve making a positive angle with the axis of x varies until 
at a point indicating a maximum value it becomes horizontal. 
When X is increased past this point, the inclination of the 
tangent is in a negative direction. For a minimum value the 
inclination of the tangent varies from negative through zero 
to positive. 

Thus, if y~f{x\ and /(a) is a maximum or minimum value. 
Then f{a) wiH be a maximum value of f{x) if f{x) changes 
fTOm a positive to a negative value as x passes through a\ 
and f{d) will be a minimum value if f{x) changes from a 
negative to a positive value as x passes through a. 

Analytically, by Taylor's Theorem, let y=f{x\ and let x 


become x+&r, then, since /'(j?)=0, we have 

/(x+&)=/W+-®(&r)*+ (i) 

Also, if JT becomes we get 

/(x-&)=/(^)+-®(-&)!+... 

..(H) 


From (i) and (ii), we see that if the second term f'{x) be 
positive, then in both expressions the values of the right-hand 
side of the expression is greater than f{x). Therefore the value 
of the ordinate y diminishes in passing from the point x-^ 
to the point r, and y is said to have a minimum value. 
Similarly, if ^ or f*{x) is negative, the value of y is a maxi- 
mum. In this way obtain a rule which may be thus stated : 

If y=f{x\ the value or values which denote a maximum or 
minimum are obtained by determining the value or values 
which make f{x)-^. To ascertain whether the values obtained 





POINTS OF INFLEXION* 


1 


f\x) and substitute for x. If tbe resulting value is negativ^ 
it corresponds to a maximum, and to a minimum if the value 
is positive. 

Ex, 1, Determine the values of x which make x* - 6** + 9a; - 12 
a maximum or a minimum. 

Let y=a;“-6x®+9a;-l2, 

^=:3x“-12x+9. 


When ^ is a maximum or minimum, 

^=0, 

dx 


3x>-12a;+9=0, 

.r a:2_4a.+3^0 or (x-l){a!-3)=0 

x=\ or 3. 

Differentiating (i), we obtain 




(Py_ 


g=6a;-12; 


when a;=:l, - 6, a negative quantity, and therefore corre- 


spends to a maximum. 

Similarly, when a;=3, ^=6, a positive quantity. 

Hence, a:=l corresponds to a maximum value, 

and x=3 „ ,, minimum ,, 


The rule may be stated thus : — An. expression will bo a 

t-lBudmum wlwn tbe value of x, which makes ^ zero' gives 

d*v ^ 

' -JL a native sign, and a minimum when the value of x gives 
dx* 

^ a positive sign, 
dx^ 

It will be noticed that this expresses only in a different 
form the rule already used in determining maxima and 
minima by plotting. 

Points of inflexion. — It may happen that both ^ and 

^ vanish for the same value of x. In that case, we do not 
dx“ 

necessarily have a maximum or a minimum. Reference to 
Fig. 126 will show a point, IT, where this is so. 

M.F.H. K 
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If this happens ^ should be differentiated again and the 
dx* 

values that made vanish, a^'well as ^ zero, should be sub- 


stituted in 


dx 


If after substitution the result is not zero, then the point 
considered is a point of inflexion ; but if it is zero, then the 
differentiation must again be tried to find whether the new 
differential vanishes. The process must be repeated until we 
obtain a differential which does not vanish. If the first non- 
vanishing coeflicient is of odd order it is a point of inflection ; if 
of even order it is a tuiniiig point, i.e. one that is either a 
maximum or a minimum. 


Ex. 2. Let 


y=x®-3a::®+3a:-13, 


dy_ 


dx 


=3ar*-6x + 3=3(a:-l)2, 


which vanishes when a;= 1. 
Differentiating again ; 

and this is alse zero when ar= 1 ; 


differentiate again, and obtain 


dx? 


= 6 . 


But this result does not contain x, and is not zero when x-\, and 
therefore the point a;=l is neither a maximum nor a minimum, 
but a point of inflexion ; that is to say, the tangents to the curve 
on either side of the point are inclined in the same (positive or 
negative) direction to the tangent at the point itself. 


Ex. 3. 
when 


Find the maximum and minimum values (if any) ot y 

y = a:* - 8a:® + 242)2 - 32aj, 

^=4(2)3- 6a:2+ 12*- 8)=4(a; - 2)3, 
ax 


and this is zero when a;— 2. 
Hence, differentiating again, 
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Again, 


^=24(a;-2), and this is zero when x—2. 


^=24 


In this case the first differential which do^ not vanish is of 
even order. 

Thus a; =2 gives a minimum value of y. 

Each of these cases, Exs, 2 and 3, can be simplified; the first, 
by the substitution of z for a;-l, becomes y=:z*-12. 

The second, by putting x-2=», becomes y=u^+16. 

In each case the resulting expression may be treated in the 
usual manner. 


EXERCISES. XLL 

1. Expand log,(l+a:). 

2. Expand as far as ar* ; 

(i) log(a: + \/i*+o^) ; (ii) (c*+e“*)*. 

3. Expand, by Maclaurin’s Theorem, tan^ in terms of sc to 
three terms. 

Find the first and second differential coefficients of the following; 

4. X*. 5. 6. tan*^a:. 

Find the differential coefficients of : 

7. a;®loga;. 8. sc^e*. 

9, Expand tan "^sc in a series of ascending powers of x by 
Maclauriu’s Theorem, 

10. Expand sin'^fx+A) to three terms by TayloFs Theorem. 

11. Expand e*loga(l+x) by Maclaurin’s Theorem. 

12. Expand sinx in terms of x by Maciaurin’s Theorem to 
three terms. 

18. Show that the series for cos z may be obtained by differentiat- 
ing the series for sin x. 

14. coax + isinx=:e^, 

cos X -t sin x~e‘^ (pp. 512, 584). 

Hence, coa*x + sin^x = 1 , 

sin 2x — 2 sin X cos x, 

and (cos x + i sin x)”=e’'^=cos nx +i sin nx. 

If c is the chord of an aro of a circle, a the chord of half the arc, 
and I its length ; prove that c). (p. 192.} 



CHAPTER XIX. 


INTEGRATION, 


Lltegration. — We may consider integration as the inverse 
process of differentiation. Thus, for example, from a relation 

connecting x and y, the process by "which ^ is obtained is 

called differentiation. Conversely, given a differential expres- 
sion, the previous process may sometimes be reversed and the 
integral obtained, the object being to detennine the expression, 
or function, from which the given differential expression has 
been obtained. We are able in this way, to write down, in 
many cases, the original expression by mere inspection. Or, 
we may make use of a rule which is readily seen from the 
corresponding rule in differentiation. 


Ex. I. Thus, if 

This may be -written in the form 
dy^^^dx. 

Integrating, 


Jdt/~J SsAiXf 

y=x^. 


These, and similar expressions, may be obtained by using 
the following rule : 

To flnd tbB integral of a power of x, add unity to the Index and 
divide by the Index thna increased. 

[As any constant quantity connected with a function by a 
positive, or negative, sign (indicating addition or subtraction) 
disappears during differentiation ; therefore, a constant^ which 
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may conveniently be denoted by (7, rauat be added after 
integration ; its value is determined from the conditions of 
the given problem.] s 

An important exception to this rule is furnished when 
or the quantity to be integrated is Th^ will, 

however, be recognized to be the inverse of the differentia- 
tion of logar. 

Thus, if y=log.r, 

and if yi=^, 

The symbol is read as Int^ial of yj with respect 

to X.** 

As illustrations of the meaning of integration consider the 
two progressions, arithmetical and geometrical. 

The iutegiAl as the sum of a series iu arithmetical 
progression. — In the series 

a2 + 2a2-|-3aH... + «a“, (i) 

the sum of n terms is ^ 

Now, as the number of terms may be of any magnitude, 
it is possible, if a is altered inversely as n, to make na always 
the same, say equal to x, • 

Thus, the sum becomes (ii) 

Now, as na is to remain constant, it follows that as n becomes 
greater and greater, a becomes less and less, and eventually, 

when a becomes zero, the sum of the series from (ii) m 

We may with advantage rewrite the original series and put 
8.r instead of a. 

(ar)H2(S.r)24-..- + «(Sar)2. 

But, as before, nS;r=j;. Thus, we find 



390 A MANUAL OF PRACJTICAL MATHEMATICS. 


This is obviously an ordinary arithmetical progression, and 
the sum of the series, 'which may be denoted by 2, gives 

A 

by the usual formula. 

So long as &r is assumed to be of any magnitude, the sum 
may be found by the preceding expression. If, now, we 
assume &r to be zero, we may "write the integration sign j 

instead of the summation sign 2, and also (h‘ instead of Sr, 
and we obtain 


It may perhaps he easier to follow this proof if the various 
steps are interpreted graphically. For this purpose, take in 
the usual manner, two perpendicular axes, mark off hori- 
zontally distances equal to 
a, and vertically distances 6, 
26, 36, ... n6, as in Fig. 135. 

The area of the firat 
rectangle, its two sides AA' 
and KNf is a6, or the first 
term of the given series. 
Similarly, the area of the 
second rectangle represents 
the second term, and so on, 
the last terra being ?mb. 
A£ is equal to wa, and the 
assumption that na is constant implies that AB and BC are 
to be constant lengths ; the sum of the series is the sum of 
all the rectangles into which the figure may be assumed to be 
divided, and is equal to the area of the triangle ABO together 
with the area of n half squares. 



sum of series = 


ABy.BC nab 
2 


_n^ab-i-nah _«(7i+l)a6 
2 “ 2 * 

ie, tlw ordinary summation formula. 
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Now assume n to become very great. Then, since AB is 
to remain the same, the length a must be very small, and 
the size of the half squares yill become very small. 

Finally, when a is made indefinitely small, the corners of the 
squares will all lie on the line AG^ and the sum of the series 

will be the area of ABG=—^> 

But, in the preceding case, na was denoted by and also 
a=6 ; 

where a; is 0 for the first term and for the last. 
Geometrical progression. — Consider the geometrical series 
a + a?" + (w^ -f ar** + „ . + 

r»~l ■ 

As in the previous solu- 
tion, we may represent the 
sum graphically. 

The area of the stepped 
figure (Fig, 136) gives the 
sum of the series. Now, 
make ?^=coDst.=r^; 
ma=const.=a;(j. 

Next assume m to become 
indefinitely large, and a very 
small. The steps in the curve (Fig. 136) will disappear and 
a continuous curve will be obtained. Also will be very 
nearly equal to the next ordinate to it, or, in other words, 


The sum= 



sum of series — 


a(r*Q-l) 
1 ' 


Expand r“ by the exponential theorem (p. 292) 
r" ^ 1 + a log< r + — 4- etc. ; 

r*^-l 

sum of senes =■ y 




2 ! 


+etc. 
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Now make a zero ; that is, make the curve continuous, and 
the sum of the series becomes 


log,r’ 

If for a we substitute dxy the series will be written 

or J where the value of j; is 0 at the beginning, and 

at the end of the series. 

The differential coefficient of is equal to 
log.r 


As already indicated, added constants disappear during 
the process of differentiation, and therefore it is necessary in 
all cases to add a constant after integration. 

At the beginning and, since no terms are included, 
the area is zero ; 

A the value of the inteffral is j— — |- const. =0: 

^ log^r 


const. = -r-^* 

lOge^ 

At the end of the series x=Xf^ and r*=r*=o, and the value 


r*® 1 r** — 1 

of the intecral is ^ +const. = nj .j = -5 . 

* log*r log.r log,r iog,r 

Thift is the result obtained by the preceding method. 

The reason for the subtraction appears from the fact that 
only a small portion of the curve is used in order to obtain 
the resultant area, but by containing the geometrical series 
backwards, as 

the curve would gradually reach the axis of x. The unknown 
constant is the area between this produced part of the curve 
and the axes of x and y. 

The operation just performed is called Integration between 
Smite, and when the area ABCD is required, it is necessary 
to obtain the integral of i^dx between the Smite x=0 and x=X(y 


This is written as 
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The rule for such an integration is : first find the general 
Integral) i,e, in tMs case ; then enUraet the xeenlt of sab- 

sUtattng the lover limit in the Integral from the result of 
sabetttutiiig the upper limit. In this case 0 and respectively ; 



f*o 1 
Ipg.r log,r 


r”-l 

log,r 


These examples show three distinct methods which may be 
used to find the integral of a given function. 

(a) By the summatloiL of a serira in which the terms alt^ 
gradually. 

ih) ^ the process of finding an area. 

(c) By inverting the process of diiierentiation. 

Obviously the result of integiuting a given function by each 
of the methods diould be identical, but it shj^uld be noticed 
that the first method is frequently impossible, the last two 
(&) and (c) are those in general use. 

It will be noticed that the first two methods are identical, 
the character of (a) is algebraical, that of {h) is graphical. But 
as there are many series the algebraical terms of whyse sum 
is unknown, or, useless from this point of view, we are prac- 
tically restricted to (^►) and (c). 

To obtain the general connection between integration, re- 
garded as the inverse process of differentiation and obtaining 
an area, we may proceed as follows : 

If then when the form of the function is known, the 

process of differentiation can be carried out by the methods 

already described, and we obtain which is, in 

general, some other function of x. 

Now, plot y-f{x) and and make x and y zero together; 

also plot ^=^f{x) and x. 
dx 

n2 


M.P.M. 
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If ^ is plotted instead of we should obtain a stepped 
curve, as indicated by the dotte^ lines (Fig. 137). The area 
of the rectangle M^N^RQ is ^ ^ 

Now, y is the sum of all the small increments, from the 
place where ^=0 to the place where 


X=0Xi Z=OSi 

E ^=2 

x=0 x=:0 


and this is obviously equal to the 

area of the stepped figure OCPiN^-^ (ii) 



Fia. 137 . 


By dy 

Hence, make &r indefinitely gmall, and ^ becomes ^ 

and we write dx instead of &r, and / instead of (i). 

j dx 
0 

Or, write fix) for and the preceding becomes 
dx 

/ o/r, 

r(a:)c£r=area of figure OCP^Ni^ 


the steps having disappeared. 
Similarly, the area OCP^N^ is 



Hence, y-^i—area OCP^N^ minus area 0CPiN2i or the aiea 

-yi == f(x)dx - J^''y(x)dv. 

0 0 
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This may be \vritten The increase in the value of the 
integral, as x Increases from the value ON^ to the value ONiy 
]a equal to Ihe area between* the curve f{s), the ordinates at 
and and the axis of x, and is equal to the value obtained 
by the inverse process of diSerentiaUon, finally substituting in the 
result the extreme values of x, and subtracting. 

/ OJT, fOTTi 

f{x)dx- I f(x)dx is written in the 

form j 

OA's 

& 2. Let /'(=')=! 

As on p. 390, /(*)= Jf'{a?)dx=^+ oomt 

Plot /"H*)' This is a straight line passing through the origin 
(Fig, 138). The area enclosed by the line, an ordinate at any point, 
and the axis of x can be 


obtained. Thus the area 
enclosed up to point 
P is 50 x 25-^2=625. 
Draw a straight line 
Ai^iCi parallel to the 
axis of X and at any con- 
venient distance from 
it. Make v4iPi = 625 
(altering the vertical 
scale for the purpose). 
Again at a point on the 
curve where x = 150, 
y = 75 ; area enclosed 
= 150x76-^2= 5625. 
Proceeding in this man- 
ner, any number of 
points on a curve may 
be obtained, the or- 
dinates of the curve 



Fig. 138. 


denoting the area enclosed by the line up to the ordinate passing 
through the point. 

Drawing the curve through the points P^y R^y 8iy we obtain 
the parabola -f const. 
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It will be seen that the value of the constant is unknown, because 
by moving the curve O^PiQiS^Si parallel to the axis of y we do 
not alter the slope at the points, therefore the shape of the 
curve remains the same. The constant must therefore be deter- 
mined otherwise. 

If, however, the difference in height between and Pi is 
required, then RiO^ - is the value required ; and the result 
is obviously independent of the constant. 

As in preceding case the value is 

/■i»x - fxniM loO* 50® _ 

J 2*'=Lii =-r-T='>«»- 

From the diagram this is seen to be the area of A PPG. 


Ex. 3. Ut /'(a;)=:ix 0*434. 

Then, as on p. 389, f{x) =0*434 J ^ 

But 


-0*434 loge 2 :+ const. 

0*434 \ogeX~\ogi ^ ; 

.*. /(a;) = logi(>a:-|-const. 

Substituting values 0*5, 1, 1*2, etc., corresponding values of fix) 
can be obtained. A few values are given in the following table : 


X 

0*5 

1-0 

1-2 

1*4 

1*6 

1*8 

2*0 

nx) 

=(Tm- 

X 

0*868 

0*434 

0*362 

0*310 

0*271 

0*241 

0*217 


Now 0*434j'’*Idx=0*4341oge2-0*4341og,l. 


But the logarithm of 1 to any base is zero, and 
0*434 log <,2=log,o2=0-301; 

which is the area enclosed between the carve, the axis of x, and 
the ordinates and x^2. 

This result may be readily verified by drawing the curve on 
squared paper to a fairly large scale, and adding np the whole 
squares and partial squares enclosed by the curve. 

Similarly, the logarithm of 2*5 is the area enclosed by the curve 
from x=l to x=2'Sf and so on for the loguithm of any number. 
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Ex. 4, Integrate 


If 


The indefinite integral is lo^*a:+<7. 
Hence, if the limits are a and b, 


Ex. 5. Find the value 


= [log = log«3 = 0*477 1 X 2 *3026 : 

/• 

1 


i 

Ex. 6. Find the value of / 'xHx. 


21 . 


Ex. 7. Show that 


c f a:'*dx=— ^ (ft""*"' - 
J nH-1 


Area of segment of a parabola, — In the curve 



r 

A = 


= ja^dx -^13^ + 0. . 



..(iii) 

..(iv) 


The area ON PR (Fig. 139) from J7=0 to x=0N (Fig. 139) 
is given by 

A=^x0iV^. (v) 

3 
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We may eliminate the constant a by substituting in (iv) 
the values of x and y for any point, such as jP. 

Thus, FN^ay^ON*; 

PN 

Substituting in (v), we obtain 
PN 


Hence, the area of ONFR is one-third the area of the rectangle 
ONFS. As there are, for each value of y, two values of it 
follows that the area of the segment of the parabola PSO is 
I that of the rectangle SONPy an important result. 

Denoting OM by jTg, and ON by x^^ then the area of 
MNPQ is given by 

^ J ax^dx = I - x^ (vi) 

A result from which, when the numerical values of o, x^, 
and .^2 are known, the value of A can be obtained. 

Integration of sum of functions. — When differentiating 
an expression* containing a number of distinct functions 
connected by the signs plus or minus, it was only necessary 
to differentiate each singly and obtain the algebraical sum of 
the differential coeflScients. 

In a similar manner when it is required to integrate an 
expression consisting of the sum of any number of functions, 
the integral of each separate term may be found, the sura of 
these separate integrals will be the integral required. 


Ex, 8. 
Ex. 9. 


Show 


that J(2a; + a;®- C. 


/(' 


“'*i) 


^2?=-^ + ^“ X2 + Lf 


We have already found that any constant which is a rnnlti' 
plien or divisor of a given function is a multiplier or divisor 
of the differential, hence a constant multiplier or divisor 
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following the integration sign may be removed and planed 
in front of the sign of integration. 

The following list of soipe of the simpler functions and 
their differential coeflScients will be found very useful, the 
list may easily be extended if necessary ; it will be obvious 
that from such a list the integral of any function agreeing 
with any of the tabulated or known differential coefficients 
can be at once written down. 

In all the followmg cami the comtaTU of integration shoidd 
be added. 

If ’ '■ ^ 


Hence, from the preceding, 



w + l’ 


y = log.r, 

dx X * 

J-dx—iogXf 


dx~^' 

j^dx=d‘j 

y = sin X, 

dy 

-r = coax. 
ax 

jcoaxd^^siax, 

-cosar, 

dy 

-7^ = 810^7, 

dx * 

jBmxdx= -cosXj 

^ = tan.r, 

dy 2 

-^=sec*'.r, 

dx 

1 sec®a:dF = tan x^ 


dy 1 

f, — /i/r Bin ^ 

y — sm ^7, 

dx Vl - 

1 / Ww lailA 

Jn/T^ 


when d?<l ; 


S 

II 

dy 1 

dx~\-{-a^' 


y=sec"^x, 

dy 1 1 

dx xy/x^-l* J 

^ dx — sec"' X. 

Thus, if 

g=bx”-hOy 


the differential coefficient is 




\ or dy=nb3f^''^dx. 
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Hence^ revving the process, we see that the integr&l of 
written 

«Jx-+a (i) 

Sz. 10 . i fz’'^dcc =^^ — =*^ + ( 7 .,.. 

T 


Indefinite integral.*— The expression (i) is called an Indeflnite 
Int^ral of the function the value of the constant 0 

being unknown. In practical applications the value of the 
constant and the integral can usually be determined from 
the conditions of the problem. 

The preceding integrals are important and should be com- 
mitted to memory. Tlie following may be reduced to the 
preceding forms by one or more simple substitutions and 
rearran gements. 

If v~ — cosaz, ~ =smaz ; 

^ a OJF 

f sin azclz— cos az. 

J it’ 


The result may also be obtained as follows ; 

Ax. 11. Integrate sinoxdx. 

-r * . 1 diz . dz 

Let ax= 2 , then j- = a, or ax=~-i 
dx a 

I sin aa;<ic=t- / sinzcfe. 

J aj 

But, from the preceding table, 


Jainzdz= -cosz ; 


■■'i 


. , 1 1 
8m2«2=: --OOSZ= - - COS ttX. 


In* many cases an integration may be readily effected by 
means of a suitable simple substitution. 
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12. Find the value of 


J{a + bx)^^' 


Put a+bx=:z; then dx^-dz; 

0 


, r 1 , 1 fdz 


replace z by a+bx; 


Ex. 13. Integrate 


f ^ dx= ^ ^ 

J (a + 6a;)« 6(1 -n) (a + 6a:)’*"^ 

te je'^dx. 


ax=Zt then tia:=— i 




In some cases an integration may be effected by more than 
one method ; the results obtained, although perhaps differing 
in appearance, may by suitable simplification be reduced to 
the same form. Two such methods are used in the following 


Ex. 14. Find the integral of 

ai^dx 

It will be noticed that the numerator contains x to a higher power 
than the denominator. In such a case it is necessary to divide 
the numerator by the denominator until the numerator contains x 
to a lower power than the denominator. 

■■■ 
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Resolving partial fractions, p. $, we obtain 


7a:- 


1 


/: 


a:“-3a: + 2 x-1* 

^^i^cix=8 log(x- 2) - log(ft - 1). 


Instead of the preceding solution we could write the given 
integral as follows : 

2a:-3 




^dx=p3x + 

= 2 +3a:+2 


m 

7 f 2a: 
2ja^~3 


2^~Sx + 2^ 

3 


‘Sx + 2 


i)+l(55djT2)}<«* 

g[ L 

2j 


dXi 


put a:2-3a;+2=z; 


.•. ^=2x-S, 

dz 


also 


Similarly 


7 f 2a;-3 
2] x^-3x-^2 

?y L 

2j(*-2)(a 


dx becomes 


— rfv — ■ 

2j{a:-2)(x-l)“^“2, 




=|log(*-2)-|log(ir-l). 


Colleofcing the terms we find 


This result appears to differ from the previous one, but 
~log(x^-3ar + 2) may be written ~log(j:-2}+^log(x - 1) ; 

•■ /?r^<**=f+3*+g>'>g<®-2) + |'og(*-l) + |''>g(*-2) 

-?log(a:-l) 

=-g + 3a:+81og(x-2) -logia;- 1). 
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Ex. 15, If where c is a constant, find 
jpdv. 

Here it is necessary to express p in terms of v. 

Thus, since ptf-c, 

then _p=ci;"*; 

substitute for p ; /. jpdv—cj v~*dv 

Thus, let «=0*8; then, p=cv-0‘8; 

Let«=l; then cjv~^dv = cj^dv 

= ClOgeV. 

Ex. 16. The rate (per unit increase of volume) of the reception 
of heat by a gas is h, p is its pressure, and v its volume, and c is 
a known constant. 

If pt!*=c (i) 

5 and c being constant, find h where 

'^=^{” 1 +^ <“> 

If h is always 0, find what s must be. 

From (i) p = ct»-»; (iii) 

dv 

Substituting this value in (ii), 

+ (iv) 

Substituting from (iii) in (iv), we obtain 

when /i=0 we have P , 

7-1 

giving s-Y* 
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Automatic integration, — MaDj inBtruments are in use by 
which integration is performed automatically. Familiar ex- 
amples are furnished by meters of various kinds, such as gas 
and water meters. Thus, assume an orifice, or tap, in connec- 
tion with a water meter ; then, if v denotes the velocity of 
the issuing water, the quantity which flows in a time t may 
be denoted by where Q = j This quantity is duly 

0 

registered on the dial in front of the meter. In a similar 
manner, the dials of a gas meter record the number of cubic 
feet of gas which passes through the meter. 

It must not be inferred that it is possible to integrate any 

/ dx { dx 

and others, have only been obtained by approximate methods. 
Thus, the form of the differential cannot always be derived 
from an algebraical expression. In such a case the niethod 
adopted is to obtain an approximate value by the aid of 
series, etc. 

Approxtbiate methods. — In practical cases, such as finding 
the area or volume of an irregular figure, it frequently happens 
that the value of a definite integral cannot be obtained, and 
some approximate method must replace a more accurate integra- 
tion. Hence, it becomes nece&sary to ascertain what formulae 
may be used for the purpose. 

Therif are several methods by which, when numerical values 
of X and y are known, an approximate value of | ydx can 
be found. Of these the following are important : i 
Simpson's Parabolic Knles, viz., the (me-third and the three^ 
eighths rules. 

Weddle’s rule, the trapezoidal and the mid-ordinate rules. 
Simpson's First Rule. — This important rule, also called 
Simpson’s one-third rule, may be used when values of the 
ordinates of a given area, or volume, at equal distances are 
known, and when there is an odd number of such ordinates. 
It may be written in the form ; 

2=1 (i +45+2(7); 
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where 2 denotes the area when the ordinates are linear, and 
volunae when the ordinates denote areas ; s is the common 
distance between the ordinates, A the sum of the end ordinates, 
B the sum of the even ordinates, and G the sura of the odd 



n 

Fia. 140. 


ordinates. If, as in Fig. 140 , there are seven ordinates, then 
the rule may be written 

Area DGFE=^ ^ 

0 

SimpBon’s Second Rule. — Simpson^s second ^or three-eigktki 
rule^ may be used when there are an even number of ordinates. 

^=|/(^)^^=^{yo+.V9+2y3+3(yi+^2+y4+y5)}. • 

Weddle’s Rule. — This rule is applicable when there are 
7 equidistant ordinates, and on the assumption that the 
boundary is a continuous curve the results are probably more 
accurate than those obtained by Simpson’s Rules. The rule 
may be stated as follows : 

3s 

^ = lQi^/o+ya+y3+y4+3'6+S(yi+y3+3^5)}. 

Trapezoidal Rule. — The so-called trapezoidal rule is usually 
more easily manipulated than the preceding formulae, but the 
results are not so accurate as those obtained by Simpson’s 
and Weddle’s rules. The rule for 7 ordinates may be stated as 

follows. A=a^i(3iro+y«)+yi+y8+^8+y4+3/6}. 

* For eight or more etm ordinatee, apply the second rule to the first four 
and first rule to the remainder. 
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Mid-ordinate Bnle. — If k is the mean ordinate of an 
irregular figure DEFO (Pig. 141), then the product of h and 
the length DE is the area of the figure. 

The base DE is divided into a number of 'equal parts, and 
at the mid-point of each, as indicated by the dotted lines, per- 
pendiculars are drawn ; the sum of all such ordinates divided 
by the number of ordinates is the mean ordinate required. 
The approximation approaches nearer and nearer to the actual 
value as the number of ordinates is increased. 



The sum of the ordinates is readily obtained by using a strip 
of paper and marking off a length equal to the first, and at 
the end of the,, first a length equal to the second, etc. 

Ex. 17. Find the area of the curve between the values 

a:=l and a?=7. 

Let A denote the area 

... 

1 

Substituting the given limits, we find 

To avoid mistakes it is advisable to write the indefinite integral 
in square brackets as shown, and afterwards to substitute and 
simplify. 

It is instructive to compare the accurate result obtained by 
integration with the value found by using Simpson’s Rule. 

Ex. 18. To find the area of the curve y=a;®, between the 
values *=1 and x=l. 

For values of 2, etc., calculate and tabulate values of y 
as follows;. 


APPROXIMATE METHODS. 


407 



By SimpsOTi’B Rule the area of the curve from 1 to 7, is 
|{l+49 + 4{4 + 16 + 36)+2(9 + 25)}=— -114. 

The area obtained is that of a parabola and therefore the result 
agrees with that obtained by integration. Simpson’s parabolic 
rules give accurate results in such cases, even if only three equi- 
distant ordinates are given. Thus, in the preceding example, 
using the three ordinates 1, 16 and 49. Then, as the common 
distance is 3, 

3(1-1-49 + 4x16) 342 
area=-! ^ i=— =114. 

In fact Simpson’s Rule proceeds on the assumption that the 
curve is a parabola, and consequently the nearer any given case 
approaches to this form, the greater the accuracy obtained by 
the rule. 

Ex. 19. Find the volume of a log of timber 36 feet long, the 
areas of cross-sections at equal intervals of 6 feet being as follows; 

8-20, 5-68, 4-04, 2-92, 2-16, 1-54, 1 02, sq. ft. ‘i^spectively. 

I Simpson’s First Rule. 

Sum of end ordinatea-8’20+l‘02 =9*22. 

,, „ even „ =5'68 + 2‘92+l‘54 = 10T4. 

„ „ odd „ =:4*04 + 2-16=6-20. 

Volume = ^ (9-22 + 4 x lO’U + 2 x 6-20) 

=2x62-18= 124-36 cub. ft. 

II. Simpson's Second Rule. 

ir_^{8-20 + 1-02 + 2 x 2'92 + 3(5-68 + 4-04 + 2-16 + l-64)} 

=1(9-22 + 5-84 + 3x13-42) 

= 124 '47 cub. ft, 

III. Weddle’s Role. 

r=^{8*20 + 4-04 + 2-92 + 2-16 + l'02 + 5{5-68+2-92 + l-64)} 
=H(18‘34 + 50-70) 

124-272 cub. ft 





408 A MANUAL* OF PRACTICAL MATHEMATICS. 


IV. TrapekMOM KQle. 

r=6{i(8-20+l'02) + 6-68 + 4‘04 + 2’924*2-16 + l-64} 

= 6 X 20-95 = 1257 oub. ft.* , 

V. Mid-OKUnate Rule. Drawing the mid-ordinates the sum 
is 20*56; 

/. Volume as X 56 s= 123*4 oulx ft 

It is important to be aUe to um more than one method in 
calcfthiting the area tx volume of a given irregular dgure, the 
results obtained by tme method may be used as a check on the 
other. 

Ex. 20. Plot the curve y=2*45e^'^ (i) where e=2*718 Find 
the average value of y from a;=0 to xs=8. 

When values 0, 2, 3 ... are assumed for x corresponding values 

of y can be calculated. Thus, when from (i) 

y=2*45e‘’-2*^. 



When r=3, 

logy^log2-45 + l*21og2718=0’91036j 
y= 8*136. 
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Valu«s of X and corresponding values of y are given in the 

following table ; 


7] 


1 

— 

.2- 

3 • 

4 1 5 

6 1 7 

8 

y 





HI 






Tlie curve is shown in Fig. 142. 

The area OAB may be obtained by Simpson's Rule as follows ; 
Sam of end ordinatc8=;:2-45+60‘12=e2’57t 
Sum of even ordiDates=3'6564-8’136 + 18-10 + 40'29=70T82, 
Sum of odd ordinate8=5’453+12-13 + 27 '01 = 44 *593. 

A=:-^{62'57+4 x 70'182 + 2 x 44-593)=^^^=: 144-16. 

Also area = (average ordinate) x (length of base) ; 

, 144-16 

average value = — ^ — =18 02. 


The preceding result may be obtained more accurately by 
integration. Thus, if 

Hence f 

J a 

^a:. 21. If y=2’45e'*'^, find the average value of y from a;=0 
to a: =8. 

/■B . 2'45r 1® 

(average value) X 8= / 2*45e*>‘** 

6 


=6-125 

=6'125 x 23*54 = 144'18; 
average value = = IS ‘ 02 - 


Boxne applications of integration. — Many of the rules and 
formulae used in mensuration are extremely difficult or im- 
possible to obtain by elementary algebraical methods. There 
are very few, however, which do not yield to an elementary 
application of the calculus. The proofs of some of those which 
are of constant occurrence in practical work are given in the 
following pages, others may, if necessary, be obtained by 
similar methods. 
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Area of a circle.~Let 0 denote the angle BCD (Fig. 143), 
then DCBy a small increase in the angle, will be denoted by 



and the arc DJS—rBO. Draw 
the chord DB^ The area of the 
triangle DCE-^DE y. CF 
CF is drawn perpendicular to D£. 

When the angle becomes in- 
definitely small, the arc D£ be- 
comes equal to the chord D£y and 
CF becomes r. 

area of triangle =^r<^^xr 


Fio. 143. — Area of a circle. 


The sum of all such triangles, 
6 varying from 0 to 27r, will give the area of the circle. 

a = j M; 


area = 


area=^[^=^'ir7^. 


Surface of a^ cone. — Let r denote the radius of the base, 
I the length of the slant side OiV (Fig. 144), then if AD, BC 
denote two plane sections perpendicular to the axis of the 



FlQ. 144. — Surface of a cone. 

cone which cut the cone in two circles shown by the 
lines AEDf BFC respectively, when these planes lie 
close tf^ether, if y denotes the radius AE^ the surface 
*See footnote, y. 434. 
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of the slice ABCD is 27ry x EF approximatel 7 , and this ap- 
proaches closer and closer to the actual value as the distance 
EF is made smaller. When the two points E and F are 
indefinitely near to each other, the points A and B form two 
consecutive points on the surface, and the expression for the 
area becomes ^Trydx (i) 

It is now necessary to express y in terms of x. Let OA 
then, from the similar triangles OEA and OMN^ 

X \ y — I \ r] 

XT 

••• 2'=T 

Substitute in (i); 

. ‘^irrx , 

aiea of slice = — ^dx. 

The total surface from a?=0 to x=l may be denoted by S. 

0 0 

; LsJo” 2i 

=Trrl. 

Hence, we obtain the rule ; — The curved surface of a cone ia 
one-half the perimeter of the base multiplied by the slant he^fht. 

When the total surface is re- 
quired it is necessary to add the 
area of the base to this 

total surface = 7rr?-f-7rr^ 

= 7r7'(^-|“7’). 

Surface of a sphere.— Any 

plane section, such as BC^ cuts 
the sphere in a circle ; let AZ) 
be any other section drawn 
parallel, and indefinitely near to 
BC and on the side of BG Fio. 145.— surface and volume 

nearest to the centre of the 

sphere, then the radius of the circle is slightly larger than 
that of plane BC, 
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Let X denote the distance ME^ then, when the two sections 
are indehnitely near to each other, the distance FE will be 
denoted by dx. 

The portion ABCDi^ a fiat circular plate of radius and 
thickness dx. 

Join the points B and A to the centre 0, then if the angle 
EOB be denoted by B, the angle BOA will be represented 
by dB. 

Area of slice ABCD =^Tcy, BE y.AB (i) 

Now BE=rs\TiB and AB=rdB. 

Substituting in (i), 

Area of ABCD—^ttt sin B x rdB. 

The sum of all such slices from ^=0 to ^ will give the 
surface of the hemisphere and twice this sum will be the 
surface of the sphere ; 

surface of sphere =2^ ^Tn-^miBdB 
0 



= 47rr2. 


Volnnie of a sphero. — Let AD and BC be two plane 
sections of the sphere when the two planes are indefinitely 
near to each other, or a distance dx apart. The volume of 
the slice ABCD is that of a flat circular plate of radius BE^ 
and thickness dx. 

Join the centre 0 to points B and A. Then, if B denotes 
the angle EOB^ the angle BOA, a slight increase to B, will 
be denoted by dB ; 

volume of ABCD^ir'X.BE^x.dx, 

Let r denote the radius of the sphere. 

Then BE^r sin B, 

and BN or dx=‘AB&mBAN 

=>^rdB6{nB; 

volume of sin^d 

^in^Bin^BdB. 
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The sum of all such slices from 0 to “ \?ill give the volume 

of the hemisphere, and twige this sum is the volume of the 
sphere. 

volume of sphere = 2 J 7ri^sin^0d0~2irpJ 
0 0 

= 27rr^ J sin ^ (1 - cos* 0) dd = Stit* J sin OdO - J^^cos * $ sin $d6~^ 

= 2^[-cos9~(-^)J 

„ »rco8^0 rtT 0^24, 

= 27rr*j^— ^ cos =27rr*X2 = gtrr ; 

or, let MO be taken to be the axis of a?, and let ar, y denote 
the co-ordinates of B. Then 

volume of strip = ir^^dx ; 

if r denote the radius and V the volume of the sphere, 

y^dd:—7rj^ ; 

0 0 ^ 

••• '^= 5 ’^- • 

Volume of a cone. — Let r denote the radius of the base, 
and h the length of the 
axis of the cone. Any 
plane section parallel to 
the base will be a circle. 

Let AD and BC (Fig. 

146) be two such sec- o| 
tions ; then when the 
distance between the sec- 
tions is indefinitely small, 
or dxy the area of AD is 
nearly equal to that of BC. 

Let 



Pia. 146. — ^Volume of a cone. 


OE^z and radius EA -y. 
Volume, of ABCD = iry^dx. . . . 

♦or, V-|-i7«'lir(r-|-iJ*)* ; 


..(i) 
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The cone may be supposed to be divided into a lai^e number 
of such small sections and the sum of all such “will be the 
volume of the solid. t 

In Eq. (i) it is necessary to express y in terms of 
Thus, from the similar triangles OHQ and we find 

rx 

y=T- 


X :y=A :r ; 
Substitnte this value in (i) ; 

volume of ABCD 
If y denote the volume of the cone, 




A2 


dx. 




■ v=.— - 

/. Tolnme of cone la one-third the product of area of base and 
hdffbt, or one-third the volume of a cylinder on the same base 
and the same height. 

Volume of a paraboloid. — It follows from the equation of 
a parabola y^=:,4ar, that for each value of x, two values of y, 
equal in magnitude but oppo- 
site in sign, may be obtained. 
Hence, the curve when plotted 
is symmetrical about the axis 
of X, Further, as r=0 gives 
y=0, the vertex of the curve 
passes through the origin. If 
the curve be assumed to rotate 
about the axis of a;, it will 
generate a solid of revolution 
called a paraboloid of revolu- 
tion. Two plane sections, such 
as AD and BC (Fig. 147) will 
cut the solid in two circles whose centres are E, F respectively. 
The volume of the portion ABCD may be taken to be 
TT X AE^ X EF^TfSXi 

the approximation becoming closer and closer to the actual 
value as the distance &r is diminished. 



Fio. 14 T.— Volume of a paraboloid 
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When &p is indefinitely small the volume of the slice 
ABGD-iry^dx^^axdx^ and the volume of the solid between 
the planes OL and MN at ^stances h and d from the origin 
respectively, is given by 

V=irj y^dx=4:Traj xdx 


If the volume be estimated from the origin, then 6?=0. 


47ra6^ 

2 


= 2ira6^ 


=^7rc^6 if c^=4a6 

(c being the value of y when x—a). Therefore volume of 
segment of paraboloid of revolution is equal to one-half volume 
of cylinder on same base and same height 


Ex, 22. In the curve 

(i) 

find c if y^m when ar=6. Let this curve rotate about the axis 
of X ; find the volume V enclosed by the surface of revolution 
between the two section -planes at a;=a, and x=b. 

Also find the numerical value of V when jn = 6, 6=4, a = 2, and 
c=3. 

Substituting the given values of y and a; in (i) ; 

m — ch^; 

c=wi6“^ (ii) 

It will be seen that as Eq. (i) can be written in the form 
it follows that the curve is one-half of a parabola, and 
therefore by revolution it will generate a paraboloid of revolution. 

As in Fig. 147, the volume of a portion ABCD is Try^dx\ 



Now express y in terms of x and the two constants of m and 6, 
substitute the value of e from (ii) in (1), and we obtain 
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r ra»ra:»-!» 

a 

26 * 



Substitute the given values of a, 6, and m ; 

, p_ rx36(16-4) 

S 

Frolat6 spheroid. — If an ellipse rotates about an axis passing 
through its major axis, it generates a solid of revolution called 
a prolate spheroid. If the semi- 
axes of the ellipse MO and J^O 
(Fig. 148), are a and 6 respec- 
tively, the equation to the ellipse 
may be written in the form 



It will be noticed that when 
in Eq. (i) j?=0, y=±6; and 
^=r0, :r= ± 0 , Hence, the centre 
of the ellipse is at the origin. 
Two plane sections AO and SC will cut the spheroid in 
two circles of radii AS and BF respectively. Let AE—y\ 
then, if the distance EF be assumed to be indefinitely small, 
and denoted by dx^ 

Volume of slice ABCO-iry^dx. 

If V denote the volume ; 
then r=2jr y^dx. 

1* 

From (i) 


Fio. 14S. —Volume of a prolate 
spheroid. 




r= 


It will be noticed that when 6 = a, the volume is that of a 
sph^e of radius a. 

Oblate Sldieroid.'^The volume generated by an ellipse 
rotating about its minor axis is called an oblate spheroid^ and 
the volume may be obtained as in the preceding case. 
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Ex. 23. A curve whose equaUon is is supposed to turn 

about the axis of x and trace out a surface of revolution. Find 
the volume of the solid enclosed by the surface of revolution and 
the two circles traced out the ordinates at » = ! and x=i 
respectively. 

Denoting the volume enclosed by the surface of revolution, 
and the two circles traced out by the ordinid^s at and x=4 
by r, 

V=vJ y^dx=~J x^dx; 


.*. (256-1) = - 


-=50 cub. ft, approx. 


Simpson’s Bnle. Let p be the origin and pm the axis of y 
{Fig. 140). If s denotes the distance pti, then pG wiU be - s. If 
the portion of the given curve inoioded betwe^i the ordinate and 
^2 can be replaced by a curve of the form y-a-i-bx + cx^, then it is 
necessary to determine the three constants a, h, c, so that the curve 
passes through the three points D, m, r. 

Thus, at the point i>, x=~s, y-Va- 

Substituting, y(f=a- sb + cs^ (1) 

atwi, *=0, y-yi, yi=a , (2) 

at r, x~Sy y=yj, y^ = a+s^ + c8^ (3) 


From (1) and (3) 




The area enclosed by the two ordinates and y.^, and the Sxis of 
c and the curve is giveh by 

j*ydx=: j (a+5* + cx*)dj: = 2aa + fc<A 


Substituting from (4) and (2) 


--S/i)s=^(yo + y2+4yi)- 


This is Simpson’s Rule for 3 ordinates, for 7 ordinates, as in 
Fig. 140, this becomes 

|{yo + Fa + ^Vi + Fi + ^4 + ^Fa + F4 + Fs + ^yd 
=§^F«+Fs+4(Fi+F3+F6)+2(ya+y4)K 


M.P.M. 
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EXERCISES. XLIL 


Write down the values of 


^ \ 

2. js^dx, j{coBbx)dx, and p^a^, 

here a and b\ are constants. i * 

8. Find j 2(c+a;)dx, when a =10, &=20, c=4. 


Give the values of 


4. j 3(c + 7ia:®)‘'*2na!cia;, when a=4, 6=6, c=4, and n=2. 


(Hint, put c+na^=z, then 27ixdx~dz>,) 


Integrate the following: 


5. 

jcoeaxdz. 

6. 

J aec^ ax dz. 

7. 


8. 

jl^dz. 

9. 

jAco8(a + bx}dx. 

10. 

f 1 rfr 

jl + (a+6a:)s ' 

U. 

J (p + qx)^dx. 

12. 

^ , where 

Js/l~{a + bzf 
a + bx<\. 


Integrate with respect to z the following functions: 

13. €u^dz, (a-i-b3f*)dx, eoB{a + 6ar)di», — , . 

' x a + bx 


14. 

dz 

15. 

xdx 

16. 

dx 

a^+a^' 


a^-ac^ 


X 


p 

18. 

xdx 

19. 

xdx 

17. 

x^dz. 


(a; + l)(a:+3) 

20 

dx 


21. 

l + 008^^i^^ 



cos^^-sinV 



0 + 8ind 


22. 

xdx 


28. 

tan^da; 



(a* 



4 + tanV 
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Int^rate the following : 

31 afida:, x^dxt 2x^dXt ^JWdx. 

2d. {2x^ + 3x + 5)dx. 26. (Binx+oosa;)fia:. 

27. (2 sin 4x 008 2*) (ia;. 28. (sm2xcos4x)(fx. 

39. (2sin4xain2x)c2x. 80. (2co8 4xco32x)cfx. 


31. 

ef*”dv. 

Z^^av-'^^dv. 

83. (of2H-bf+c)t*. 

34. 

dx 

1 

36. a"*+*<fx. 

36. . 

x\/a“+x® 

87. 

x^(l +x2)“^dx. 

38 

89. dx^ 

3t^{a + bx) 

40. 

x?dx 

41. (sinxl^tix. 

42. 

x2-4 

43. 

2‘4**dx. 

41 

46. 


cos X sin X 


46. There is a curve whose shape may be drawn from the fol- 
lowing values of x and y, 

5 6.7 8 

31*25 45 61*25 80 

Find the relation connecting x and y. 

Assuming this curve to rotate about the axis of x\ find the 
volume enclosed by the surface so traced and the end soetions 
where x=0 and x = 8. 

47. The shape of a curve may be obtained from the following ^ 
values of x and y. 

Assuming this curve to rotate about the axis of x, find the 
volume of the solid between the values x=0 and x— 32. 


X 

0 

3 

5 

7 

9 

12 

16 

19 

21 

23 

26 

30 

32 

y 

15 

12-9 

12-35 

12*36 

12-6 

13-6 

15-56 

16-34 

16-6 

15-6 1 

13-18 

8-7 

5-7 
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CENTRE OF GRAVITY. MOMENT OF INERTIA. 


Moment of a force.— The moment of a force, about a given 
point, is the product of the force and the perpendicular let fall 
from the given point on the line representing the direction 



Fia 149. —Moment of a force. 


If is the resultant of P 


of the force. 

Thus, let P be a force (Fig. 
149) acting at A, and 0 the 
given point. From 0, draw OA 
perpendicular to the direction 
of P. If a denotes the length 
of this perpendicular, then the 
moment of P is Pa, Similarly, 
the moment of Q about 0 is Qh, 
and i.e, R=P-\-% then the 


forces P and § may be replaced by P, if Pxc — Pa + §6, where 
€ is the length of the perpendicular from 0 on R. 

Centre of gravity.— Any small portion of matter, of mass M 
and weight If, at or near the Earth’s surface, is acted on by 


a force W=Mg (where g is the acceleration due to gravity). 
As a body may be assumed to be an aggre^te of small parts, 
and the forces due to these constitute a large number of 
parallel forces, the single force (or resultant) equal to their sum 
is called the weight of the The point in a body at which 
this single force may be assumed to act, whatever be the 
position of the body, is called the centre of gravlly of the body. 
The term is, for convenience, used to denote a centre of an 


a centre of figure, or even a linear centre. Such a point 
is in many cases easily obtained. Thus, it would be the centre 
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of a circle, the point of intersection of the diagonals of a 
rectangle, etc. 

The centre of gravity of an irregular figure, especially when 
of comparatively small size, may be obtained by experimental 
methods. Thus, with a template, the exact shape of the figure 
nmy be cut out of a sheet of tin, cardboard, zinc, etc., and when 
such a template is finely suspended, the centre of gravity is 
in the vertical line passing through the point of support. In 
this manner two vertical lines can be drawn, and the point of 
their intersection is the centre of gravity of the figure. 
Another convenient method is to balance the figure on a 
knife edge and mark the line on it along which the figure 
balances ; two such lines determine, as before, the position of 
the centre of gravity. 

There are comparatively few bodies which have a centre of 
gravity, what is usually meant is the centre of mass, or centre 
of area. 

Ex. 1. Find the centre of gravity of four bodies, weights 4, 
2, 3, and 1 respectively, and arranged as in Fig. 150, their distances 
from a point 0 being 2, 7, 11, and 13 units of length respectively. 




2 '-> 


Fio. 150.— Centre of gravity. 


Let the four weights in Fig. 150 be assumed to be rigidly con- 
nected together by a weightless rod or wire. To find the centre 
of gravity, or the point where a single force can be applied so 
that they remain in equilibrium, we may proceed as follows : 

The four bodies shown give rise to four parallel forces, the sum 
of the moments of these four forces about any line, such as oy, 
must be equal to the moment of the resultant about the same 
line. Let x denote the distance of the resultant from oy. 

Then, the sum of the momenta will be 

(4x2)-K2x7) + (3xn) + (lxl3)=:68. 
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The moment of the reeultant is 

(4+2+34-1)5; 

/. 1 (&= 68 , 

or 5 = 6 * 8 . 

Hence^ the resultant acts at a point 6*8 from oy. If a single 
upward force equal to 10 were applied at this point, the system 
would remain in equilibrium. 




JBx. 2. Find the centre of area of the T- 
section (Fig. 161), flange 2 " x web 4" x 

The position of the centre of area may be 
obtained by taking moments about the upper 
edge. Let x denote the distance of the centre 
of area ffom the upper edge. 

The areas of the two rectangles are 2*^ x 
and 4" X or 1 and 2 sq. in. respectively. 
Hence, 5 x 3 = 1 xL + 2x2’5 ; 


Fig. 151.— Centre of area 
of a T -eection. 


= 1-75. 


Ex. 3. Find the centre of area of a section of a cast iron girder 
of the following dimensions : flanges, 3" x T 
and 9" X 1" ; dtpth of girder, 12^ j web, 1" 
thickness. 

To find the position of the centre of area, 
we divide the area (Fig. 152) into three 
rectangles — those made by the two flanges 
and ^ the web. 

The areas of the flanges are 3x1 and 
9x1, and that of the web is 10 x 1 sq. in. 

Hence, if x denotes the distance of the 
centre of area from the base AB, 

Then 

x(3+9 + 10)=9x0*5 + 10x6 + 3xll-5; A I ^ I b 

22x=99, or 5=4*5. Fig. 162.— Seetton of glrdw. 

Hence, the centre of area of the given figure, is at a distance 
44 inches from the base AB. 

If ABCD (Fig. 153) represents an irregular figure of uniform 
thickness, then the weights of the small strips into which the 
body may be assumed to be divided may be denoted by 
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tPg, and the distances of their centres from E by 

^3 .... Then, if ^ is the distance of the centre of gravity 
from Et and W the total weight, 

- _ + ^ 2^2 + ^ 3^3 + . . . 

Wj -j- 'M72 H" WJ 3 -j- , . . 2 w 

■“ w 

The preceding equation will determine the position of the 
centre when the given body is symmetrical about a line such 
as EF. When this is not the case, two calculations which 
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In the general case, the co-ordinates of the centre of gravity 
are obtained from 

(ii) 

It is frequently convenient to ^ apply the terra ceifcre of 
gravity to bodies which have no weight, such as geometrical 
figures, lines and planes. In such cases we mean the point 
which would be the centre of gravity if_ the body was of 
uniform density, or its weight was proportional to its length, 
area or volume. To obtain the weight of a body from its 
area of cross-section and length, it would be necessary to in- 
trodui^ common factors in Eq. (ii) i these could then be 
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cancelled, leaving aimplj volumes, areas, or lengths instead 
of weights. 

Application of Integration.— The centre of gravity of a 
surface in which the boundary consists of a curved line may 
be obtained approximately Eq, (ii). Strictly, however, the 
sub-divisions should be made indefinitely small, and the problem 
is therefore one requiring the integral calculus. When the 
process of integration can be applied, it affords the most rapid 
and also the most accurate method of obtaining the centre 
of gravity. Thus, if 5, y, « have the same meanings as before, 

wxdx fmsedx 

then , or , where m denotes unit mass. 

j wda; j tndx 

Similar expressions hold for y and a Expressed in words, 
the integral of the moments about a line of the small portions 
of mass into which a given body may be assumed to be divided, 
must be divided by the int^ral of ttie sum in order to obtain 
the distance of the centre of gravity ftom that line. 



Fio. 164.<>Oeufcr« of area. 


Ex. 4. The half ordinates in feet of a symmetrical area (Fig. 154) 
are 0, 8*0, 9*6, 10*8, 11*0, 10*2, 8*6, 6*0, 9; find the area and the 
poeirimi of the centoe of gravity, the common interval being 4 ft. 
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The area of a strip of the ohrye of width dx and hdght y it ydx^ 
its moment about a line perpendicular to^ the axis of x and passing 
through £! is xydx. The sum of all such terms is expressed by 

Jxydx. Similarly, the area enclosed by the curve m jydx. The 
integral in each case being taken 'between suitable limits. 
z — fzydz -r [ydz. 


Tabulating the given values, we obtain 


{i}x 

0 

4 

8 

12 

16 

20 

24 

28 

32 

(ii)y 


8*0 

9*6 

10*8 

11*0 

10*2 

8*6 

5*0 

0 

(iii) xy 

i ^ 

32*0 

76*8 

129*6 

176*0 

204 0 

206-4 

140*0 

0 

(iv)y2 : 

1 

0 

64 

92*16 

116*6 

121 

104 

73*96 

25 

0 


The values in (iii) are obtained by multiplying the numbers in (i) 
and (ii). The sum of the numbers in {iii) can be found by Simpson’s 


rule. 

Thus, 


f 2940*8 

I zydx — — 5 — approx. Similariy, from 


(ii) jydz = 


191 -4 
3 ’ 


2940*8 
"" 194 -I 


= 15*13 


where x denotes the distance from E of a. line parallel to the axis of 
y and passing through the centre of gravity. 

The volume of the solid generated by the rotation of the curve 

about the axis of a; is t Jy^dx. The sum of the values of y^ in (iv) 
is found by Simpson’s rule to be 604*22 x 4 ; 

volume of solid = 4r x 604 *22 = 7593 *8. 


Guldiinis’s Theorem.— Suppose an area EO (Fig. 155) is 
connected by means of a thin bar GE to an axis 00 in the 
plane of the area. 

If the area be made to revolve about the axis, it will generate 
a ring, the cross-section of which will be the area BG. Let 
A denote the area of BOf and V denote the volume of the 
ring. If a denotes an exceedingly small arM at a distance, 
o2 
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jfy from the axis, theo in one revolution the volume generated 
isZiay; . F=2(2TO^) = Sr2(ay). 

If r denote the distance of tlie*centre of area from the axis, 
*6“ l{ay)=fA, alao 2a^A ; 

V~2TrrA (i) 



Fio. 155. — ^Tci Illustrate Guldiuua's Theorem. 


This result may be expressed in words as follows : 

The volume aerated by the revolutlou of a plane l^nire about 
any external axle in Its plane is equal to the product of the area 
and the distance moved through by the csntre of gravity of the 
area. 

Thus, the volume traced out by an irregular figure can be 
obtained when the area and the position of the centre of 
area ase known. 

Surface. — Let BG (Fig. 155) denote a closed curve, then 
the revolution of the curve about the axis 00 will generate 
a surface. A very short length of the curve, which may be 
denoted by at a distance x from the axis, will generate a 
strip ^ area and if S denotes the whole surface 

generated, then S=2^2(:r&). 

If r denotes the distance of the centre of gravity and s the 
total length of the curve, then 

surface generated— 2u’r«, or in words, the surface traced 
out by the revolution of a curve about an axis in Its own plane 
is equal to the product of the perimeter of the curve into the 
distance moved through by the centre of gravity of the curve. 
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Conversely, when the length of a curve and the surface 
generated by the curve are known, the position of the centre 
of area or centre of gravity can be obtained (see p. 221). 

If a rectangle ABCD (Fig. 1 56) revolves about one of its sides, 
•AS AB, it will trace out a cylinder, radius AD, and length AB. 
When one side, as CB, is a curved 
line, the volume traced out by the 
Bgure may be obtained to any 
required degree of accuracy by 
using any of the approximate 
rules, Simpson’s Mid-ordinate, etc. 

The volume, traced out by the 
figure BCM (Fig. 156), may be 
found by dividing the figure into 
a number of parts, then, denoting t^e common distance AB 
by and the successive radii by etc., the volume 

traced out 

Bx. 5, Find the volume traced out by the semicircle in ’Fig. 156. 

As shown in Fig. 156, the given figure is divided into four equal 
parts, the mid-ordinates being 1'3, 1‘9, 1*9 and 1*3, the common 

distance 1, volume = irx2{l'3Hl-9’‘) = 10-6T 

= 33-31. 

Ex. 6, A circle if inches radius rotates about an axis 7 inches 
from the centre of the circle. Find the surface and volume 
generated. 

Length of curve = 2Trx if, also x=l ; 
surface generated=2T x if x 2ir x 7=49jr® 

=484 sq. in. 

^=irx{lf)* sq. in. ; 
volume=2jr^Ji =27r X 7 X X X (if)® 

= 14jr®( 1-75)2 =423 -5 cub. in. 

Bx. 7. There is a curve whose shape may be drawn from the 
following values of x and y : 


X in feet, 

3 

3*5 

4-2 

: 4-8 

y in inches, 

10*1 

12*2 

13-1 

11-9 



Fia. 156. 




428 A MANUAL .OF PRACTICJAL MATHEMATICS, 


Imagine this curve to rotate about the axis of sc, deeoribing a 
surface of revolution. 

What ie the volume enclosed 
by* this surface and the two end 
sections where *=3 and a;=4’8? 

Plotting the given, values of x 
and y, a curve, as in Fig. 167, 
may be obtained. 

The base AB is 4*8-3*0=l-8. 
Dividing this distance into 3 equal 
parts, the common distance is 0'6 
ft,, the mid-ordinates are 11*6, 
12-9, and 12-7 ; 
voL=0‘6xl2 

5 <ir(ll- 6 *+ 12 - 92 -|- 12 - 7 ^) 
=3328-27ir cub. in. 

= 10456 cub. in. 

= 6 05 cub. ft. 

Semiciicle.— Let EBDF(Pig, 

Fio. 15T.— Volume of an irregular 158) be a semicircle o£ radius r, 

and B and A two points on the 
circumference. Through A and B draw two planes AD and 
BC parallel to the base EFy and at a distance apart repi«- 
sented by AN. When the points A H 

and B are indefinitely near to each 
other, the distance between the planes 
may be denoted by cLs. Join 5 to 
0. Then, if 6 denotes the angle BOE, 
the small increase to the angle BOE^ 

«hown by the small angle A OBy will FOE 
be reprinted by dO. The area of Fio. iss— Centre of area of a 
tht ilice ABCl>=BCdx,hjit Kmloircte. 

BG = 2r cos B0E= 2r cos S, 
and dx— AB COB 6 =r cos dd$ ; 

area of slice ABCD—^rhoB^$dOy 
moment shout FE-ii^co&^d$xXf 
and j?=roos.B(>J2’=f8m^; 

moment = 2r*(K)8®^ sin OdO. 
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Area of semicircle =— ; 


2r^cos®0Biii^rf0; 

0 

^ flrr2 

.■. ar X — = 2r^J coa^O sin $d0 

. _ 2r®x2 4r ^ /• 

• ' — rr— =x— =0'4244r approx (i) 

3 X r X TT Stt ^ 

Hemisphere.— Using the notation and diagram of the pre- 
ceding case, the sections made hy the two planes AB and 
BC will be circles of diameters AB and BO respectively. 
The areas of the two circles may he taken to be the same 
when the distance between the planes is indefinitely small. 
The volume of the portion ABGD will be that of a flat 
BC 

circular disc of radius 9-ud thickness dx, 

volume of A£GD=irr^xdx, 
rj=rco3^ and dx~AB<m 6=r cos dd$] 
mass of ABCJD^imn^cos^ddd, 
moment of mass about base = WTr^cosW^x^ 


and 

= r sin d ; 


moment=mirr*cos®0sin 

Also, 

mass of hemisphere = §ffi 7 r#^ ; 


X X = J mirr^cos^O sin 0dO, 

or 

xX^mTrr^^imrr* J^cos^O sin $dd 


r cos^ri* 

r-J. 

wwrr* , 


4 ’ 

^“»ax4x23rr^~^’ 

or, the centre of gravity is fths of the radius, measured from 
the base of the hemisphere. 
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Centre of gravity of a right cone.—Lefc the axis of the 
cone be horizontal and coincide with the axis of as in 

Fig, 169. Let x denote 



the distance of the centre 
of gravity from an axis 
passing through the ver- 
tex 0 and parallel to the 


The sections made by 
two planes AD and BC, 
parallel to the base of the 
cone, will be two circles 
having slightly different 
radii. The radius when the distance between the planes 
is indefinitely small, may be taken to be the same as 5 A". 


Fro. 159.— Centre of gravity of a r^ht c 


Thus, 


volume ABCD=^^^^ dx. 

A* ' 


where r denotes the radius of the base and h the length of 
the axis at the cone. 

If m is the mass of unit volume, then moment about 0 ia 


If ^ is the distance of the centre of gravity, then the total 
mass of the cone multiplied by x is equal to the sum of the 
moments of all the indefinitely thin slices into which the body 
is assumed to be divided. 

_ WTrr^ /■* , _ 

0 

_ g»7rr^ P 

" 14 Jo ~ ' 


or, the centre of gravity is at a point | the length of the 
axis measured from 0, 

Moment of inertia. — when tiie mass of every element of 
a body ia mnltlpUed by the square of tta distance from a given 
axis, tbe product is callod the moment of inertia about that 
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Moment of inertia of a thin rod.— The moment of inertia 
of a thin rod (Fig. 160), of length about an axis passing 
through one end and perpendicular to its length, is obtained 
as follows ; * 

The moment of inertia of a small element c&r at a distance 
from the axis is mx^dx^ where m denotes the mass of unit 
volume. Hence, the moment of inertia of the" rod will be 



The value of I for an axis passing through the middle 
point of the rod, or through its centre of gravity, would be 
obtained in like manner, the limits of the integral being - 

-a-i, 


12 


.,(ii) 


Ex. 1. Find the moment of inertia of a thin rod weighing 8 lbs. 
and 6 ft. long. « 

(a) About an axis passing through one end and perpendicular to 
its length. 

(t) About an axis passing through its middle point and parallel 
to the preceding axis (gr=32). 


Here 

(a) Substitute in (i), 

% 


M= 


ST 

8x6* 


^“32x3 
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A ^nvenicnt notation is to denote the moment of inm*tia 
of a given figure about an axis passing through the centre of 
area, or oentro of gravity, by the symbol 4, and about any 
parallel axis by the symbol / * 

j/B 

Thus, the preceding result would be written as 

The moment of inertia of the rod about a parallel 
passing through one end may be deduced from the value of 
tile proof of this theorem is very simple and may be left 
to the reader, i.e. the moment of inertia about any axis is 
equal to the moment of inertia about a parallel axis passing 
through the centre of gravity, together with the product of 
the mass and the square of the distance between the axes. 


3 ' 

Moment of inertia of a rectangle.— Let b denote the 
breadth, or width, of the rectangle and d its depth (Fig. 161). 
The moment ot inertia about a horizontal axis G lying in 
the plane of the rectangle, passing through the centre of 
area, may be obtained by assuming the figure to consist 
of an indefinite number of thin slices 
each of the thickness The moment 
of inertia of such a slice at a distance x 
from the axis (Fig. 161) is bdx x and 
the moment of inertia of the rectangle 
is the sum of the moments of inertia 
of all such slices ; 



Fio. KSL— foment of inertia of 
a rectangle. 


^ 0 = pbdxxj^=bpi^dx 




¥1 

12 * 


Moment of inertia of a T-section.— The section, as in 
Fig. 151, consists of two rectangles. The moment of inertia of 
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each r6ctangle about an axis passing through its centre of area 
can be obtained by substitution in the formula 

Ex. 2. Find the moment inertia of the T-section (Fig. 151) 
about an axis in the plane of the figure, and passing through the 
centre of area. 

The value of / for the upper rectangle is and 

for the lower rectangle 

The moment of inertia of the whole section can now be obtained 
about any axes parallel to the preceding axes; one of the most 
useful axes is the hue passing through the centre of area of the 
figure. Let /g denote the moment of inertia of the figure about 
the centre of area. The distance beWeen the axis ot the upper 
rectangle and the line through the centre of area of the whole 
figure is 1-^ • The corresponding distance for the lower flange 

is also area of upper rectangle is 2"x|^^'=l sq. in., and the 
lower is 4 X sq. in. 

“ inch units. 

In a similar manner the value of / for an axis passing through 
(say) the outer edge of the upper rectangle may be obtained. 

Ex. 3. Find the moment of inertia of the given cross- section 
(Fig. 152) about an axis in the plane of the figure, and passing 
through the centre of area. 

The position of G has already been found to be at a distance 
of 4^ inches from AB. 

The given section may be assumed to be divided into* three 
rectangles, the value of / can be obtained and finally 
fl X 

For lower rectangle, /=— ; 

+2 X 1 x 4®=:144'75 inch units. 

3 X 

For upper rectangle, ’ 

/o=l + 3xlx7*=147‘25. 

TT u r 

For web, /= ; 

/,=l^ + 10x 1 X (l-5)»=83-33 + 22 5=105'83; 

/„=144-75 + U7-23+106 S3=397-83 inch units. 

M.r.H. 
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Moment of inertia of a thin disc.— The moment of inertia 
of a thin disc, of radius r, about an axis passing through the 
centre of the disc and perpen- 
di!:ular to its plane is obtained 
as follows : 

The moment of inertia of an 
indehnitelj thin annulus of 
thickness dr, and at a distance 
X from the axis (Fig. 162), 
would be its area 2Trxdx* multi* 
plied by the square of its dis- 
tance from the given axis, or 

X (i) 

The value of Iq will be the 
sum of an indefinite number of 
such annuli, or the sum of all such expressions as (i) from 
x=^0 to x—r. 



The moment of inertia of the area of a circle about any 
diameter is half the preceding result, or This value is 

requifed when dealing with the bending of a beam of circular 
section, and may be readily obtained by taking, instead of 
annuli, strips or slices parallel to the diameter. 

Moment of inertia of a cylinder about its axis.— If r 

denotes the radius and I the length of the cylinder, m the mass 
of unit volume, then, as in the preceding case, the moment of 
inertia of an annulus of thickness dx, at a distance x from the 
axis, is the mass, ^vxdxl x m, multiplied by and =2vmlx^dx ; 

27rmb:^dx=27rml^~J 

0 

* Hence ibe area of a circle is the int^ral of 2Txdx between the limits, 
{r=:0, x=r. 
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If M denotes the total mass of the cylinder, then 


from (n) /o=^- 


Moffleut of inettisb of a hollow cylinder. — The moment of 
inertia of a hollow cylinder, external and internal radii R and 
r respectively, may be obtained by the preceding method, or 
inferred from (ii). 


but 



Trmi 




- 7 ^) ; 


yA = — — •. 


It will be noticed that this result reduces to the preceding 
when r=0. 

Badius of g3nratioii,~It is often convenient to consider 
the total mass of a body as though it were concentrated at 
a point in a body. The distance of this point from the axis 
is called the radius of gyration. 

Thus, the moment of inertia of a rod about one end is 

Let k denote the distance from the axis of a point such that 
the whole mass of the rod may be assumed to be collected, 
OP to act, at the point ; then, 

v3 


Similarly, as the polax moment of inertia of a circle of 


radius R is 


MR^ 
2 ’ 


the radius of gyration is given by 




MR^ 



In the case of a hollow circle or cylinder radii R and r 
respectively, 
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Moment of inertia of a fly-wlieeL— Usually a fly-wheel 
consists of a heavy rim connected by arms to its centre. In 
calculating the moment of inerti^ of such a wheel, only that 
of the rim is taken into a(»x)unt. If necessary, a small per- 
centage of this may be added to the mass of the rim to allow 
for the arms and boss of the wheel. If R and r respectively 
denote the asternal and internal radii of the rim of the wheel, 
then the mean radius, or is often taken as the radius 

of gyration. 

It is easy to ascertain what amount of error is involved in 
this assumption when the magnitudes of R and r are given. 


£hc. 4. For such a fly-wheel let R=!4 and r=:3. 


Then 

giving 

But 


|(JZ+r)=:J(4-|-3)=3'5; 

Jq- 2 • 

g— 2 , 

i=3-538; 



or an error of 2 per cent. 


£x. 6. Find the moment of inertia of a pulley, the cross- 
section being of the form shown in Fig. 163. 



Fia. 163.— Momeot of inertia of a pulley. 


The moment of inertia of a disc or hollow cylinder can be 
obtained from tables, but a tabulated value cannot be obtained 
for the section of a wheel or pulley such as in Fig. 163, and the 
value of the moment of inertia must be obtained by calculation. 
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In such a case, we may assume the given section to be made 
up of three cylinders, the diameters of the outer one being 26 
inches and 24 inches respectively and the length 6 inches. The 
rext is a cylinder of length 0^ thickness 1 inch, and of 24 inches 
external and 7 inches internal diameter ; and the dimensions of 
the inner are 7 inches and 5 inches diameter respectively, and 
6 inches long. The moment of inertia of the system is the sum 
of the moments of its separate parts. 

The value of / for a hollow cylinder about its geometrical axis 

is given by where M denotes the mass, R and r the 


external and internal radii respectively. 

The mass of a hollow cylinder is where I denotes 

the length of the cylinder, and m the mass of unit volume of the 
material. 


Mass of outer ring A^-rm 


{(!)■- (!)■) 


6=150swi. 


Similarly, the mass of the ring B is given by 

Tm|l22-Q'‘| = 131*75jrm, 


and mass of ring C is 

-p(7®-52)6=36:rm. 


The moment of inertia of the whole will simply be the sura 
of the various rings into which the figure has been assumed to 
be divided. 


1. 



13H122 




131*75 X 




=mi(23475 + I0293 + 333) 


=irmx 34101. 


As the weight of 1 cub. in. of cast iron is 0*26 lb . ; 


mass of 1 cub. in.= 


0*26 
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„ j rx0*26x34101 • i. 

Hence /= =865*2 lb. inch muts. 

Usually the result is required iq pound feet units, hence the 
preceding result must be divided by 12? or 144, givbg /=6'008 
lb. ft units. 

Moment of inertia of a cylinder. —The moment of inertia 
of a cylinder, about an axis passing through its centre of 
gravity and perpendicular to its length, may be thus deter- 
mined. Let r denote the radius and I the length of the 
cylinder. We may assume the cylinder to be composed of 
an indefinite number of thin discs each of thickness dx. 

The moment of inertia of such a disc at a distance x from 
the axis (Fig. 164) is Trr^xx^dXj where m denotes the mass 
of unit volume. 

Mass of disc is wx volume =m7r7^o^^. 



Also the moment of inertia of the disc about its own diameter 

. mur*, 

18 - -dx. 

4 


Hence, I^=Trm^j j^dx+j -^mdx 


=?n»f®l -}-^7rmr*Z 


2imr2f* , 1 .j 


..(i) 


EXERCISES. 


Also, if M denotes the mass of the cylinder, then 

I 

Substitute in (i), and obtain 



It follows at once from (ii) that if the radius of the cylinder 
is very small compared with its length, then the first term 
in (ii) may be neglected and the value of becomes 
as on p. 431, for a thin rod. 

Similarly, if I is very small compared with r, we obtain 

tho value of I for a thin disc. 

4 


EXERCISES XLin. 


In the following exercises the letters c.o. denote centre of 
gravity or centre of area, and the letter denotes the moment 
of inertia about an axis passing through the centre of gravity and 
in the plane of the figure. 


1. The dimensions of a T-section, as in Fig. 151, are as follows : 
the upper flange is 2" x ^ and the web 3'' x ; find the distance 
of the c.G. from the extreme edge of the upper flange and the 
value of /q about an axis passing through the c. a. in the plane of 
the figure. 


2. The dimensions of a rectangular strip of steel are: width 
0'7", depth O'l". If ^==3‘6xl(y and if =100, find the value of r 


from the formula r= 


El, 


8. The breadth or width of a rectangular beam is 2", its depth 3" ; 

find the value of / from the formula given if =8000 

and y=:l. ^ 


4. The flanges of a girder of the form shown in Fig. 162 are 
4''x r and fl^x T, and the web V; the depth of the girder is 10". 
^ind the distance of the o.a. from the outer edge of the larger 
fl&nge and the value of V 
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6. A form of r&il section is given in Fig. 165. Find the srea 
of the cross-section, the position of its c.o., the value of /„, and 
the radius of gyration h. Width of bottom -6^**. 



Fiq. 165.— Rail section. 


6. ABC (Fig. 166) is a segment of a parabola cut off by a chord 
AG normal to the axis ; if 6 is the length of the chord and k its 
distance from the vertex show that its area is f A6 and its 
centre of gravity is from B. 

:b 


Pw. 166 . 

7. If ABC (Fig- 166) be assumed to be a circular sector centre 0, 
radius r, and angle AOB= show that the distance of the centre of 

gravity from, 0 is 

3 V 

8. If the cylinder (Fig. 164) be replaced bv a rectangular prism 
(flat bar) of length width h and depth d. Show that 




CHAPTER XXI. 


INTEGRATION BY PARTUL FRACTIONS. INTEGRA- 
TION BY PARTS. FOURIER’S SERIES. FOURIER’S 
THEOREM. 


Integration by partial fractions.— When it is required to 

integrate an expression of the form — ‘ in which the 

1 — 

denominator can he resolved into the product of a series of 
linear or quadratic factors, as, in this ease, (1 -3a)(l-'2,r), it 
is often the best way to break the fraction up into a series 
of partial fractions, p. 6. 

7.r-l 4 


Thus 


(l-3^)a~2arr 

v~\)dx _ 


r {Jx~\)dx 


3iP 1- 
dx 
Zx 


4^: 

4 

'‘3J 


‘/r^ 


dx 




^5 Jd(2x) 


= -|log(3dr-l)-f5log(2a?-l) . 
a^-7x+l 


Ex. 1. Integrate s* 

® a:«-6a;®+lla?-6 

Here the denomiDator is {ar- l){a:-2)(a!-3). 


r (a?*^7x + l)da? r 

/ 6 1.9 11 11 


\ 2’a:-ra:-2“2 ’ic-3j' 


dx 


5 r ffa: , r da? 11 T da? 
s=-|log(a?~l)+91og (a? -2) - — log {*-3). 
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When the denominator contains repeated factors, one or 
more of the constants may be determined, as in the preceding 
example, the remaining constants being obtained by differentia* 
tion. The method will’ be understood from the following 
example : 

Ex. 2. Integrate 

The factors of x®-a^-jc + l are (x-l)*(ai; + l). 

T ^ 1 _ ^ ^ 

+ '' 


Notice that the two terms -A- and — occur for twice 
a: - 1 (JC - Ir 

repeated roots. Similarly, three terms would be used for three 
times repeated roots, etc. 

From (1) 


l = A{jr-l)(x + l) + 5{* + l) + C'{x-l)“ 

+ + (u) 

Let a:=l ; 1=25, or 5=^. 


To determine the numerical values of A and C we may differ- 
entiate each side of equation (ii) : for that equation obviously 
holds true for all values of x, and hence the differential coefficients 
of the two sides of the equation are equal. 

Differentiating (ii), 

0=2Ax+5+2C7x-2(7. (iiil 


— 2Ax+^ + 2G{x~\). 

Putx=l; 2A=-J; A=-J. 

Differentiating (iii), 

2A +2(7=0, or 2(7=|; 

<7=i. 

Hence, substituting these values, 

^ - 1_+ . 

a!*-x“-x + l“ 4(x-l)^2(x-l)2^4(x + l)^ 

f dx _lfdx I fdx lfdx 
*’ iar»-x®-x+l“ ‘”4j{x-l)'‘'2j(x-l)a'‘'4j(x+l) 

= -jlogl*-!)-^ j^l+ilog(a:+l). 
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Integration by parts.— The differential of the product of 
u and Vf where m and v are functions of a?, has been obtained 
on p. 320 ; 

d/e , du 


. M- . \ WV ttW 


Hence, integrating, 


v(i'') 

f d»j f du, 

su-^dx^m- iv^dx. 
j ax J ax 


Thus, in the case of the product of two functions, in which 
the integral is not easily obtainable, it is possible by using 
Eq. (iv) to express the integral in a form more easily dealt 
with than was the original expression, and thus, by successive 
steps, to reduce the unknown integrals to known forms. 

It is very important that the rule and its various applications 
should be clearly made out, and it is therefore advisable to 
commence with a few simple expressions which may easily 
be verified. 


Ex. 3. Let and 

Also ^=6* and “ = l2a:®; 
ax dx 


Jsx^x 12x^dx=32^x4it^- J4x^x6xdx; 


I 


36a?*dx = 12iB5 


- J24x*dx; 


.. 5 - 


Ex. 4. Integrate X^ log zdx. 
Let tt=loga: and dv^x^dx; 

du 1 


*1*1+1 

and v= tJ 

dx X n + 1 


r f X** 


"n+1 
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Ex, 5. 
Let 


Int^rate efsinxcia;. 

and dvs 




du 
dx 

e*sinxrfa:=e*8in 


'v=e». 


/e*co8xc{;i7. , 


Again 


by repeating the operation ; 


|* e*sinxrfa:=e*8inx*-^e* 

J e* cos xdx—d‘ coax + J^aiuxdx, . 


*-|i) 

.'(ii) 


f 


e*(8inx-co8 a;) 


c*sinxda: = 

Ji 

by subtracting Eq. (ii) from Eq. (i) and rearranging the terms. 

It will b© noticed that it is often possible to obtain a 
solution by repeated integration by parts. Especially is 
this the case when one of the factors is of the form x", in 
which case the application is made in such a way as to reduce 
the index each time ; or, in other words, is denoted by u in 
the formula. The method indicated will now be applied to 
obtain what are known as reduction fonjnilae. 

One of the nv>st important formulae of reduction is that of 
sm*^cos*0rf^, the integral being made to depend on another, 
in which the indices are reduced by two, and thus, by suc- 
cessive applications, the complete integral is obtained. 


Since 


j sin"*0 cos”0rf^= ^ cos*'''^ 8in*"^c^(8irL 6\ (i) 


we may, in the formula for integration by parts, assume 
m+1 * 


«=cos’’“V, »=- 




C08”BdB = - 


m + l 

Also Bin"*+^^*»Bin”*0x 8in*^= 
Substituting, we have 


sin"*0(l - cos^B), 


Jsii 


8in"*0coa"^5=- 




i/“ 


cos’ 




m-i-1 


m+I 


t/“ 


Bin*0co8"“W- 


8in"'0(cos“”^0- co8*0)cf0 

7t-l f , 

m+li® 
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transposing the last term and multiplying both sides by 


«i+l 


, we obtain 


m-hn 

j cos” 6d$ = 


m+n "^w+Ti. 


j Biif^$coB^'^0d6. ..(ii) 


It will be seen from (ii) that after integration by parts the 
integral is made to depend on another, in which the index 
of cos ^ is reduced by two. In a similar manner, the integral 
(i) could be made to depend on another in which the index 
of sin^ would be reduced by two. Hence, by successive 

applications, the integral of J8in*^0cos''0(f0 can always be 
reduced to that of jsinddSy Jsin^cos^rf^ or jcos6d$ 

when the indices are integers. 

A very -important case occurs when a definite integral, the 
limits being 0 and is required (m and n being integers). 




Then / ^sin"*^cos"0(f0= 


(«i-l)(«i-3) .,.(n -l)(«-3) 
(m + ?i)(m+%- 2) ... 4 . 2 


X ^ ; 


the quantity (ft is unity, except when m and n are both even 
integers, in which case its value is 


Ex. 6, Let m=fi and n=4. Here m and n are both even; 

5. 3. 1x3. 1 ^ IT 3v 
"10,3.6. 4.?’^ 2 “512' 


sin®^cosV<f^> = 


Ex. 7, Let m=6 and n = 5 ; 


sin*? coa®dcW = 


5.3. 1x4. 2.1 8 


11. 


.7.5.3. 1 


Ex. 8. 


Ex. 9. 


/'■' 


• OA in Jrt 1x3x1 T TT 


coB»?d? = tK)8?d?= 
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and These examples may be taken to be 

special cases of the general formulae; but they are very 
important, especially in the case of definite integrals, and may 
be obtained independently as follows : 

Int^^ting by parts, we can connect 

j&in^OdO with j ; 

Jain*-W^, (i) 

.. 1 i* 

cos”$dd 


and 


- f ' noja cos6am^-^$ n-l 

- . / sm*9dd— H — 

J n Ti 

sin^cos""^^ n — 1 /“ 

— — -l I ^ 

n n J 


/■ 




,(ii) 


IVom (i) we obtain, by successive applications, 

j sin"0rf<? 

when n is even, the last term in the bracket is 

(7»-IK«-3)-.3 (n-l)(«-3)...3.1 

^(»-2X»-4)...2 ^ m(n-2)...4.2**' 

When n is odd, the last term in the bracket is 
(_ «-l)(«-3)...2 ^ 

From (ii) we obtain, by successive applications, 

Jcos"9d9 

- ^ cos"-^^ + ^ cos^^ + cos"-®^ + etc. ) + a ; 

n \ n~2 (n~2)(n-4) } 

when n is even, the last term in the bracket is 


+ (n-2)(»-4) -- 2 -*=°°^’ ^ = -^(i32y7X2'’' 

When n is odd, the last term in the bracket is 


(»-l)(..-3)...2 


and 


A=0. 
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One of the most important applications of the integration 
of is the definite integral between the limits 0 and | ; 

from (1), • 

^Bm"ede= -- 


n n J 


When n is an integer, not less than 2, the finit term becomes 
x)th tl; 

... f. 


zero for both the limits ^=0, B=^; 


^&m”BdB= 


n{n-2) 

This becomes, when n is even, 


J\in”-^0d0 




Fa;. U. 

Fx. 12. 


8iD.”$dB=(^- 

i^){ 

n-3\ 

71-2) 

, 5 3 

' ’’e ‘ 4 

1 

' 2 



-3)... 

3.1 TT 

(ti 

Sin out/ — — 

n{n- 

-2)... 

4.2^2 

\n 



-3)... 

4.2 , 

y 1 

{71 

3lU Ptl'(7 — 

n(n- 

-2)... 

5.3 

Let n—i ; 





/'■f . . 

. 3 

. 1 T 

Sir 


j 8m*ffdd=^ 

72^2 

"l6' 


rif 


7.5.' 

{ IT 35r 


.6.4. 



S 

.6.4. 

2 128 


1 8in^ede=^ 

.7.5. 

S"315' 



an^even integer), 
an odd integer). 


It is easily seen from the foregoing that 
pcoQ^xdx— J^sin^xdx. 



m A MAKUAU OF PRACTICAL MATHEMATICS. 


Definite integrals. --The follo'wing definite integrals are 
importuit in later work, particularly in dealing with vibra- 
tions and periodic movements, ^ 

j aQpoand?cto==a()|^^^^^^J =*0, 
j co6mxrcoB7ij;dxr—^J ico8(in + »)x+008(t»~«)4;}oJa? 




’si n(ffl-t-n)z ain(m 
m+n 


J-T 


Similarly, 

and 


/. when m and n are unequal, J cos Ti^r cos mxdx^^ 0 ; 
when m=n, 

J coe!^nxdx=ij (co8 2iij:+l)dir=i|^^^^^+^J ^ 

= J10+ir-(“7r)i=7r. 

j ainmxcosnxdx^O, 

j siti^Jixdx ^v. 

j sin narcos nrtir 

=jJ 8in27w:<i!r=^j^-cos2nxJ =0. 

Fourier's series. — Assuming that between the limits jt 
and -Vy 

/(ar)=:a0+a|COBa:+a2CO8 2a?+... +a„eo8 nd;+... 

+ 6,8in a: + 628m 2 j; + . . . + ftnsin nx + . . ., 
multiply through by coenx and integrate. Then, 

I f{x)ooBiixdx= j a^fioanxdx+ j ai(X)»x coanxdxi- 

Xm 
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+j ctjfioshta;cla! + ,..j biSinxcoBnxdx 

~r -w 

+ I 6„cos?ijrsinna?dx+.... 

At the limits, the only term on the right which does not 

vanish is rr . 

I anCOshucdx—Tran ; 


an=- f /(j:)cosnj^dx. (i) 

Taking as an example, 



Fio. 167. 


A function of x which has 

the value (r+i?) from to -g, 

the value -x from ^7= to 

the value (af-jr) from x— ^ to ir, and so on. 


3I,P.]C. 
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In this case ^ ^ nxdx 

— ^(x+j?)a>3njpdi?— J^xooB«xdlr+ (jr-x) cos«xdIr| 

-f f 

1 f r«(-i?+7r)sin»x+cos?M?“|“^ rjwysinnjr+cos 

"xlL J_, L J , 


, rn(;i:-x)sin7w:+C08 7ia:']'\ 

Jj 




«x . xw , nx / nx . nx nx . «x\ 

^ am ^+oos ^ - cos»T - (^-sm - ^sin y j 


«X , XX , »xl 

+— S5tn ~+a)awx-co8-^j- 


There are therefore no cosine terms in the expansion, 
sin nxdx 

=“1/ ^(x+y)8in?ur(£r- J^xsinnxdx-j-J (jr-x)sinxj?fltr| 
-5 f 

I f r sin WJF - n(x + x) cos nx ^ r sinxr-xjrcos nx -\i 

“x\L J-r " L J_T 

, fsin aT-x(j:-x)coaxd:“]'\ 

’ "^L ^ Jfi 

if . nx - . nx . xxl 
= ~ 2 i -am-— -28in-T — 
vii^ I 2 2 2 j 


This is equal to zero for all even values of x, and to 5 

4 

for all terms of the type (4r+l), and to ^ for all terras 
wherolx is of the type (4r- 1) ; finally we have 

/(*)“ -“■[«iiar-i8inar+^8m5a:-^8m74r+etc....|. 
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If we put fisc) when calculated from the first 16 

terms is equal to 1 * 55 , or approximatelj ^ 

Putting and using 16 terms, we obtain 

/(j?)== 0*78 or 

Fourier’s theorem.— This important theorem states that any 
peiiodic function f{x) may be fully represented by the sum 
of a constant term and a series of sines and cosines of multiple 
of that variable, and may be expressed in the form 
/(ar)=aQ+aiCOBa:+a2C08 2a;+a3Cos3af+... etc. 

+ fej sin 07+ 62 sin 2fl7 + 63 sin 3 a: + . . . etc., 
in which the second s.H.ii. would have one half the period of 
the preceding one, the next one -third, and so on. 

The theorem may be written in the form 

=! Oq + ( aj cos sin d?) + (og 008 2 a: + fig sin 2 ir) + etc. 

= op-l- Ojjj 8in(x+ ttj) + Oijj 8m(2a: +02)+ axi^sin ( 3 a: + 03) + .. ., 
where Oji^— Voj^+fij^ and tanai=p,etc. 

The series now becomes 

/(a:) = Co + u sin (x-f a) + 6 sm( 2 x + / 3 ) + c sin ( 3 a: + y) + . . . . 

If we divide the period into n equal parts and superpose 
the parte, we get the constant increased to ?iCo. 

Taking the case y=asin(x+a) and omitting the case^ = l, 
we obtain on superposing 

2y=a|8inai-l-sin^tti+^)+8in^ai+^)+etc., to n termsj 
(where cq=a+x is the x of the first point taken) 

. / n-l \ . 
sinl <ii + — jsinw 

. IT 
Bin - 
« 

which is zero for 4^11 values of n greater than 1. 

Therefore, we may split up the given curve into n equw parts, 
and on superposing we shall find the fundamental vibration 
to be eliminatecL 
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Now take y = 5 sin (2x+ jQ). 

2y=6|siayi+8iii^yi+^^+sin^‘yi+“j+etc., to n tennsj 

ain|7i + Stt 


which is zero for all values of greater than 1, except n=2 
when it becomes 

- 6 sin yi sin 2r _ ^ -sin 2 cos g- sin tt 
sin IF sin ir 

= 26 sin yj. 

Therefore, when 7i=2 the fundamental is eliminated, whilst 
the octave, t.e. the vibration with double frequency, remains, 
but becomes doubled in amplitude. 

In the same way, if y=a sin (Tnor+jS), where m is a prime 
dunlier, the superposition will cause the term to vanish for any 
other value of n than m, and for that particular value we 
get an expression of the same frequency, but of m times the 
amplitude. • 

Now, taking the case m = 12, 

y=a8in(12.r+a), 

2y— a^sin a^+sin ^“^ + sin^a| + ^^^ + ...to n termsj 

sin sin 12 t 

. /125r\ ’ 

where, as before, is the first value of 12x’+a, 

This is equal to zero, except for the values 7t = l, 7t = 2, w=3, 
n—4, ?i=6, and ^t=12. 

Taking the case »=6, we obtain 

„ sin(ct,Uinl27r sinail2co8l^ 

,2y=a — = a — 5--^ = 6a8ma„ 


[The second step being obtained by the differential calculus 
rule for undetermined forms.] 
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the amplitude is increased six times, the period remaining 
the same. 

Therefore the effect of dividing into % parts and superpos- 
ing is to eliminate all terms excepting those of the form 
asin(mr+a), where rw— w, which terms remain of the same 
periods, but are increased in amplitude n times. 

From these results the following method of analysing a 
curve which represents some periodic motion, such as the 
movement of a piston or slide valve, is deduced. 

Let the relation between x and Q be supposed to be 
y(a:)=ao + a8in(0-Ha) + 6Bin(2^-H;S)4-csin(30+7)+ etc. 

In order to simplify the expressions write instead of 
asin(0-|-a), 

f{x) ^ Oo + + *20 4- 330 + 340 + *50 + *60 + etc. 

Dividing into two and superposing, calling the result /(arg), 
/W = 2(ao+320-l-340 + 360-t-380+ etc.) ; 

2/(ar)--/(3;3)-2(*0+*30+360-|-370+ etc.) 

Dividing into three parts and superposing, 

/(.i: 3 ) = 3(ao+*30+360 + 390-t- etc.). 

Similarly, 

/(x4)=4K+340-l-380+3l20-l- etc.) ; 

4/(j:3)-3/(i,) = 12(s30-s49+s6e-880+etc.); 
6{2/(x)-/(x3)1-{4/(x3)-3/(x,)} 

^12(30 + 340 4-360-*60+ etc.). 

In this way we may eliminate the 3 -functiona on the ngit, 
until the unelirainated terms after the first are so small that 
they may be neglected. We can now calculate the value of the 
fundamental, then, using this result, proceed to find, in a similar 
manner, the values of the other 3 -fuDctions, one by one, so far 
a.s may be necessary ; when this has been done the curve assumes 
the form of the sine-curve. The distance between any two 
points of its intersection with the ^r-axis is a multiple of the 
period, TT. Measurement of the curve will give very approxi- 
mately the constants in r=12a8in(x+ai). Thus, 12a is equal 
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to the average amplitade ; if Xg, Xiy are the abscissae 

of the points of intersection of the curve and the x-azis, then 

(n + l)ai -I — 

from which Oj ma/ be determined. 

The student has now a choice of three methods of proceeding 
to determine each of the remaining terms in the Fourier’s 
series : 

(1) Determine gi$ by a process exactly similar to that 
adopted for t$, 

(2) Subtract ftom the curve /(x) the part a8in(a:+ai) as 
previously found. 

(3) Subtract from the curve f(x) a new calculated curve 
asin(a;+ai). 

When the terms 40, <20, 430, etc., have been determined 
so far as found necessary, it is advisable to re>draw these curves 
and by adding the ordinates, in the usual manner, to deter- 
mine the curve 40+420+430+etc. Comparison of this 
(calculated) cum with the problem will give some idea as to 
the accuracy of the calculation and of the hypothesis of the 
relative emaUniei of r^ected t&'ms. 

If the form of the calculated curve is sufficiently near that 
of the problem curve, then there only remains to find k which 
is the vertical distance between the horizontal axes of the two 
curves. 

If *the two curves should be too much unlike, take the 
difference of the problem curve above the calculated one and 
proceed to a fresh calculation. 

The application of the theorem to a given curve (Fig. 168) 
may be seen from the following example : 

Taking equal intervals ^ for 0 along the base OX and 
6 

setting up the twelve ordinates, 

/(0)=i:+«ain(0+a)+6ain(20+j5)+cain(30+7)4* etc. 

40+420+430+ etc. (with the previous notation). 

Dividing into two and superposing, 

/( 0 ^* 2 (ifc+ 420 + 440 + etc.), 
y(ft-/(0,)*2(40+430+480+ etc.) ; 
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when ^**0, 

/(^2)=0 to 6 ; 

which result simply means tb^t to the ordinate passing throagb 
0 must be added the ordinate passing through 6. Similarly, 
to the Ist ordinate add the 7th and so on ; draw a fair curve 
through the points and obtain f{d^ The sum of the 0 and 
6th ordinates is the particular ordinate here mentioned; 
ordinate of (0, 30, 60“)^-^ (6 to 0) ; 

when ^ 

/(0a)=(O to 7) + (0 to 1); 

ordinate of (0, 30, 50)= J{2(0 to l)-(0 to l)-(0 to 7)} 
^i(7 to 1). 

In this way we get all the ordinates of (0, 30, 60) as 


6 

to 

0 

0 

to 

6 

7 

to 

1 

1 

to 

7 

8 

to 

2 

2 

to 

8 

9 

to 

3 

3 

to 

9 

10 

to 

4 

4 

to 

10 

11 

to 

6 

5 

to 

IL 


/(0j) = 2(i + 20+40+60 + etc.)L 
Dividing into four parts and superposing, 

/(0^)^4(;fc+40 -1-80+ etc.); 

/. 2/(02)-/(04)=4(20+60+lO0+etc.); 
when 0=0, 

/(04)=(O to 6)+(0 to 3)+(0 to 9) ; 
ordinate of (20, 60) is J{2(0 to 6)-(0 to 6)+(3 to 0)+(9 to 0)} 
=J(0to6+3to0+9to0) 

= J(3 to 0, 9 to 6). 

The ordinates of the (20, 60) are 

i 
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Proceeding in the same manner for (3d, 9dX we obtain as 
ordinates 

J 2 to 0, 6 to 4, 10 to 8 
3 to 1, 7 to6, 11 to 9 

+ 

± 

Grajdiical method of haimonic aii{dy8is.~It has already 
been seen (p. 138) that motion in a straight line, which is 
compounded of two simple harmonic motions of the same 
period, is itself a simple harmonic motion of that period, 
The theorem may be represented by the equation 

y— a8in(g'f + a)+68in(g'r+/3) = A sin(9i + ,£), (i) 

where y is the displacement from mid-position at a time t. 
When the component motions a, 6, u, are given, then ‘ 
for any given value of a parallelogram having a and 6 for 
its sides can be drawn, and the diagonal will give the 
amplitude, or radius, A, of the resultant motion. As qt 
denotes the amount of turning, or angle, in radians it is 
convenient to write Eq. (i) in the form 

y = a sin (d -I- a) + 6 sin (d -H /3) (ii) 

The parallelogram is inapplicable when the periods are 
different, but in such a case two sinuous curves may be 
separately diawn, and their ordinates added together will 
give, the resultant curve. 

Thus, for example, the motion of the slide valve of a steam 
engine generally proves to be a close approximation to a 
simple harmonic motion. The deviation from this fundamental 
motion usually consists of a small superposed octave, or a 
simple harmonic motion of comparatively small amplitude 
and of twice the frequency. If y denotes the displacement 
of the valve from its mean position, the above Eq. (ii) may 

be written y=a8in(9+a)+66m(29+^) (iii) 

The diis^ratns of displacement consist of two sinuous curves, 
the first having an amplitude a and angular advance a, the 
ampUtnde and angular advance of the second being b and p re- 
spekively ; the period of the second is one-half that of the first. 
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Ex, 1. y =2 ain (5 + 30'*) + 0*5 sin (2^ + 45“). 

Let yi=2Bm(S + 30") and ya=O'5siii{20 + 45‘’), 

when 5=0“, y,=^Bm30'’=l j 

and when ^=30% yi=2am60'’ = l'73. 

In a similar manner from yj=O*58m(20 + 45“), 

when 0 = O“, y2==0-5sin45° =^=0*35; 

and when 0 = 30“, ^3= 0-5 sin 105“ =0'5 sin 75“= 0*48. 

Other values of 9 may be assumed and the values of y-^ and 
calculated and tabulated as follows : 


Values of 9 

0 “ 

30“ 

60“ 

90" 

120 “ 

Vi 

1 

1-73 

2 

1*73 

1 

Vi 

0-35 

0*48 

0*13 

-0*35 

-0*48 

y=y]+ya 

1-35 

2-21 

2*13 

1-38 

0*62 


Plot the values of y from the last row, and the curve passing 
through the plotted points will show the value of y for any value 
of 9. 

Graphical method of composition— The process may be 
easily carried out graphically as follows : 

Draw a circle with centre C and radius 2" (Pig- 168) ; 

through C draw a horizontal line CL. Make the angle MCA 

equal to 30". Divide the circle into 12 equal parts, and 
from any convenient point N on the line CL measure off 

12 equal divisions from N to i ; at each point draw 

the ordinates qpy fh, perpendiculars to CL. Each of the 
equal divisions on the circle and on NL will denote 30 ; 
number the points on the circle and on AX, 0, 1, 2 ,... 11 as 
shown ; then, points on the required curve can be found by 
projection, the projection through 0 on the circle cutting the 
ordinate through A at A. etc. In this manner the dotted 
curve (i) can be obtained. 

Draw another circle with centre C and radius 0*6 , and 
make the angle MCB^^\ As the point B rotates at twice 




458 A MANUAL. OF PRACTICAL MATHEMATICS. 



the rate of Ay it is only 
necessary to divide the 
circle into six equal parts, 
as shown in Fig. 

By projecting as before 
the curve (ii) may be ob- 
tained. The hnal curve 
(iii) is obtained by adding 
the ordinates of the two 
curves at each point, thus, 

qp=iqm'^qn ; 

C I'.fi. by means of a pair of 

+ dividers, or the edge of a 

I' strip of paper, add gn to 

^ gnij and in this manner a 

% series of points is deter- 

b mined ; joining these by 

^ a fair curve the resultant 

jS curve (iii) is obtained. 

^ The converse proh- 
^ lenL Resolution.— The 

° converse problem to ob- 

^ tain the elements of the 

^ component motions of a 

curve such as (iii) (Fig. 
o 168) is of great import- 

ance. Such a curve is 
easily set out if the dis- 
placements, or ordinates, 
corresponding to given 
angular intervals are 
known. These may be 
marked on the edge of a 
strip of paper, or thin 
cardboard, as indicated at 
P (Fig. 168). For this 
purpose a line is drawn 
through the initial point 
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F, parallel to the base line NL. If y denotes the displace- 
ment, then, supposing the equation of the curve may be 
expressed by three terras of a Fourier’s series, ue, 
y—]c-\-a9m (^+ a) +6 sin (2^+j8) 
where k is the distance NF. 

The analytical process by which the various constants in a 
Fourier’s series are obtained is laborious and to some extent 
complicated. By a simple graphical method, devised by Mr. 
J. Harrison, it will be found that any given curve can be 
readily analysed by merely using a strip of paper as follows : 

Let ^^k + asm{B+a)+bein{29-i-fi)+cmn(Z$-i-y)-^,.. 
be a complete Fourier’s series, which for shortness write 
^=k-\-80-^8^2e+sW+8A0,..,. 

Let the values of twelve equidistant ordinates, spread over 
the cycle, be denoted by y<), y,, yj, yj ...yu- From a fixed 
point on a strip of paper, set off these values along the edge, 
numbering the points 0, 1, 2, 3, 4, 5 ... 11. These points would 
represent twelve successive positions of a particle vibrating 
according to the above law. By employing the principle of 
superposition we arrive at the results given oy p. 460. 

The analysis of such a curve as that in Ex. I by using a 
paper strip may be seen from the following example. 

Ex. 2. Twelve positions of a slide valve numbered 0, 1, 2, ... 11, 
corresponding to intervals of 30“ of the crank beginning at the 
inner dead point, are given in Fig. 169. Analyse the motion 
so as to express the displacement of the valve from its mean 
position in the form 

y=a sin (£^ + «)-!- 6 sin (2^ + 6), 

0 being any crank position measured from the inner dead 
point. State the actual numerical values of a, b, a, and ^ in 
this case. 

Mark off the given displacements along the edge of a strip 
of paper. On a sheet of squared paper mark off twelve equal 
horizontal distances and number these 0, 1, 2, ... 11, as in Fig. 169. 
Each of these eqnal divisions will denote 30“. 

On the ordinate through 1, mark off from the paper strip 
the distance 01 ; similarly on the ordinate through 2 the dis- 
tance 02» etc. Proceeding in this manner a series of pointo mi 




460 A MANUAL. OF PRACTICAL MATHEMATICS. 


Table of Analysis. 


The complete curve 
made up of 
0, 29 , 3d, ... . 
Call thia series of 
ordinates 


y# 

yi 

Vt 

Vt 

Vi 

Vs 

Vt 

V7 

Va 

Va 

Vvi 

Vn 


Divide A into two 
equal parts, 

superpose and subtract. 
There result 
2((?, 3d, 5d, ...). 


Va-V%^ 

Vi-Vi 

Vt-Vt 

y»-yi 

yi-yio 

y*-yu> 


or 

applying 
rtrip I 
of 

paper 

inverted 


Oto 6 
Ito 7 
2to 8 
3to 9 
4 to 10 
,5 to 11 


Divide A into two 
equal p^rts, 
supeipose and add. 
Some of the terms can- 
cel, and there remain 
2(fc, 2d, 4d, 6d, ...). 

S. 

Divide A into three 
equal parts, 
superpose and add. 
The components remain, 
ing are 

3(jfe, 35, 65, 9d, ...). 

a 

Va+V* 

Va+Vi+Vt 

Vi+Vr 

Vz + Va+Va 

V%+Va 

Vi + Va + V'ji 

Vz+Va 

Vz+Vj + Vu 

Vi+Via 


ys+yu 

Divide C into two 
equal parts, 
superpose and subtract. 

Divide B into two 

6(35, 9d, I6d, ...). 

equal parts, 

F. 

superpose and subtract, 

obtaining 

4(25, 6d, lOd, ...). 

(yo+y*+ya)-{yj+yf+yi6) 

(yi+y*+y9)-(y#+yr+yii) 

E. 

that is 

y»+ye-lyi+y#) 

yo-y2+y4-y«i-y8“yiD 

yi+y:-(y4+yio) 

yi-ys+ys-yr+yi-yu 

ys+yi-(y6+yu) 

or using the strip 

that is 

Oto 2+4 to 6+8 to 10 ; 

(yfl-yi)+(y6-y9) 

1 to 3+5 to 7+9 to 11 

{Vi-yi)+{Vi-Via) 


{Vi-Vi) + {Vi~yn) 

Deduct i of ordinatea ; 

or on the strip 

of curve F from 
those of curve D. 

0 to 3+6 to 9 

Then we obtain 

Ito 4+7 to 10 

P 

2 to 6+8 to 11 

2(5, 55, 75, 115,.,). 




the curve of displacement is obtained and through these points 
a fair curve may be drawn. 

To obtun the elements of the component motions the strip is 
inverted. Patting 0 on the strip to coincide with 0 on BN, 
.inark off on the ordinate through 0, the distance 0 to 6* 
Blmilarly, putting 1 on the strip coincident with I on £N, set 
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off on the ordinate the distance 1 to 7. These processes may 
be written as 0 to 6} 1 to 7> 2 to 8, etc., as on p. 455. Draw a 
curve through the points. 

Using the contracted notatfon the equation of the new curve 
may bo written in the form 2(9, 39, 59 ... ). 



Draw a tangent to this curve at a maximum or minimum 
point; then the amplitude a is one>half the distance from A to 
the base line BN, or G*28-r2=3'14. 

The magnitude of the angle a can be obtained by producing 
the curve to cut the line BN, then, as the distance nN denotes 
180®, the distance 0» is proportionately =161® *8. 
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To obtain the angle a it 
ia only necessary to sub- 
tract ISP'IS frwn ISO*} 

ci= 28 '’- 2 . 

To obtain the elements 
of the second term with 
the strip inverted (».«. in 
the same position as before) 
make 0 on the strip to 
coincide with 0 on OA^ 
Along the ordinate through 
0, mark off a distance 0 tu 
3. Make the point 6 on 
the strip to coincide with 
this point and measure the 
distance 6 to 9. Then, thU 
point gives a point on the 
required curve. The pro- 
cess just described may be 
expressed as (0 to 3) + (6 to 
9). A second point is deter- 
mined by using the strip 
on point 1, \.e. (1 to 4)-i-(7 
to 10), etc. In a similar 
manner other points may 
be determined as indicated 
on p. 455. Finally, draw 
the curve through the 
points so obtained. The 
value of & is obtained by 
drawing the tangent at 
a maximum or minimum 
point as at i) (Fig. 169), 
and dividing the distance 
between the tangent and 
the line OAT by 4, «.€. 



It will be noticed that 
the distanoe/p between the 
two points where the curve 
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intersects the line ON, corresponds to three divisions, hence, each 
division is 60°. The valne of /S coald be found by producing the 
curve until the position in the positive direction was obtained, 
but the value may also be Sound by noting that the distance 
between the line passing through 0 and the point J, where the 
curve intersects the axis, is 2*5 divisions or 1^°. 

.•.j9= 360" -150“ =210”. 

To find the elements of the third term it would be necessary 
to proceed in a similar manner, viz. to use the inverted strip 
and mark off from 0 a point corresponding to the distance 0 
to 2; then to shift the strip so that 4 on the strip coincides 
with the point, and to mark off the distance 4 to 6. Finally, to 
put 8 at the last point and mark off the distance $ to 10. The 
process just described is conveniently written in the form (0 to 
2) + (4 to 6) + (8 to 10). Similarly, for the next point we should 
have (1 to 3) + {5 to 7) + (9 to 11). Proceeding in this manner 
a series of points is obtained. The curve passing through the 
plotted points wiU be expressed, with the present notation, by 
6 (3^, 9^, 159...). In the present case this practically coincides 
with the line OY, merely showing a slight ripple ; also, as the 
distance from the crest of tlie curve to the line ON must be 
divided by to to give the magnitude of the airtplitude a, it is 
obvious that the third term in the series is negligible. Hence 
the equation may be written 

y^3T4sm(9+28“'2)-hO-15 sin (29+210°) (iii) 

It is instructive to reverse the process and obtain, ^as in 
Ex. 1, the curve represented by Eq. (iii). Thus, draw a circle 
radius 3T4 (Fig. 170) and set off an angular advance MCA of 
28“-2 ; also draw a circle concentric with the former, radius 0*15, 
and set off an angular advance of 210” ; project as already 
described in Ex. 1. Finally, add the ordinates of the two 
curves. It will be found that the resulting curve will be the 
same as the given one. This result may be tested by using a 
piece of tracing paper, or by the paper strip. In the latter 
case, it is necessary to draw a line through the initial point 
F parallel to CN The distance OF is the value of the constant 
^-1*4. Hence, referred to axes of co-ordinates passing through F, 
the required equation is 

y= - 1*4+3*14 sin (9+28“ *2)+0*15 sin (29+210“). 
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EXERCISES. XLIV. 


Integrate the following; 
1. sin ox sin 

3 agrfx 
(ar-'aHx-ftj’ 

. (x^ + 7)dr 

a:* + 5x*+4 

7. x*(loga;)yx. 

9 

(»-3)^x+2) 

(23? — 5)(i3; 

* (x + 3)(3;+1)»' 


2^ a^^osxcls;. 

4 (a^-5x+7)cb; 
ac*-'5x+6 

6 + 

a:* + 2ar*+4a:+8 

g x^cta; 

(®-o)(x-6)(X'*c)‘ 

10. 11. x*coBxdx. 

la (6a:?+13x-43)dx 
* x3-13x-12 ‘ 


14. The motion of a point in a straight line is compounded of 
two simple harmonic motions of nearly equal periods, represented 
by the equation : 

x=2-l 8in^9i + 1 ) + sin 8i, 


where x is the displacement in inches from the mean position, and 
t is time. 


Let the complete period of the vibration be divided into nine 
equal intervals. * Taking only the first, fourth, and seventh of these 
intervals, in each case draw a curve in which abscissae shall re- 
present times, and ordinates the corresponding displacements of 
the point. 

Let the time of one of the intervals be represented on the paper 
by a length of 8". In determining successive ordinates, the method 
of projection from the resultant crank may be used with advantage. 


15. The displacements of a slide valve actuated by a Gooch link 
were measured at eight intervals each of 45'’, and found to be as 
follows, beginning with the crank on the inner dead centre: 

2*44", 1*65", 0, -1*37", -1*87", -1*37", 0. 1*66". 

Assuming that the motion of the valve is compounded of two simple 
harmonic motions, one of doable the frequency of the other, as 
represented by the equation 

y=i:+a8in(0 + tt) + 68in(25 + |9), 

where 8 is the crank angle. Find the values of k, a, a, 6, /S. 




CHAPTER XXII. 


DIFFERENTIAL EQUATIONS. 

Differential equations. — Any equation which connects the 

variables x and y, and the differential coefficients ^ 

^ dx dx^ djf 

etc., is called a differential equation. Such equations are of 
great importance. It will be found, for instance, that the 
majority of the so-called “laws” in dynamics, etc., can he 
expressed in their most general form by means of such 
equations. 

It is only possible to give a few of the ^simpler cases ; 
for further information the student is referred to larger 
books, such as that of I)r. Forsyth. 

A simple form is furnished by the equation 




..(i) 


The relation expressed by (i) represents a series of straight 
lines making an intercept a on the axis of y and having slopes 

g=tane(rig.ni). 

From (i) we obtain 


dx 


dx' ’ y “ ® 
Integrate each side ; 
log,(y-a)==log^-l-c, 
let c=log^, then logX^-a) 
=log^&ar), 
or 



..(ii) 


U.P.M. 
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From (ii) the equation to a straight line, we 

obtain by differentiation 



Hence, we see that h simply denotes the inclination of the 
line to the axis of x, or, shortly, the slope of the line, 
cPv 

Again, from (ii), constants have been 

eliminated, this is the most genmal equation of a straight 
line. 


jKp. 1. Given 

dx 

This may be written dy—bdx. 
Int^i^ting, jdy^bjdx; 

/. y=bx + C. . 


(iii) 

Tliis eqn^on denotes a family of straight bnes with constant 
slope. As already indicated, any constant connected by the 
signs + and - disappears during differentiation, and therefore 
a constant demoted by 0 is added to the indefinite integral 
to give the most general value to it. It will be noticed that 
it is unnecessary to add a constant to both sides of the 
equation. 

Elimination of constants, — One, two, or more constants 
may be eliminated from a given equation by introducing 

^ and ^ etc. 
tlx “ dal*’ “■ 


Ex. 2. Eliminate the constants a and b from the equation 


y-aa:*+6=0, (I) 

From (11 y=aaf®-6, (i) 


</x" 


2ax, 


.(ii) 




Divide (ii) by x and subtract from (iii) ; 


" cfer* i dS 


= 0 . 


(iii) 




ELIMINATION OF CONSTANTS. 

The general method of eliminating two wbitrary conetaafs 
may be carried out as follows : 

Let ^5 4 

three equations from which to eliminate a and h. 

Generally, to eliminate n constants it is necessary to nae the 
first n differential coefficients ; and, conversely, a differential 
equation of the order requires for its solution n independent 


constants. 

Ex, 3 . Given y*=aa; + fca::^, (i) 

eliminate the constants a and h. 

Differentiating (i), 

^^=0+26®. (n) 

Again differentiating, 


« 

Between (i), (ii), and (iii) eliminate a and 6 ; tl^prefore multiply 
(ii) by X and subtract from (i), 

f-2zy^ + b^=0. 

Substitute for b from (iii). 



Ex. 4 . If the letters «, i>, and t denote space, velocity, and 

time respectively, then 

dfl , .. dv 

and acceleration=^=^ 

If the relation between s and « is expressed by 

s=(i^ + bt+c, ( 1 ) 

the average velocity is obtained from ^ and the actual value is 
given by Thus, from (i) 

*=2««+6 and ^’=2a. 

Hence, the acceleration is constant and equal to 2a, 
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Thus, let a=^y, 6= K, and c=0, then Eq, (i) becomes by eub- 
stitation the well-known formula 

(]?$ 

and acceleration =/= ^ = j 7 ; 

therefore the acceleration is constant and equal to g. 

As a simple example consider the dififerential equation 
dh 

This denotes that the acceleration of a moving body is g. 
Integrating, 




To determine the value of the constant C it is only necessary 
to know the value of v when ^=0. Let this be V, 


Then, 


v = ^=gt-\-V. . 
dt ^ 


.(i) 


Integrating again, $ = Vt -|- C,. 

If jf = 0 when ^=0, then Ci~0j 

/. 9=^^-\-Vt (ii) 

Obviously in (ii) the direction of the acceleration and the 
initial velocity are both vertically downwards ; if V is upwards, 
then the space described in any time t is given by 

From the relation Foi*ce=massx acceleration, 



The work done by the force F through a distance dsi& F^ds] 


from (ui) F.d»=m^^ds= 


di <Fsj 
—m-j- 

dt dt^ 


Hence 


Fjds=mjvdVf 
Fs=imv^-^a , 


Dr Fs=-^v^-^C. (j) 

If when *=0, v-0, then (i) becomes Fs^^v^. 

„ #=0, r=M, „ (i) becomes Fg=^{v^-u^ 




SIMPLE DIFFERENTIAL EQUATIONS. 


Ex, 5. Two tinecjnal weights of 2 and 3 lbs. respectively are 
fastened to the ends of a string passing over a smooth pulley (Fig. 
172). The equation of motion is 

Find the equation of motion if one weight is 3 ft. 
from the ground and is moving with a. velocity of 
2 ft. per sec. at the given instant. Also find the 
position and velocity one second later, the time 
which has elapsed since starting from rest, and 
the position of the weight {g=Z2’2). 

From the relation j | 

a^acceleration=^- °” „ 

mass moved ^ -J— - 

we obtain U 

’’=T!i*+C (i) Fm. 172. 

Now v-2 when i=0; 2=C', 

or w-isff+2=:e-44( + 2 (u) 

Also 8=^^gt^+2t + Oi. 


Also 

But s=3 when i=0 ; 

Put «=:!, 
and 


s=TW + 2i + 3^3”22^2V2i + 3. , 
s=8'22 ft., from (iii), 
u=:8‘44 ft. per sec., from (ii). 


When 0=0, 

= -0 310; 

position of the weight is then ghxn by 

s=3-22x0‘09fil -0-620 +3 
=2-690. 

Simple differential equations. — The following are a few 
of the more commonly recurring simple differential equations 


^=i+£«+Clr’+*F®+.... 


The solution is 

w^here k^ are constants of integration. 
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Ab already indicated, p. 334, when a curve is very flat 
and pariAel to the axis of we may use, instead of the 

more accurate expression for t^e curvature, the form 

Hence, the preceding result may be applied to problems dealing 
with the deflection of beams, 

Oantilever with concentrated load at the free end.— 

Let I denote the length of the beam (Fig. 173), and x the dia- 
tance of a section from the fixed end, and y the deflection 
below the horizontal; then, the bending moment at such a 
A section is if= W{1 - x ) ; 

I , L 

^ I Where 

^ I A— Y Dung’s modulus of elasticity, 

^ ^ /= moment of inertia,* and y is 

^ ^ measured downwards. Inte- 

Yi grating, 

Fia ITS.-'-Gantiilever with eoucen- /* 

To find the, value of the arbitrary constant €y we notice 
that, when j?=0, ^=0; .*.<7—0. 

Again integrating, 


’-iK- 

W/Ij^ 
^~EI\ 2 

Again, when ^=0, y=0; Ci= 


In practical cases the maximum value of y is required, and 
this obviously occurs when x^l. Substitute this value in (i); 

W (P P\ I WP 


- W/P_P\ I 
*’ ^ 17\2 8/”3 ; 


*[/3lf(niieiit cA laatla d tiie ero«.ae«tlon about a line throiigh its centre of 
area, pcrpeiuUcolar to the ploae of bending.] 



OANTILEVEK WITH UNIFORM LOAD. 


m 


CaatilOTrer with uniform load.-^lf i denote the length of 
the beam (Fig. 174), and w the load per unit length of the 
beam, the bending moment at a section distant x from the 
hxed end and y measured down- 


wards 

Integrating, 



Fio, X74. —Caatilever with uniform 
lo&d. 


To obtain the numerical value of the arbitrary constant € 
s notice that ^=0 when jr=0; C=0. 

Integrating again, 




Hence, 




\ 2 

3 

^12/ 


0 when x= 



A 2 

3 

"12/- 


The maximum value of y obviously occurs when x=l. 
Substituting this value in (i), we obtain 


if W denote the total load=«^> 


tlien, 


W 

w 
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Beam supported at eacli end and loaded uniformly.-- 

Let AB (?ig. 176) denote a beam carrying a uniform load of 
magnitude w per unit length ; if I denotes the length of the 
beam, the total load will be wL 



Take the origin at the middle of the beam. Let i> be a 
section at a distance x from the origin, y, measured down- 
wards, then the bending moment at Z) is 


or, integrating, 
dx 


. 5? Lv^/'E-^V 

dx^~ m %\i )’ 


d'y_ 

dx 


1 _ 
C is 0. 


Again, integrating, 

1 w(W ^ 
~ET 


Since, when y- 


. „ ^ wlA . 

** ^>'’384^’ 


*' ^”““2A7\ 8 12/'^ 


5 


The maximum value of y occurs at the middle of the beani, 
i.e where x—0. 

Substituting this value for x, we obtain 

fiwl^ _ h WP 
384^' 


where W^wl. 



BEAM FIXED AT BOTH ENDS. 


m 


Beam fixed at both ends loaded with a uniform load.— 

Let w be the load per unit length, and I the length of the 
beam. The forces at one end, such as at A (Fig. 176), consists 

of a shearing force and a couple which may be denoted 
by C. Then, for a section at a distance x from A and y, 
measured downwards. 


dx^ El\ 
dx^MlK 


^ wt , W3(^\ 



To obtain the numerical values of the constants C and Ai, 
we notice that when x=0, -^1=0. When ^ 

is again 0 ; 




■^"6 




Tlie equation becomes 

dy _ 
dx . 

Again, by integration, 


/ wV^x 

wlx^ 


6 j 


1 {wp3^ 

12 ^ 24 
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when is 0, y is 0; 

*l 

Also y is maximum when x --^ ; substituting this value, 

^~^ET 

That is to say, the deflection of a beam fixed at the ends 
is only ^th of a similar beam the ends of which are merely 
supported 

Con^pomid interest law. — A class of functions of great 
importance, such as e*, etc., is known as exponential 
functions. The base of such a function is, as indicated, usually 
taken to be e, tbe base of the Napierian logarithms. 'When 
another base is used, such as in a*, it may, if necessary, be 
expressed as where it is a constant equal to log. a. Id a 
general form the function may be written 

y=A^ ory=^e“**, (i) 

the former when the function is increasing, the latter when 
it is diminishing in magnitude. 

Many processes follow the laws given by Eq. (i), and it has 
been very aptly styled by Lord Kelvin the Compound Interest 
Law. 

Money lent at compound interest increases in this way, 
and forms one of the simpl^t applications of this law. 
Thus^ if £100 is lent at 5 per cent per annum compound 
interest, then at the end of the first year the principal and 
interest amount to £105. This amount is the principal for 
the second year, and the interest will be charged on £105 
instead of on £100 ; similarly, for the third year, etc. The 
preceding facts are better expressed symbolically as follows : 
Let Pq denote the sum lent at r per cent, per annum, then 
Pyj the principal for the second year, may be obtained from 



The principal P^ at the end of the second year is given by 




COMPOUND INTEREST I^W. 
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Substitute the value of from (ii) and this becomes 
Similarly, at the end of the thiid year 






Hence, in n yeai's 


100 / 

r 

loo; ‘ 


If instead of adding the interest by annual increments the 
interest is added monthly, then at the end of t years the 
principal or amount A is given by 




»(^+f27!o6) ■ 


' 12x100/ 

Again, if instead of at monthly intervals, the interest is 
added at n equal intervals in each year, then in t years 


A=P, 


O'^mxlOo) 


(i) 


71 X 100 , 

As the number n is increased, the interval of time t becomes 
shorter and shorter, and if n be indefinitely great the interest 
would be added continuously to the principal , 

If n=^ Eq. (i) may be written 



In the limit when n and therefore m become indefinitely 
great, Eq. (ii) becomes 

A=PffiTh, 

j^The value of ^1+—^ when m> is indefinitely great is, on 
p. 289, shown to be equal to cj. 

This result may be obtained in a more direct manner as 
follows ; 

If P be the principal at the end of t years, then for a 
small increment of time, denoted by 8^, the corresponding 
increment of P may be denoted by BP. 




*■ P&t, or, ^=^P. 


100 


Bt 100 
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Hence, when the interval of time is made indefinitely small, 
^=JLp. 

dt lOp^ * 

” 100 ** 


Integration gives log,P^-^«+a 


Now, since- when ^=0, P=io» where is the principal 
at the time 0, the constant is log^Pg ; 

P=P^^\ 

Write and the preceding result will become 


Friction of a cord or belt on a 


M N 




(ii) 

pulley or cylinder.— 

Let ANMB (Fig. 177) repre- 
sent a belt or cord pressed 
tightly against a surface by 
forces at its free ends. Then, 
when the belt is just about 
to slip on the surface in the 
direction B to A, the tension 
at A is greater than at B. 
The angle AOB may be de- 
noted by 0. Also J/ A may 
be taken to be a small por- 
tion o£ A B acted on by the 
tensions T at if, and T-\-6T 
at K Constructing the tri- 
angle of forces ABC (Fig. 
177), it is readily seen that 
the radial force 


Also friction where it 
is constant. 


Let R denote the reaction of the cylinder, then, resolving 
tangentially, 
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■a+/‘«=0; (i) 

d0 

reBolving normally, (ii) 


dT 

Eliminating R we have -^=^0. 

This is the compound interest law. 

Integration between the limits and of T and 0 and 



or log7'a-lc>g7\=P'^, (iii) 

W 


If h denotes the width, and t the thickness of a belt, then 
the area of cross-section is calculated for the maximum tension 
Tg with a margin for safety. It will be noticed that when 
the angle of contact of the belt with the cylinder, and the 
coefficient of friction [i are known, the ratio of to can 
he calculated from (iv). [The value of t for a single leather 
belt is usually about § inch and the safe stress about 300 to 
350 lbs. per sq. in.] 

Ex. 6. A rope passes three times round a post and is held by 
a force of 10 lbs. at one end. What pull at the other end will 
be necessary to cause the rope to slip, assuming the coefficient of 
friction ju, to be 0'3? 

Here, if denote the force required, 


log ^2=0*3 X 6 t log 2*718 +log T, 

=5*666 X 0*4343 + 1 = 3*4564= log 2860 ; 


=2860 lbs. 

An elocbrical exaJUplo. — If ^ is voltage, R the resist- 
ance of an electrical circuit in ohms, C the current in amperes, 
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^en for a constant current Ohm’s law, applies, but 

when the current is not constant the law becomes 


V^J10+L§. 


..(1) 


dC 


is the rate of increase of Cy and L is called the aelf<ia. 


cU 

duction of the circuit. 
If in (1) 7=0, then 


dC 

dt^ 


0= RO"^ L 

Integrating, 

iogC'=-|<+2r, 

where A' is a constant. 

To find the value of let Q be the value of C when 
f=0, then 

log (70=0+ JT ; 

A'=logC'o. 

Hence, substituting, 

1 ^ 

/. C=c^'’^‘. 

again the compound interest law. 

- 7 « 

Whence V^RO- RC^ . 


Hence, as t increases, the effect (ff a constant self-induction 
decreases. 

7. The current C amperes in a circuit follows the Isn^, 
C=10&m600£; if < is in seconds, and if 

V=SC+L^, (i) 

where S is 0'3, sod L is dx 10‘^ what is Ft 




AN ELECTRICAL EXAMPLE. 


m 


From the relation (7=108m 600i we find 
dO 

6000 cos 60W. 
at 

Hence, substituting in (i), * 

r=0*3 X 10 sin eooi +4 X 10'* X 6000 cos 600 « 

s=38m 600^-f-2*4co8600j (iij 

Assume that (ii) may be written in the form 
A sin (600f + iEO 

This, on expansion, gives (p. 27) 

A cos i? sin 600< + A sin cos 600f (iii) 

Hence, comparing (iii) with (ii), 

A COB ^=3, and A8in£?=2’4. 

Squaring and adding, 

A*(Bm®i?+ cos*^) = 32 + (2'4)2= 14-76 ; 

A*= 14-76, 

or A =3^ 

Also ^=tan'i0'8=38^39-5'. 

Hence, lowest value of - 10, 
r=-3*845 

highest value of C=10, 

V » ^==3-84. 

Variation of atmosplienc pressure with altitude.— If 

Po is the pressure, the density of the air at seadevel^ and 
p the pressure, and p the density at a height A, 
dp= -p<iA. 

The negative sign indicates that the pressure decreases as 
the altitude increases. Hence 




dh 


-p. 


■(i) 


To express the density p in terms of the pressure and 
density p^ at sea>level, we have, from Boyle’s Law. 




P 


Pa 


or 
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Substitute this value in (i), then 

-yxpo . 

ik 

V Po 

log#jp=— ^A+log,c. 

Pa 

::^k 

Hence ^ • 

To obtain the value of the constant c we notice that at 
sea-leveb where A=0, p=Pcl '■ c-PoJ 

p=p^^ . 

dH 

Differential Eftuationa.— Typo n -^= -Fx, where is a 
constant. 

The solution is x— A &mx/Ft-hB cos >jFty (i) 

where A and B are constants of integration. (The solution 
obtained may be readily verified by reversing the operation, 

i.e. finding ^ and comparing with x. Also it contains two 

arbitrary constants as required by the theory— the equation 
being of the second order.) 

This is an important equation, and w a typical case of 
harmonic motion, occurring, for example, in the small oseilla- 
tiond of a spring or of a pendulum. It is also used in the 
so-called Theory of Struts and may be written in the form 




VIBRATION OF A BAR OR SPRING. 


8. Ii6t A — 0, B—*J, q=Z. Then the equation beoomeB 
« = 7 coflSi ; 

,his ia referred to on p. 135. ^ 

If the differential equation is 

dh 


dt\ 


-hh~0. 


the solution is 

as may be proved by obtaining the second differential. 
A particular solution of this equation ia given by 




The reader should refer to pp, 141, 145 in which are given 
figures of the curves 

and ,y=dfi'=*8in(6x+c). 


Vibration of a bar or spring. — The deflectiou of a bar is 
proportional to the load, and a bar when loaded may be made 

to vibrate. The periodic time is equal to where m is 


the mass of the load, and F the force required to produce 
unit displacement. , 

The periodic time 7^ of a weight P of mass m si^pended 
at one end of a spiral spring, the other end of which is 
fastened to a suitable support, is in like manner given by 



Let /’denote the force required to produce unit displacement 
When P is displaced a distance x from its equilibrium position 
the resultant upward force ia Fx. The acceleration in a dowii- 

ward direction in a direction tending to increase x) is 

d^x 

The acceleration in the upward direction is - 

As force = mass x acceleration = — 
where wi is the mass of the body at P \ 
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To solve this, auppoee 



== sin + 5 cos pf, 

then 

^ = Jp cos p^— Bp einp^, 

and 

—Ap^smpt—Bp^cmpt 


= -p*x. 

Now (i) can be written in tbe form 
cPx 

dt^~ M 


Mence, comparing (ii) and (iiiX 



.(ii) 


.(iii) 


*(iv) 


and (v) 

dx 

Let the initial displacement of the spring be a ; ~ simply 

•denotes the velocity of /*, and, when the displacement is a, the 
velocity is zero, or jP, at the instant considered, is at rest. 
Hence x~a when 


Also jT-O when i==0 ; 
at 


a- A sin x 0^ 4*5co8 ^ x 0^ from (iv), 

^or a—H. 

Also 0=A J?- from (v); A=0. 

^ wt 

Thus, we obt^ 

x=ac(»\^t ('”) 

^ m 

If the constant a/— be denoted by », (vi) becomes a; =<x cos 
* m 

Substituting various values for we can obtain various 
^ta with regard to the motion, thns, when nt^Oy x=^(i. 


VIBBATIOH OP A SPRIltO. 


When 

■ » 

1> 


n<=|, ^>=0; 


/. body ia at F. 





^«a(co|ir)« -A. 
x=0. 


„ n/»2ir, ar=»a. 

Hence, as nt increases from 0 to Sr, the body moves through 
a complete cycle into the initial position ; 

where T denotes the periodic time. 

Similarly, the variations of the velocity can be traced by 
/ir 

reference to the values of 


Ex. 9. The result obtained for the periodic time can easily be 
verified by experiment. When a load W of 10*5 lbs, is suspended 
from a spiral spring it ia found that 190 swings are made in one 
minute. Also, 10 '8 lbs. is required to stretch the string through 
unit distance one inch. (£^=32*2 ft, per sec. per sec.) 

As 1 minute =60 seccmds, 

Also, 

where jM = 10‘54-flr=10*5~32'2 

and . 2?= 10*8 lbs. 

(as the unit distance is 1 inch, g=2/2'2x 12 ins. per sec. per sec.); 


r=2vACZip^.=0-3152 I 

\32"2x 12x 10*8 


It will be noticed that in the preceding solution the mass 
of the spring itself has not been taken into account ; in fact 
have made the assumption that the weight of the spring, 
and therefore its mass, is negligible in comparison with the 
vibrating mass at the end of the spring. 

Allowance for the weight of the spring may be made by 
adding a fractional part of the mass of the spring to the 
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vibrating mass at Ibe end of the spring. The namerical value 
of this fractional part is readily obtained. Thus, if p 
notes tne density of the material ^ the spring, and if denotes 
the velocity of the vibrating spnng at a distance x from the 
point of support, vre obtain 

j Vy where v is the velocity of the terminal mass. 

kinetic energy=-Jmi;2^ I* 2(7^) 

Hence, the mass of the spring may be taken into account 
by adding one-third Its maai to the mass at the end of the 
spring. 

Ex. 10. A spiral spring is supxwrted at the upper end, and 
when a weight of 7 lbs. is hung on to the lower end, an exten- 
sion of 0*1 foot is produced. 

Find the time of a vertical oscillation (1) neglecting the mass 
of the spring, (2) supposing the spring weighs 0*6 Ib., and a 
proper allowani^ for its mass is added to the 7 lb. weight. 

(1) In the formula for the periodic time, 

“■Vf- 

and i’=7x 10=70 lbs.; 

log i = log 2 + log r •- J log 322 = T *5443 ; 

«=0*3501 sec. 

(2) Adding J the mass of the spring, 

7 0*2 7*2 

'^“^■^^'^322’ .^’=70 1be.‘, 

••• 



VIBRATION OP A BEAM. 


Vibration of a beam or rod— If a bar or rod is supported 
at its ends A and B and loaded at the centre with a load TT, 
the deflection 5 will be given by the formula 

^~48Br W 


where I is the length between supports, B is the modulus of 
elasticity of the material, and / the moment of inertia. The 
length and deflection may be expressed in centimetres, in 
inches, or in feet j IT, and T must obviously be in the same 
units. Expressing I and S in inches, then ^ will be expressed 
in pounds per square inch and / in inch units. 

If the value of E for a given material is known, from 
Eq. (i) the numerical value of S for a given weight W can 
be calculated. Or, conversely, if 8 is carefully measured from 
experiments, then E can be obtained. 

When a bar supported at the ends and loaded at its middle 
point with a weight IF, is made to vibrate, the periodic time 


of a vibration can be calculated from the formula T=^ 7 r\~, 

V E 

where F is the force necessary to produce unifc deflection. 

A verification of the result may easily be obtained by 
experiment. 


Ex. 11. A wooden rectangular beam or rod rests in a horizontal 
position on two knife edges 36 inches apart. Find the periodic 
time of a vibration and the number of vibrations per second, when 
the load at the centre is 11 '8 lbs. (Given .ff=l*865x 10®, depth of 
rod 4 inch, width 1 inch.) 

The value of I for a rectangle of sides & and d is iV Jd® (p. 432). 
Substituting in (i), *=1-^3’ 


4xl*865xl0»xlx(0*5)=»xl2 


Obviously, must denote the deflection in feet when 3 = 32 * 2 , 
^0(1 in inches when f; = 32'2xl2. 

IF, the load required to produce unit deflection of 1 foot, is» 
found to be 240 lbs. ; the weight of the rod is 8*5 oz., and for the 
purpose of this calculation f^rds of this may be assumed to act at 
ita middle point ; 
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,*. periodio time 7= 0-2482 seoond, 
or 4*03 vibrations per second. 

'Hie foMnoia used may be readily proved by the student 
in a mannw nmilar to that used in finding the time of a 
vibration of a mass suspended from a spring <p. 481). In fact 
a beam or rod load^ in the manner indicated is only one 
form of spaing. 

Simple pendnlnm.— The nearest approximation to a so-called 
simple pendulum consists of a small heavy body, such as a 
leaden bullet, at one end of a fine string, the other end of 
the string being fixed to a suitable 
support and the p>endulum made to 
perform small oscillatioua in a vertical 
plane. When the arc of vibration is 
small, the time of vibration may be 
obtained in a very simple manner as 
follows : 

Let f*(Pig. 178) denote a small mass 
si one end of a string of length I, the 
other end of which is fastened to a 
fixed support C. 

Let m denote the mass of the par* 
tide at P, and 0 the angle DCP. 
The two oompmnents of the force 
one along the string P<7, the 
Fm lys-— nim pia pendulum. Other at right angles to it, may he 
obtained. The former componeiit> 
m^cos^, producM tension in the string, the latter, 
produces the acceleration of P. 

Prom the relation, forcenmassx acceleration 

acceleration of f 0, 

The relation between acceleration and displacement hi 
an.iL is furnished by 
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acceleration 


(p* 135) ; 


. 2V^_ grain $ 

'■ 1 ^“' W * 


As the an^^le is supposed to be small, the siiie of the angle 
is very approximately equal to its circular measure (p. 383). 

Hence we obtain “f ' 


••• (i) 

where T denotes the periodic time of a vibration. 

In the preceding case the arc of awing has been assumed 
to be very small ; when this is 
not the case, Eq. (i) cannot be 
used to find the periodic time. 

The relation between force 
and acceleration is 

force = mass x acceleration, 

01 torque =( moment of inertia) 

X (angular acceleration), 
the former being expressed in 
linear, the latter in angular, 
motion. 

Let m be the mass at P (Eig, 

179), I the length of CP^ Pi and 
P two positions of P, the angle 
J0GPi==d, and P^CP^dO. Draw 
PiV perpendicular to DC. 

Then, torque=OTX PA' = m Z si n 

Also, moment of inertia of P about (7 is wiP ; 

mgl sin 0= 

The negative sign denotes that 0 is decreasing ; dividing by 
we obtain 

d^0 , ffsin^ 

I 



0 . 


.(i) 
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Multiply by 2^; and integrate between limits (^*=0, when 
^=o, where a is the greatest value of ; 

^=y§(co8 0-co8a)^, 


and 


■= 4 /; 


de 


^ (cos cos a)^ 


As cos0=l -2sin*2 co8a=l— Ssin*^, the periodic time 

becomes 



Since a is the greatest value of we may assume 
. B . a . , 

siD2=sm2sm9. 

And, since when ^=a, 8in^=l or and when 6=0, sinc^-O 
or (^=0 ; the limits of integration are and 0, 


Then -^coSg fl?6=8m^ cos 


'la 


flV 

^ \ -sin^^sin 




..(ii) 


Expand the fraction in (ii) by the Binomial Theorem ; 

•‘'V;(s+8"'"’l) 

+ terms which may be neglected 




approx. 


SIMPLE PENBULtIM. 


If ^ U small, 0 may be written for sin B in Eq. (i), and 
the formula for a Birapl© pendulum obtained. 

< Ez. 12, li I is the length of a seconds pendulum, find the 
number of seconds lost in a day when the arc of vibration is 9”. 

We may denote by T the periodic time of a seconds pendulum, 
and by T that of a pendulum which swings through an angle 
of O’ on each side of the vertical. 

As 24 hours is 24 x 3800 seconds ; 

loss in second8= 24 x 36007*^1-^^ 

=24 x 3600^1-^^ 

=24 x 360o/l 

I ' 4 } 

=24 x 3600(j^,) 

24 x 3600(0-1571)^ 

“ 18 -I- (0-1571)" 


Ex. 13. A uniform straight plank rests with its middle point 
upon a rough horizontal cylinder, the axes of Jhe cylinder and 
plank being perpendicular to each other. Supposing the plank 
to be slightly displaced 
so as to remain always 
in contact with the 
cylinder without sliding^ 
determine the periodic 
time. 

Let 21 denote the 
length of the plank and 
r the radius of the 
cylinder, and let m 
denote' the mass of the 
plank, 

Assume the plank to 
be displaced through a 
small angle d so that Fio. iso. 

Ihe plank and cylinder 

^ in contact at a point A (Fig. 180). Draw AB perpendicular 
to the vertical line pasaiTig through the centre of the cylinder, 
m.p.m. 
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then moment of restoring force ie (very 

approximately) ; . « rcW 

(i) 

The value of I for a thin rod, length 21, abont an axis passing 

perpendicnlariy through its middle point is ^ (p. 431). 

Hence, mbetituting in (i), ^ - 

»i^8intf+-^ ^=0. 

As the angle i? small, sin 9 is approximately equal to 0; 

- 

Solving as in Type II. (p. 480), 

sin A/^i+ji?co8\^^j j 

y p y P 

periodic time = -^^ 

inhration of an indicator. — In some cases, such as, for 
example, in a steam engine indicator, the calculation for the 



Fm. 181 . 


frequency of a vibration 
must include the con- 
sideration of two or more 
vibrating masses. Thus, 
in Fig. 181, pressure on 
the piston P compresses 
a spring S ; the motion 
of the piston rod, by 
means of suitable links, 
gives motion to a lever 
centred at A. The other 
end C, carrying a pencil 
point, indicates on an en- 
larged scale the motion 
of the piston P. 

The frequency may be 
calculated by estimating 
the masses of the moving 
parts and the shortening 
produced in the spring by 


a given pareasure. Let M denote the mtM in pounds of piston 



VIBRATIOir OF AN INDICATOR. 


and rod including the link BD and one-third the mass of the 
spring. Let I denote the moment of inertia (in ft. lbs. units) 
of the lever ABO. The initial position of the lever is at ACT', 
When the piston moves thfough a distance y, the position 
of the lever may be denoted by the line AG making an 
angle $ with A&. 

If c denote the compression (in feet) of the spring per 
pound of load, and a in the same units the initial compression 
of the spring when the lever is horizontal. 

Let be the compressive force, tending to move AC only, then 

^-4^^ where I denotes ^he moment of inertia about A. 

. ^ 

ABdt^ 

if 0 is so small that y=^$x ABy then, from the relation 
mass X acceleration *= force acting, 
we obtain the equation for the whole motion 

M^+-L^=-cS±2 

dt^ ''a ' 

This gives for the periodic time 




l(MxAB^+I)a 


It will be noticed that the mass of the lever and its length 
are taken into account in the moment of inertia. 

Struts. — A rod of length 21 acted on by compressive forces 
in the direction of its length (Fig. 182) is called a strut 

The equation connecting the force Fy the deflection y, and 
the curvature is expressed by 

wr d^' ^ ^ 

F 

Let then, as in the preceding case, (i) may be written 

j=-«v. 

Hence yMiABinfLr+j6co8ft,r. (ii)" 
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From (ii), by differentiation, 

^=A»co87M?“5«ain?w:. (iii) 

Now the tangent to the curve* is parallel to the axis of x 
at Of where x=0, and at the two ends M and N, where 4 ?=^ 
- and - If respectively, y=0. 

Putting ^=0 and x=0f in (iii), 

i ^=0. 

I Hence, substituting in (ii), 

Ff 

y~Bco8n.v=Bco3 (iv) 

When ^=0, ^—B. Hence, the constant B 
denotes the maximum deHection, that is, the 
deflection of the strut in the centre. 

Again, when = ^, or - y = 0, Hence, from (i v), 

FF 


0— Boost 


('•) 


It follows at once from Eq. (v) either that 
j?=0 or 


j 2 Hence, must be 0, since, from 

the above considerations, B is not zero, hence the angle must 
be or other odd multiple of | ; 


V 




£12' 
or 

fixed.— The maximum value of when the ends oi 
a stmt are .fixed may be obtained as follows : 

From (ii), y=A sinTwr+JJcos^wr 


cA sin ^ 


]x-k-Bco& 



STRUTS. 


In this case whea A!=0, also when and when 

Let x=Qy then 


Differentiating, 



Therefore, as B cannot be 0, the angle must be ir or 2jr, etc. 
Taking, the smallest value, we have 



The formulae for F and are knovra as Euler’s formulae. 
Hence, a strut fixed in direction at both ends is four times 
as strong as a strut in which one end is not fixed in direction. 

Ex. 14. Find the breaking load of a wrought-iron cylindrical 
pillar or strut, 3 inches diameter and 6 feet long. 

Tj T irr* tx3* , « 

Here = ;=6xl2; 

4 4* 

. p 29xl0«xir3x3* 29 x lO^ x t» x 3Si.„ 

‘ 4“x6<*xl2“'"“ 4*772* 

H ^’=log 29 + 6 log 10 + 3 log r + 4 log 3 - (Slog 4+21(^72 + log2240) ; 
Jf’=98 tons, approx. 
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]>ifferential E^OAtions: nt-^The differential equation 

given by l^pe IL (p. 480) is of great utility and importance, 
and is that arrived at in very many problems on vibratiop. 
A more general form is, howe>^er, sometimes wanted, as in 
the case of damped vibrations (p. 142^ and the equation may 
be written in the form 




We may surmise that will be a solution. Tiying 

Ihis value, we obtain 

ft d» , . 


and 

dr 

or i(a*+2^a+ifc*)=0. 

Hence, we see that if a satisfies this equation, $ will satisfy 
the given differential equation. 

Solving the quadratic 


If ^is > i the values of a are both real, and the solution is 
« = A e t 

If is equal to jt, the values of a are equal, and we find 
as the solution. 

Substituting this value in the differential equation, we obtain, 


since 


and 

+F>e-”(A+Bt) - 2BFe-'‘ 


^+2F^+F>,=0 

becomes 

Fh-”{A+Bt)-2BFe-” 


which is identically zera 
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SIMPLE DIFFERENTIAL EQUATIONS. 

• 

If ^ is less than k, a becomes partly imaginary ; the 
solution may, boweyer, be re-written, and we find 

This result may be proved, *by trial, to satisfy the equation as 
before. 

If ^ is zero the solution becomes 

^+i».=0, 

ie. the equation of Type II. 

As the differential equation contains not more than 

two arbitrary constants must have disappeared, a solution there- 
fore containing only one would be incomplete, and probably 
in an actual case would not be sufficient to solve the problwn. 
For more detailed information the reader should consult works 
on differential equations. A few simple examples are given. 


Ex. 15. Solve the differential equation 

Put y=A«<«, and we obtain 

a®+3a+2=0, 
or 0 = - 1 and a= -2. 
Solution is y=Ae‘* + 5e'^. 

Ex, 16. Solve the equation 

Here the roots are equal ; 

y={A+£ir)c-**, 


Ex. 17. 

Subetitating, we find 


4dx^ dx 2 


a*+4a4 2=0; 
y=e-»*{ABin-s/^+iSoo8s^). 
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MISCELLANEOUS EXERCISES. XLV. 

Solve the equ&tiom: 

I. g.7gtW.« .* 

6. Id how many years will a sam of mouey quadruple itself at 
5, per cent, per annum! 

6. A wet rope teaches half way round a rough cylindrical post, 
and the rope begiiis to slip when the tensdons at the two ea^ of 
the rope are 7 and 56 Ihs. respectively. Find the coefficient 
of friction between the rope and the cylinder. Also find approxi- 
mat^y the weight which would be supported if the rope were to 
ntake an additional complete turn. 

7., Write down the relation between the tensions Tj and when 
a belt or rope is just about to slip on a pulley. If may be 
three times Tq when the angle is 180° without making the rope 
slip, what will the ratio be when the rope makes a complete turn ? 

8. If a string, banging in a vertical plane over a rough hori- 
zontal cylinder with 20 Iba. hanging at one end and 2 lbs. at the 
other, be on the point of slipping, find the coefficient of friction 
between the cylinder and the string. 

9. The slope of a carve at a point whose abscissa is x is given ])y 
**-x-h 1. Givep that the curve passes through the point x=l, 
y=2; find tbe equation to the curve. Also find the value of y 
when x=3. 

10. At what point on the curve is the tangent parallel to 

the line which touches the curve y^3x^-'6x+2 at the point P 
whose abscissa x U 1 ‘4 ? Also find the radios of curvature at P. 

II. Find the points of intersection of the curves 

y®=4ax y*=^{x-2a)* 

13. Divide 30 into two parts such that tbe square of tbe first 
togetiier with twice the square of the second shall be a minimum. 

15. Given tbe three points (0, 0) (2, 8) (4, 20). Assuming the 
equatiem of the curve passing through the three points to be 
jr = o + 6x -I- ca^, find the area between the axis of x and the 
ordinates x^O, x=4. If the curve rotates about the axis of x, 
ibd the volume. 

14 . Find the voLnme of lAe s^;ment of a sphere the height of the 
segment being one*faalf the radius. 

16 , Draw tbe graph of p = ^ (e* + e ~*), Find the area bounded by 
the enrve and the two ordinates where x^O, x^l‘6. If this area 
rotates about the axis <d x ; find the volume described. 




EXAMINATION QUESTIONS. 

MISCELLANEOUS, 

Section L Arithmetic. 

1 . The heat developed by one cubic foot of coal gas, one Board of 
Trade unit of electricity, and by one pound of coal are in the 
proportion of 1, 5, 24. If the coat of KXK) cubic feet of gas is 3e,, 
what should be paid per ton of coal? If the cost of one unit 
of electricity is 6a., what should be the price per ton of coal? 

Compute by contracted methods without using logarithms : 

2 . 23 07 X 0*1354, 2307 -i 1*354. 

Compute by contracted methods to four significant figures only, 
and without using logarithms or slide rule t 

8. 8 102 x 35 14, 254*3 ^ 0*09027. 

1 34*05 x 0 009123 and 3*4054-0’09123. 

5 . 0*03405x0*9123 

and 34*05 4- 0*09123. 

ft 0*01239x0*5024, 0*12394-50*24. 

Section IL LogarithmB. 

1. Given a=:3*741, 6=53*92, 6=0*04168, 

calculate the values of A 

s/c oo 

2 . Evaluate 

whenp=Il*78, ^=5*67. 

M.P.M. 
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Aasamins that the squares of the periodic ^es of tiie planets 
as the oiuiee of the semi-major axes of their orbits^ determine 
the semi-major axis of the orbit of Mars about the sun from the 
following data : 

Periodic time of Earth ^365 days. 

„ „ Mar8=687 days. 

Semi-major axis of Earth’s orbit=03 x 10^ miles, 

BWaluate 

A (i) (5-016)«^ (ii) 0-5016-«. 

5. (i) (2-345)®'«, (U) (0-02345)-i'». 

6. (i) (2-308)‘'« (ii) (0-2306)-»« 

7. (smoraor)^. 

». Evaluate .. 19^(38)* _ 

*■ (0-0186)* X 4^001525 X 10* 

9. A sum of money doubles iteetf in 20 years at compound 
interest, what is the rate per cent ? 

If a man 00 years old can buy an annuity of £l(X) a year for 
£1150, interest being reckoned at 3 per cent,, determine what is 
eonaidered the expectation of life at 60. 

jy 

W. If the formula log ^ =a-(- 6 F represents the relatimi between 

Hy the horse-pqwer developed by a set of marine engines, and K, the 
sp^ of the vessel in knots, then given that meeds of 13 and ^'1 
kmte correspond to horse-powers of 4738 and i£2065 respectively, 
find the nummoal values of the constants a and &. 

Also find the horse-power corresponding to a speed of 18 knots. 

11. Evaluate y=«-**sm (pt-f^), 

giveiw ir=0'l, p=0*3, 9 = 0-2, e= 2*718, 

(i) when<=l, (ii) when< = 5. 

19. Find values of x to satisfy the expressions : 

(i) loga:=-J, (ii) xl(^0'0612=l(^0’3l28. 

(in) 2*=0-034, (iv) 7*(7*'-3)=:=18. 

IS. The net yearly {»ofit <rf a railway may be represented by 
P=hx+cy, 

where x is the gn^s yearly receipt from passengers, and y from 
goods ; b and <; being (X>n8tsnte. 

When 520,000 and 220,000, P was 330,000, and at a later 
period when x=90e,000 and y^700,000, P was 603,000. Find & 
and c. What will be the probable value of P when *=1,000,000 
and y=s800,000! 
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14 . OivflD p=ii(^+6)», where p h the preman ol a 
qu(inUt^ ol at a tem^pentare 0, 
if j?=2d'83 when 9:=12D, 

and p = 52-52 s, ^=140, 

find the anmerioal valirae of a uid b» Aleo find the value of p 
when & is 130. 

16. Given y=sae** where «=2-718, 
if y =7*695 when a:=l2, 

y= 12-07 It «=30, find a and 5. 

18. Given Tj= Tie'll 

if 2a=66-9 when $=2Tt 

and 39=169 „ 0=3^, find^ 

IT. If IT is the load in tons on a column of length I and diameter d, 
and W = c<P^ x then given that when 

ei=3, andf=12, fr=13-67; 
d=3,and;=8, ff"=27-03; 
find c and n. Also find W when ?= 16, d~i. 

18. In a certain country the number of births in any year is 

and the number of deaths of the population at the beginning of 
that year. If the number of emigrants in any year is just equal to 
the number of immigrants in that year, in how many years would 
the population double itself ? ^ 

19. Compute 

30-66-f 4-105, 0-03056x0-4105, 41051*“, o-OilOS-a**. 

The answers must be right to three significant figures. 

Why do we multiply log a by 5 to obtain the bganthm of a^? 

99. Compute 2*307®'® and 23-07"*'** using logarithms. * The 
answers to consist of four significant figures. 

Why do we add logarithms to obtain the logarithm of a product ? 

Suppose we have a scale on a slide rule on which, as usual, the 
distance to any mark n is log n : and there is another ac6kle on which 
the distance to any mark m is log (log m) ; show that we can at cmfie 
read off and also the logarithm of any number to any base. 

81. Statethelogarithm8of37240, 37-24, 0-03724. 

Compute, using logarithms, 

4^37^ 372-4*'“, 0-3724"*-" 

BSxplain why it is tiiat logarithms are multiplied in computing 
the powers of numbers, 

In using your four-figure logarithm table have you obrerved that 
there is more ohanoe of error at some places than at others? How 
is this ? Can yon suggest an improvement in such tables ? 


A MANXJAl, OF PRACTTICAL MATHEMATICS. 


I. 


88. Compute, using logarithms, x 16^, 

(32-l6)®-i“ (32'15)-o-'“ 

Explain why we add logarithms when we wish to multiply 
numwrs. * 

88. It has been found that if P is the horse-power wasted in air 
friction when a disc d feet diameter is revolving at n revolutions per 
minute P= cd®'*n*'®. 

If P is 0*1 when d=4 and n=500, find the constant e. 

What is the diameter of a disc which wastes 10 horse-power in air 
friction when revolving at 580 revolutions per minute ? 

84. Compute, using logarithms, 

{2*354 x1-607)®'3‘® 

and (32*16)-<‘i“ 

85 . There are two formulae used to calculate <f> : 

^=log.4 

which is only approximate ; 

0=1*0565 log.^-l-9x 10-’^^ -503i j -h 0*09Q2, 
which is correct. 

If i = ^4-273 when 8=53^ find the two answers; what is the 
percentage error in using the approximate formula ? 

26. If is the present value of an annuity A, the first payment 
being due I yefAr from now, the last at the end of the nth year from 
now, the rate of interest on money being at r per cent, per annum ; 




If the present value of an annuity of Gi'V. is 627/, and r is 3^ per 
cent, per annum, what is the suppo^ number of years’ duration of 
the s&inuity ? 

87. If a =5, 5=200, c=600, g= -0*1745 radian, find the value of 

(ie*’^8m(d + p}, 

(i) when (=0*001, (ii) when (=0*01, (iii) when (=0*1, 

88, In any class of turbine if P is the power of the waterfall, and 
R is the average radius at the place where the water enters the 
wheel, then it is known that for any particular class of turbines 
of all sizes 

Rxpo-iJT-^^. 


In the list of a particular maker I take a turbine at random for a 
fall of 6 feet, 100 horse-power, 50 revolutions per minute, 2*61 feet 
radius. By means of inis I &id I can oalculate n and R for all 
the other turMnes of the list. Find n and R for a fall of 20 feet and 
75 horse-power* 




EXAMINATION QT7E8TIO]^S. 


29. What is the idea on which ooiQ]pound interest is calculated r 

Explain, as if to a beginner, how it is that 

where P is the money lent and A is what it amounts to in n years 
at I* wr cent, per annum. If A is 130 and P is 100 and n is 7 '5, find 
f. What does the above ^nation become when we imagine interest 
to be added on to principal every instant ? State two natural 
phenomena which follow the compound interest law. 

80. If is constant ; and if p = 1, when i; = 1 , find for what value 
of V, p is 0’2. Do this for the following values of Jfc, 0'8, 0*9, I'D, 
r 1 . Tabulate your answers. 

81. (a) If 0=O-8 t, At=0-3andN=Me^^; if (N- ^=33000P; 
if P is 30 and ^ is 520 ; find iV^, 

(6) Find the value of 10e“®^*8in(2i^+0’6), where / is 225 andi 
is 0-003. 

Observe that the angle is stated in mdiavs, 

and if A =3P when r=3i, find ». 

82. The population of a country was 4*35 xlO^ in 1820, 7*5 x 10* 
is 1860, 11*26x10* in 1890. Test if the population follows the 
compound intereet law of increase. What is the prolSable population 
in 1910? 

88. At corresponding high speeds of modem ships of the same 
class, if V is the speed in knots, D the displacement in tons, P the 
indicated horse-power, T the time spent in a particular passage, 
and C the coal oonsumed, ^ 

vacJD^, PocD^v*, CocPT, 

show how P, T, and C depend upon D alone. 

A cross-Atlantic steamer of 10,000 tons at 20 knots crosses in 
6 days, its power being 20,000, using 2,520 tons of coal ; what must 
be the displacement, tne speed, the power, and the coal for a vessel 
which makes the passage in 5 days 1 

84. The horse-power (N) of an engine is calculated from 
P’sjtw/n-r 33000; 

where p is the moan pressure, a the area of the piston, I the length 
of stroke, and 7i the number of strokes wv minute. What is the 
possible error in the value of if the following errors in excess are 
probable? p, 6%, f, 2%, n, \%, o, 3%. 

Given p=fiW*6, a =100, i=l‘6, n=100, find the possible error in 
the oaloulated vjdue of jff. 
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^1. Th« namarioal valae ol tiie fflodalas of elastioity of a steel 
rod is obtained from tbe formula where ^ is the 

distuioe between the 8U|)ports, the load on the midway 
between the supports^ D is the droop or defleotion produced by the 
load IT. 

(i) Given /=19, d=0-3724, W^U, find B. 

(ii) If there are possible errors of observation so that the measured 
value of f is 2 per cent, too small, the value of D I per o«it. too 
great, and d H per cent, too great, find the value of K 

86. The vidue cl g (aooeleratioa due to gravity) is found from 

where t is the periodio time of an oeoillation, and I the 

length of a pendulum. What will be the percentage error in the 
value of p, if the observed value of < is per cent, too large ? 

87. What percentage uror will be mode in the calculated volume 
of a sphere, if the measured value of the radius is per cent, too 
large ? Fu^ the error when the radius is 6 inches. 


Section III. Trigonometry. 

1. The sides of a triangle are 434, 528, and 619 ft, respectively. 
Find the greatest angle and the area of the tnangle, 

2. The angle of elevation of a tower on a horizcmtal plane 
passing throu^ the base cl the tower is found to be 15°. On 
walking a distance 75 ft. nearer the angle becomes 20° ; find the 
height cl the tower. 

8 . sinfA +f^=sui Aoosfi+cos A sin A 

Write down the other three corresponding formnlae. 

Using A —50°, 5=30“ test these formiUae. Write out what the 
ftnrmhlae become if 

(i)A=90“, (ii)if5=90*. (m)ifA=5. 
sin a COB /3 = i { sin (a -f ^) + sin (a - 
Write down the other three corresponding formulae. 

Write out what ^e formulae become 

(i)ifa=9(r, (ii)if^=90°, (in) if«=^. 

A The three sides of a triangle are 2619, 2831, uad 4692 feet 
respectively. Find the three angles and area of the triangle. 

6. Two sides and the included angle of a triangle are given ; 
explain bow the remaining parts can be found, by dividing the 
triangle into two right-angkdftrian^es. In a trilMigle A5G, given 
5=3261, c=4793, A^IV, 

find the ai^^ B and G by the method indicated above; the 
dividing line being drawn from (7 to AB. 




EXAMINATION QUESTIONS. 


A The aides of a triangle ABC are 0^77 mm., &3;51 
(==40 mm. 

ABC 

Find values of tan-^, tan ton ^ and of sin A, cos J?, tan (7. 

* 2 ^ 2 

Draw the triangle to scale and snow that the area is 024 sq. mm. 

7. Two sides of a triai^ are measured and found to be 32-5 and 
24*2 inches ; the inoluded angle being 57°, find the area of the 
triangle. Prove the rule used by you. If the true lengths of 
the sides are really 32*6 and 24' 1, what is the percentage error in 
the answer? 

8. If a;=a8injs^ + 6oos/rf for a;^ value of t where a, 6, and p 
are mere numbers ; show that this is the same as A Bin(^+e) if 
A and e are properly evaluated. 

9. Write in a table the valu^ of the sine, cosine, and tangent of 
the following angles : 

23% 123% 233*, 312*, 383*. 

10. Write down the value of sin 23* and cos 23*. What is the 
sum of the squares of these ? Explain why you would get the same 
answer whatever the angle, 

11. ABGi&& triangle, C being a right angle. AJ? is 9*82 inches, 
the angle A is 28 . Find tbe sides BC and AC, using the 


12. There is a district in which the surface of the*grouiid may be 
regarded as a sloping plane ; its actual area is 3 ‘246 ^uare miles ; 
it IS shown on the map as an area of 2 ‘875 square mil^ ; at what 
angle is it inclined to the horizontal ? 

1hx)ve the truth of the rule which you use. 

18. Assuming the earth to be a sphere, if its circumference is 
360 y. 60 nautic^ miles, what is the circumference of the parallel of 


360 X 60 nauticM miles, what is the circumference of the parallel of 
latitude 50* ? What is the lei^h there of a degree of longitude ? 
If a small map is to be drawn in this latitude, with north and south 
and cast and west distances to tbe same scale, and if a degree of 
latitude (which is of course GO miles) is shown as 10 inoh^, what 
distance will represent a degree of longitude ? 

lA Write down the values of 

sin 107°, cos 148“, tan 250*. 

18. (a) Prove that 

sin (A + .B) = sin A COS B+ 003 A sin B, 

You may take the simplest case, where A +.6 is less than a right 
angle. 

Illustrate the truth of this arithmetically wh^ A =35* and 
B=27*, oring your tables. 
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I 

(&) Prove that in a triangle whose aides a, & contain between 
them the uigle C the area is 

•|a5Bin(7. 

There is a qnadrilateral ABCD i A and (7 being cmpomte oomera* 
If A i? is 16 *23 feet, AG 25 ’4 feet, 12‘09 feet ; it the angle BAG 
is 4r, and the angle CAD is 35", find the area of the quadfi- 
lateral. 


Section IV. Squared Paper. 

1. Find a value of x which will satisfy each of the equations 

(i) 2x3*- 5x- 8 '34=0, - 10 lagi(,x-3=0. 

2 . A chain hangs from two pegs in a horizontal line 10 feet 
apart in the form of a catenary whose equation is 

c=5, e=2'718. 

Draw a digram of the chain giving its depth below the line 
joining the pegs at horizontal intervals m 1 foot. 

3. If X be the depth to which a Boating sphere of radius r and 
density p sinks in W'ater, it is found that 

I. x*-3rx* + 4r*p=0. 

Determine the depth to which a sphere of radius 10 inches and 
density O'fiS will sinu in water. 

4 . Find a valne of x which satisfies the equation 

Binx=^x. 

[Hint : plot y =sin X and y — and find point of intersection.] 

6. In the following table C denotes the maximum current in 
amperes for mbber-covered wires exposed to ordinary temperatures 
and A is the area of ornss-section of the wire in square inches. 
Find the law connecting G and A. 
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G 

E 

R 

210 

16*7 

15*8 


19-4 

21*2 


21-6 

26*4 

Kul 

23*4 

29*8 


Using squared paper, find E and R 8uad the day’s profits if he 
has 340 guests. 

What number of meets per day just gives him no profit ? 

What simple algeoraical laws seem to connect E, R, F, the profit, 
and (?? 

. Two of the marks will be given for a correct answer to the 
foUovrinc ; 

If he finds that he has almost too many guests from, say, 1 to 2 
o’clock, and from, say, 6 to 7 o’clock, and almost noneat other times 
of the day, what expedient might he adopt to increase his 
profits? 

7. The following quantities are thought to follow a law like 
pi;"=: constant. Try it they do so; find the most probable value 
of n. 


V 1 


2 

3 

4 

5 

P 1 

205 

114 : 

80 ' 

63 

52 


8 . At the following draughts in sea water a particular vessel 
has the following displ^ments : 


Draught k feet, - 

15 

12 

9 

6*3 

Displetcement T tons, 

2098 

1612 

1018 

586 


Plot logy and \o^h on squared paper, and try to get a simple 
rule connecting T and h. If one ton of sea water measures 35 cubic 
feet, find the rule connecting V and if T is the displacement in 
cubic feet. 

9. Preferably to be answered by a Candidate who has already 
answered Question 8. Find how A the horizontal sectional area of 
the vessel at the water line depends upon A. At any drar^ht K 
what chiamge of displacement K or T is produced by one inck 
difference in h ? 

10. Work the following three exeroises as if in each case one were 
alone given, taking in ea^ case the simplest supposition which your 
information permits : 

(o) The total yearly expense in keeping a school of 100 boys is 
£2, 100 ; w^t ia the expense when the number of boys is 176 ? 
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(6) The expense is £2,100 for 100 boys, £3,OSO for 200 boys ; what 
is it for 173 boys? 

(c) The expenses for three oases are known as follows : 

£2,100 for 100 boys, 

M J^,650 for ISO boys, 

^ £3,050 for 200 boys. 

What is the probable expense for 175 boys ? 

If YOU use a squared paper method, show all three solutions 
together. 

11. For the yeara 1896-1900, the following average numbers are 
taken from the aooounts of the 31 most important Eleotric 
Companies of the United Kin^om. 

U means millions of units of electric ener^ sold to customers. C 
means the total cost in millions of pence, and includes interest (7 per 
emit.) on capital, maintenance, rent, taxes, salaries, wages, coal, 


IT 

0*67 

lOO 

1*366 

1*46 

2*49 

m 

4-34 

6*25 

8*60 

9*11 1 



Is there any simple approximately correct law connectinff U and 
C ! If BO, what is it ? Assume that from the lieginning there a-as 
the idea of, at some time, reaching a maximum output of 13 ‘9, so 
that U-4-13*9 is called/, a certain kind <rf load factor. Let C-r f/he 
called c the total cost per unit ; is there any law connecting c and /? 
You need not plot c and/; it is better to use the law already- 
found. 

12. In some experiments in towing a canal boat the following 
observations were made ; P being the pull in pounds and v the speed 
of the boat in miles per hour. 


r 1 

1 1*68 

2-43 

3*18 

3-60 

4*03 

P 

j 76 

160 

240 

320 

370 


Plot logir and log P upon squared paper and give an approximate 
formula connecting P and v. 

1 ,+i 

IS. When 18 -X ^ a maximum, y being 1*4 ? Plot the values 
near the maximum value. For this purpose you need oaloulste 
only the maximnm vdue and two others. 

lA There is a function 

y =6 -I- 6 sin + 0*084(7 - 8*6)*. 

Find a much simpler fnnotion of x which doM not differ from it 
in value more than 2 per cent, between xs^Z and x^d Bemember 
that the angle is in radiana 
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16. Thje following aro the aieas of oroes-Beotion of a body at 
right angles to its straight axis : 


'A in square inches - - 


292 

310 

273 

215 

§ 

13 

135 


X inches from one ezul - 

11 

22 

41 1 


w 

84 



145 


What is the wh<de volume fromsf^^O to af=:145? 

At a;=:50, if a oross'sectional dice of small thickness haa the 


volume it?, find t-. 

ox 

16. Find aoourately to three significant figures, a value of a; to 
satisfy the equation 

0*5a;i®- 121ogio«+2sin2a:=0'92l. 

Notice in «»n2z that the angle is in radians. 

17. The foUowing table records the growth in stature of a girl A 
(bom January, 18W) and a boy B (bom May, 1894). Plot these 
records. Heights were measure at intervals of four months. 

Table ot Heights nr Inches. 


Tear. 

1900. 

1901. 

1903. 

miiij 

Month. 

8«pt 

Jan. 

May. 

SqiL 

Jan. 

May. 

Sept 

ESI 

A 

54-75 

55-55 

56-6 

57-95 

59-2 

m 


61-3 

B 

48-25 


49-75 


51-5 

52-3 

53-1 

53-9 


Find in inches per annum, the average rates of growth of A and 
B during the whole period of tabulation. What will be tbe 
probable heights of A and B at the end of another four moDths ? 
Rot the ratt of growth of A at all times throughout tbe period. 
At about what age was A growing most rapidly what was her 
quickest rate of growth ? 

18. The New Zealand Pension law for a person who has already 
lived from the age of 40 to 65 in the colony is : 

If the private income I is not more than £34 a year, the pension P 
is £18 a year. If the private inoome is anything from 34 to 52, the 
pension is such that tbe total inoome is just made up to 52, If the 
private inoome is 52 or more there is no pension, 

Show on squared paper, for any income / the value of P, and also 
the value of the to^ income. If a person’s private income is say 
£50, how much of it has he an inducement to give away before he 
applies lor a pension ? Show on the same paper the total inoome, if 
pension were regulated according to the rule 
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19. The following table gives ooireepondii^ values of two quan* 
titles X and y : 





1470 


24*54 

28*83 

B 

37*36 

31*34 

26*43 


16*33 

14^ 


Try whether x wid y are connected by a law of the form yj"=c, 
and u 80^ determine as nearly as you can the values of n and r. 
What is the value of x when y = 17'53 ? 

20. The entropy ^ ranks of a quantity of stuff at the absolute 
temperature t degrees is known to vary in the following way : 


t 

443 

403 

373 

343 


1*584 i 

1*668 

1*749 

1*850 


Plot tf> horizontally and ^ vertically. 

A rectan^e, whose dimension honzontally represents 0*1 rank and 
wh(^ vertioal dimension represents 10 degrees, has an area which 
represents 0*1 x 10 or 1 unit of heat, what heat does each square inch 
of your diagram represent ? The total heat received from oeginning 
to end of w above set of changes is represented by the total area 
between the curve, the two end verticals and the zero line of 
temperature ; state the amount of it. 

Yon need not, of course, plot the whole of <t > ; you may subtract, 
say, 1 *5 from each of the values. Also, if you want greater accuracy 
and can estimate areas of rectangles not actually drawn, you need 
not plot the whole value of t. 

21. Find accurately to three signiffcant figures the value of x 
which satisfies the equation 

3x»-201og,oa;-7*077=0. 

Use squared paper. 

22. At the following draughts h feet, a particular vessel has the 
following tonnage T in salt-water ; 


h 

16 

12 

9 

6*3 

T 

2,100 

1,510 

1,020 

590 


Try if there is an approximate connection of the form 
T=ch^ 

and if so find e and n. 

If a cubic foot of salt water weighs 64 lbs., find a formula 
connecting Z), the displacement in cubic feet, and h. 


















28. If + 

9 y, 

state what value of % will make y less than any other. An 
approximate answer, using squa^ paper, will gain as many marks 
as the oorreot answer. 

24. The following tests were made upon a Condensing Steam- 
Turbine-Electric-Generator. There are probably some errors of 
observation, as the measurement of the steam is troublesome. 


Output in 

Kilowatts K. 

Weight W Ih, of steam 
consumed per hour. 

1190 

23120 

995 

20040 

745 1 

16630 

498 

12560 

247 

8320 

0 

4065 


Find if there is a simple approximate law connecting K and W 
and state what it is algebraica%. 

w 

State in words what ~ means. Call this w. Express w in terms 
of K, Calculate w for = 1 ,000 and A: = 300. 

26. Find accurately to three significant figures the value of x 
which satisfies the equation ’ 

>ogio*=2-359- 

28. The following tests were made upon a Condensing Steam- 
Turbin e-Eleetric-Generator. There are probably some errors of 
observation as the measurement of the steam is troublesome ; 


On^ut in Kilowatts 

1,190 

995 

745 

498 

247 

0 

W eight IFlb. of steam 
consumed per hour 

23,120 

20,040 

16,630 

12,560 

8,320 

4,065 


Find if there is a simple approximate law connecting K and W, 
The electric power goes some distance to drive a factory, and it is 
found by trial that when Y yards of stuff are being woven per hour 
A:=48+0‘45r. 

Express W in terms of F. 

State the meaning of WjY in words, and find its values when Y is 
2000 and when F is 600. What lesson ought to be drawn from 
this? 
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Section Y. Uensnration. 

I, A reofcangiilar plot of graas is sorroimdftd bv a gravol walk 
4 ft. wide. The area of the ]^t ia 1200 aq, ft, and the area o4 the 
walk is 704 sq. ft Find the length and width of the plot, 

8. A (^Under is 4*71 in, diameter and 8*35 in. high. Find ite 
totid stuuoe and Tolnme. Also find the diameter of a sphere 
having the same volume, 

3. The heiffht of a oonioal flue is 6 ft The plane ends are 
oirottlar and ch diameteie 3 ft and 4 ft. 6 in, respectively, Sketch 
with dimensions the shape of the shwt that must be out out of a 
flat plate to form the flue. Find the weight of the flue if made of 
7 in. wrooght-iron plate. 

4. The weight of a hollow cast*iron sphere 8 in. outside diameter 
and of uniform thickness is 50 lb. Calculate the diameter of the 
empty space within the sphere. 

5. The rim of a claret glass is 5 cm. diameter, depth 6 cm. 
Calculate its volunie to the nearest integer, assoming the oroeB> 
section to be a parabola. 

6. A rectangular tank with sluing base and vertical side^ ia made 
of thin sheet metal ; the length is 2 it. 9 in., width 2 It, 3 in., depth 
at one end 5 ft. and at the other 1 ft. 9 in. ^nd the area of the 
sheet iron used and how many gallons of water the tank will bold. 
Draw a graph showing volume of water for any depth. Use this 
graph to find depth of water at the deeper end when (a) the tank 
contains 40 gallons, (6) when it oontiUns 100 gallons. 

7. Find the weight of a hollow steel pillar 12 ft. long, the external 
and internal diameters being 6 in. and 5 in, resnectivmy. Find the 
diameter of a soli^ pillar of the same length ana weight. 

8. *A gaacaneter in the form of a cylinder with a spherical top has 
the following dimensions: diameter 28 ft., height at edges 14 ft., 
height in middle 16 ft. Find the volame. 

9. A groove of s6itti.oiroalar section, of radius r, is out round the 

ontside of a cylinder of radius jR ; prove that the volume removed 
is also show that the surface of the groove is 

2ii^Rr-4^. 

10. A Inhere of radius 6 in, is out by two parallel planes on 
opposite sides of the centre at distances 4 in. 1 in, from the 
centre respectively. Find the volumes of the zone between the two 
sections, and of the smaller s^iment out off from the sphere by the 
plane at a distance of 4 in. from the centre. 

II. Let a dosed curve rotate round a straight line in its own 
plane mul generate a ring ; state and prove the two rales for finding 
the volame uid snrfaoe m the ring. 
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19, (a) The icnde diameter of a hollow rohere of <»8t iroo is the 
fraotkm 057 of its outside diaoieter. Find these diameters if the 
w^ht is 00 lb» Take one onbio ineh of oast imn as weighing 

If the outside diameter is made 1 per cent, smaller, the inside not 
being altered, what is the peroentage diminution of weight? 

(6) The orosS'Seotion of a ring is an ellipse whose principal 
dimeters are 2 inches and 1^ inches ; the middle of this section is at 
3 inches from the axis of the ring ; what is the volume of the ring? 

Prove the rule you use for hnmng the volume of any ring, 

18. (a) Prove the rules used in finding the volume and area of a 
ring. The mean radius of a ring is 2 feet. The cross-section of the 
ring is an ellipse whose major and minor diameters are 0*8 and 05 
feet ; what is its volume ? 

(6) The length of a plane closed curve is divided into 24 elements, 
each of I inch long. The middles of successive elements are at the 
distances x from a line in the plane, as follows (in inches); 10, 
105, 10-91, 11124, 11-49, 11-67, 12-67, 1157, U'49, 11-24, 10-91, 
105, 10, 106, 10-91, 11-24, 11*49, 11-67, 12-57, 11-67, 11-40. 11*24, 
10-91, 10-5. 

If the curve rotates about the line as an axis describing a ring, 
find approximately the area of the ring. 

14. A hollow circular cylinder of length f, inside radius r, outside 
radius R ; write out a formula for its volume V. 

If r= 182 cubic inches, ^ = 7 "23 inches, r = 2-1 1 inches, 
find R, * 

15. The sum of the areas of two squares is 92*14 square inches, 
the sum of their sides is 13 inches, find these sides, 

16. The area of cross-section* of a prism is 92*30 square inches ; 
what is the area of a section making an angle of with the cross- 
section ? 


Section VI. Solid (Geometry. 

1. The polar or vector co-ordinates of two points A and B are 
(3", 30“) and (4*2^, 100*). That is, if 0 is the pole and OX the line 
of reference, OA=^T, XOA=30’; 05=4-2", XOB=100*. 

Draw OX and plot the points A and 5. Measure A£ and the 
perpendicular from 0 on A 5, and calculate the area of the triemgle 
OAB. Verify your answer by calculating the value of 

^OA , 05sin A05. 

9. The polar co-ordinates of a point are r=5 feet, 0=52°, 
^=70*, find the x, y, mid t oo-ordinates ; also find the angles made 
r with the axes of oo-ordinatee. 

* The eroMHMctioB is the smidlest secticm. 
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3. There ie a point P whose x, y and z co-ordinate are 2, 1*5 
and 3. Find its r, 0 and 6 co-curdinates. If 0 is the origin, find 
the angles made by OP witn the axe of oo-ordinate& [1902] 

A Three plane of reference, mn^jually perpendicular, meet at V. 
The distances of a point Pfrom the thrwpmes are x=l‘2, y=2*7, 
z=0‘9. The distances of a point Q are »=0*8, y=l'8i 2=1’6, 

Find Ist, the distances OP and OQ ; 

2nd, the distance PQ ; 

3rd, the angle between OP and OQ. 

5. Three ^anes of reference mutually petpendicular meet in the 
lines OX, OF, OZ. The line OP is 6^ inches long; it makes an 
angle of 62“ with OX wid 43" with OF. Call the projections of OP 
upon OX, 0 r, and OZ by the names, ar, y, and z and calculate their 
amounts, taking the positive value in the case of z. What angle 
does OP make with OZt 

The plane containiim OX and OP makes an angle ^ with the plane 
containing OZ and OX, what is this angle ? 


Sectioii VIL Series. 


1. From the series sina?=?x-^ 


calculate 


1.2.3 1.2. 3, 4. 5 
(using Tables II. and III.) the values of sin 15*, sin 30", sin 45*. 

[ar denotes the angle in radians and 16* =0*2618.} 

2. Calculate /ihe numerical values of cos 15", cos 30", cos 45*, using 
. , X* ac* 

the senes cosa;=I-|-^+ ^ ^ ^ 4 ~*''* 

2j|J® 

8. Find from the series tanJc = x-f--^-f-'YH- + ,., the numerical 
o lo 

values tan 15*, tan 30*, tan 45*. 

y/S 

A ♦From the series log,(l ^ + ... calculate to 

base 10 the logarithms of the following 1*02, 1*(H, 1*06, 108, Id, 
1*2, 1*4. 

[To calculate lqg,l’2 put x=:0*2 in the above series then 
1(^1*2=01^ and log, 01*2=0*1823 X 0*4343=0*7918.] 


5. In the series e*=l + x + 


e**=l+tx- 


2 1.2.3 1.2. 3, 4 
{n/^)x or ix for z. 


write 


K'-r 

Similarly 


1.2! 1.2.3 

X* . X* 


1.2. 3. 4 


^-...^ + i(x-j 2,3 + i.2.3.4.6“ “')' 


e^=oosx+i8inx. . 
e-<»=iooex-fBdnx. . 


..(i) 

..{ii) 




KXAUINAnON (luESTIOm 513 


From (i) and (ii) — , 

sina;= — 5^ — 

> ^ 

6 . Express the angle 0'3 radians in degrees ; find from the tables 
its sine. If x is in radians and if 

x’’ . 

8;nx=*-j|+j3-^+etc., 

calculate the sine of this angle to four significant figures. After bow' 
many terms are more of them useless in this case when we only need 
four figures f [Note that 1 5 means Ix2x3x4x5.] 

Section VIIL Vectors. 

1. Define oarefully what is meant by the Scalar Product of two 
vectors and by the Vector Pnxluct of two vectors, giving one useful 
example of each. 

2. Define carefully what is meant by the Scalar Product and by 
the Vector Product of two vectors, giving one useful example of 
each. 

3. A mass m of 3 unite, moving in a horizontal plane, has a 
velocity v, of 24w ft. per sec. (directions being measured aiitielwkwise 
from the east}, its momentum thiVi being 3x 24^=723or units. A 
second mass of momentum rri^v^ of 12370* units. The two bodies 
collide, moving on with a common velocity w, ar^ a momentum 
(m, -hwijlv equal to the vector sum iniVj + wi2r2 = 723<r+ 12870* =00. 

Show that a*= 181^ also that t7=aa ^ (j»i + 0 * 2 ) 


Section IX. 3)iirerentiation. 

X. What do you understand by the slope or gradient of a graph ? 
Illustrate your answer by drawing a curve of sines from 0 to y and 
below it a curve whose ordinate at every point shows the slope at 
the corresponding point on the sine curve. 

1 dy 

2. Given y= W, cosar. log-, find in each case ^ 


3. 


(i) Define what is meant by 

(ii) If v=o*j show that ^ is proportional to if a be oonstant. 

' ' ' ax 


(iu) Give the value of when a;=3*46 and (iv) compare it 
with the ^ue of ^ 

[- 2718 .] 

* These are known as cosh as and sinhz (rectd the latter as shinx). 


M.P.M. 
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4. (i) Evaluate 4-2(2'0U'’- 2*^ + 0-01. 

(U) My=4’2a^^fiiid^. 

Find ^ in the following ; 

5. y=a+6a:+ca^+yx^. 

6. y=*^» y-3^Bin2x. 

7. La the curve y=a«**, where a= 1*6, 6=0*2, calculate values of 
y for the following values of a;, and fill up the following table : 


X 

0 

0*5 

1*0 

1-5 

2-0 

2-5 

3-0 

3*5 

4-0 

y 










dy \ 

i 

or slope i 
at 4:, y 1 




i 

i 






Draw a graph of the curve. Also draw a second graph the 
abscissae of which are respectively the values of the slope and the 
values of y you have tabulated. Can you make any inference from 
this graph ? Express your inference in mathematical symbols. 

8. At a dven instant the radius of a soap bubble is increasing at 
the rate of 2 inches per minute. What is the rate of increase of 
volume when the radius is 3 inches? 

9. The equati<m to a curve is y~ax^. Find a so that ®=4, 
y=3 is a point on the curve. Find the equation to<the tangent 
there* and the lengths of the subnormal and subtangent. 

10. A piston is at a distance x from one end of a cylinder of 
diameter d. Steam is admitted to the cylinder at the rate of 
V cubic feet per second. Show that the rate at which the piston is 
moving is given by 

dl~dv dt‘ 

If 12 cubic feet of steam per second is admitted into a cylinder 
8 inches diameter, find the rate at which the piston is moving. 

11 . U a particle vibrates according to the law y=a6inipt-'t)j 
show that we velocity and acceleration at any instant are 

* apoosipi-e) and -jPy respectively, 

II. At what point on the curve y=\x~* is there the slope J? 
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18. A j^ston slides freely in a blinder 6" diameter. At what 
rate does it move when steam is adunitted at the rate of 10 cnMo 
feet per seoond? 

14. Gallendar’s formula for the variation of i? the electrical 
resistfmoe of platinum with t the temperature is 

-^0(1 "I" 6 ^^) 

where a and & are oonstants. Find a formula for the inci^ase of 
resistance for a small rise of temperature. 

15. An are light is at a height of 20 ft. above a straight hori- 
zontal road on which a man 6 ft. high is walking at the rate of 
4 miles per hour. What is the rate at which the man’s shadow is 
lengthening ? 

16. For what values of 0 between 0" and 180° is tan S increasing 
four times as fast as 0 ? 

17. In the isothermal expansion of a gas, given pv—Cy for what 
value of p will the rate of change of pressure per unit change of 
volume be double what it was when p was 20 ? 

18. A ladder AB^ 13 feet long, rests against a vertical wall, 
having its lower extremity B distant 5 ft. from the wall. If jB be 
made to slip outwards from the wall at the rate of I 4 ft. per second, 
find at what rate the upper end A will begin to slide down the wall. 

19. The sill of a window in the vertical wall of a house is at a 
height of 30 feet from the ground, (i) At what rate is a man who 
is walking at 4 miles per hour on the level ground approaching the 
sillt (ii) What is the numerical value of the rate when he is 40 feet 
from the foot of the wall ? 

20. Find and tabulate from the following values of « and y the 

values of ^ and Find the value of ^ when z— 8*2. 
dx dTf 

Flot three curves showing (a) the values of y and a:, (6) (c) 

Verify by measurement that the slope of (o) is equal to the ordinate 
of (b) ana the slope of (6) is equal to the ordinate of (c). 


X 

7*8 

8*0 

8*2 

8*4 

8*6 

8-8 

y 

6-43 

6-95 

7*57 

j 8*30 

9*21 ’ 

10*34 


81. The relation between s the space passed over by a moving 
body and the time t is given by 

s=6c^, where e=2-718. 

Find the velocity v and acceleration a at the time (=:2. Also 
find the space passed over by the moving body between the times 
t-2y <=4. 
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28. The foUoving values of x and y being given, find by uidng 
suooeesive diflferenoes the valun of ^ when 3, [see page 364] : 


x 

0 

1 

2* 

3 

4 

6 

y 

2 

6*3 

18*6 

38*9 

67-2 

' 

1 103-5 


28. A point moves along a line so that its distance » from a fixed 
point in the line at a time t seconds is given by 
s=34-0-5<»+0*4<*. 

Find expressions for the velocity v, and the acceleration a ; find 
the value in each ease when t=4. 

84. A body weighing 100 lbs. moves alcmg a straight line, its 
distance « at a time t is given by «— 27 - 3'5« +37i*. 

Find, when *=4, the velocity v, the kinetic energy and 

100 

momentnm mv where m is the mass of the 

85. A link of a machine has plane motion ; successive positions 
of its centre cl rtMsti G at intervals of ^ second are given by x, y 
co-<Hndinatefl in the following table. Corresponding angidar positions 
are also given, 6 being meaaured from Ox towards Oy. 


Position 

1 

2 

3 

4 

5 

X, feet 

3-26 

2*07 

wm 

ini 

B 

y, feet 



1-28 

1-92 

2-57 

radians | 



0-163 


0-307 


Find the magnitude uid direotimi of the linear acceleration of G 
and the angnlar acceleration of the link when in the middle position. 

The mass of the link is 115 lbs. mid its radius of gyration about 
G is 0*88 ft. Find the force ooiresponding to the linear acceleration 
and the couple corresponding to the angular acceleration of the link 
for this pcation. 

86. At the time t secxmds a body has moved x feet along its path 
from some fixed point in it. These positiona have been found from 
a skeletal dnawing of a meohmusm. Find the average speed in 
interv^ Find also the aooelemtion in the path at each 
instant approximately. 


a * 

0 

0*1 

0-2 

0-3 

0-4 

0-5 

0*6 

X - 

m 

4 1 

8-176 

12-558 

1 



27*806 
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I 

S7. There is a curve 

Prove that for any value of x the slope of the curve or ^ is O'Sa:. 

ax 


28. In a certain vessel it happens to be true, within certain limits, 
that r=120(Mi»-fi 

where A is the vertical draught in feet and V is the displacement in 
cubic feet. If A is the area in square feet of a horizontal section on 
the water-level, express A in terms of h. 

If I and h are the length and greatest Ineadth of the section and if 
A = where n is a constant fraction, show that V—mlhh where vn 
is a constant fraction. 


29. A quantity y is a function of what do we mean ^ ^ 


Illustrate your meaning, using a curve. lUnstrate your meaning 
by considering a body which has moved through the space s in the 

time t. What is ^ in the following cases : 


y^a+hx+cx^+gx'^^ y-a logx, 
y=oe**, y=aBin{6j;+c)? 


30. THere is a piece of mechanism whose weight is 200 lbs. The 
following values of a in feet show the distance of its centre of 
gravity (as measured on a skeleton drawing) from some point in its 
straight path at the time t seconds from some em of reckoning. 
Find its acceleration at the time £=2*05, and the force in pounm 
which is giving this acceleration to it. 


6 

0-3090 

0*4931 

0*6799 

0-8701 

1-0643 

1-2631 

t 

2*0 ’ 

2-02 

2*04 

2-06 

2*08 

2-10 1 


81. What is meant by the symbol ^ ? Explain how it may be 
dx 

represented by the slope of a curve. State its value in the oases 
y = oaf", y = y = a sin (5^ -f c), 
y=aco8(5ar4-c), y=Iog,(a: + &). 


32. What is meant by the symbol 

Explain how it may be represented by the slope of a curve. 

If y=2*4- 1*2*-H0*2a!*, find ^ and plot two carves from a;=0 to 
dy 

*=4, showing how y and ^ depend upon x. 
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38. H the current 0 amperes in a oirouit follows the law 
C^lOsinGOtt; if 2 is in seconds, and if 

F=JJO+L^, 

f * 

where JR is 0*3 and L is 4 x 10^*, what is K? 

^ow by a ^etch hew C and V depend upon time, and particularly 
how one lags behind the other, and also state their highest and 
lowest values. 

31. y=a + ha^ is the equation to a curve which passes through 
these uiree points, 

x=0, ^=1*24; x-2’2, y=5*07; x=3’5, y=12'64; 
find a, &, and n. 

When we say that ^ is shown by the slope of the curve, what 

,dy 

exactly do we mean ? Find ^ when x =2. 


SdCtion X. Mairinia and Mininift. 

1 . If y-2x + ~, find what pCNsitive value of x will make y less 
than any other. * 

2 . A number is added to 196 times its reciprocal. For what 
number is this A minimum ? 

3. Divide the number 12 into two parts such that twice the square 
of one part together with three times the square of the other shall 
be a minimum. 

4. Find (i) the strongest, (ii) the stiffest beam that can be cut out 
of a ^lindHcal log 12 inches diameter. 

5. The power given to an external circuit by a generator of 
internal resistance r and E.M.r. M is P=CE- Chr where C denotes 
the current in amperes. 

If .B=40 vtdts, r=:2*2 ohms, find for what value of C the power 
is a maximum. 

6. An electric current fiowing round a coil of radius r exerts a 
force i*on a small magnet whose axis is on a line through the centre 
of the coil and perpendicular to its plane. If x is the distance of 

the magnet from the plane of the coil, then F— — r. When is 

the force a maximum ? (x® -f r®)* 

7. A battery contains n cells each of E.M.T. u volts and internal 
resistanoe r ohms ; if x cells are arranged in series and ^ rows in 
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parallel, then the omrent that the battery will send thnmgh an 
external resistance R is given by 


Css. Ill I amperes. 


If there are 20 cells, r=l‘8 volts, r=0‘2 ohms, l?=0*36 ohms, 
how many cells must be arranged in series to give the greatest 
possible current ? 

8. Find the radius and volume of greatest cylinder which can be 
obtained from a sphere 10 inches diameter. 


9. Waves in deep water with crests X cm. apart travel with 


velocity 




cm. per second. Where a=l’73cm. and 


tf=23'2 cm. per seo. For what distance between the crests do 
waves travel slowest? Show that this distance gives a minimum 
and not a maximum speed. 

i 

10. Sketoh the curve y — ^^e*. Show that it has a minimum 
ordinate of length 1’85 where x— 0’5. 


11. A current is sent through an external resistance 5 by a 
battery of internal resistance r and b.m.f. e. The power given to 
the external circuit is given by 

{R + rf 

Prove that P is a maximum when P=r. Given e=3‘6, r^l'3, 
find the value of R which will give the greatest value of P. 

12. A tank with square base and vertical sides is to be made of 
sheet metal, and to contain 10 cubic feet. Find the length of the 
side of the base and the height so that the least weight of metal 
may be used. 


18. Given y=2sinx-(-3cosx-3*6, for what value of x is y=0, 
and y-a maximum? 


14, Find two values of B between 0 and each of which satisfies 
the equation ^ 

3 sin (? + 4 cos 0 - 4*25. 


Find also a value of B for which the given expression is a maximum. 


15. Show how to insoribe the greatest right cone in a given 
sphere of radius n 

Find the volume of the greatest oone which can bo inscribed in a 
sphere of 10 inches diameter. 
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19. In a steam engine the mean effective pressure is found to vary 
with the speed according to the law 

p=56-0'127«, 

where p denote the pressure in lbs. per sq. in. and n the speed in 
revolutions per minute. 

Find the speed at which the engine will develop most power. 

17. Prove that the least uncnint of canvas required to make a 
conical tent of volume V is given by A=r\/2, where h is the height 
and r the radius of the base. A conical tent has been constructed so 
as to enclose the greatest possible volume for a given amount of 
canvas. Find the number of square feet of canvas uwd if the tent 
standi S feet high. 

18. Giveh that the combined length and girth of the greatest 
parcel which may be sent by parcel post must not exceea 6 feet, 
f^nd (i) dimensions (d a box with square base and vertical sides, 
tii) the length of side and volmne of a cube, (iii) diameter and 
volume of a sphere, (iv) diameter, length and volume of a cylinder. 

19. Divide a number o into two parts so that twice the sq^rc 
of one part plus three times the square of the other shall w a 
minimum. 

How do you know that you have found a minlmun] value ? 


^ Section XI. Integration. 

1. Evaluate (i) j (ii) J^ooszdx, (iii) J 

-0 0 I 

(iv) Determine the area enclosed Iwtween the graph y = 1 the 
axis (d X and the ordinates x^4, by Simpson’s rule, by 

evalnating f 1 between the appropriate limits. 

2. Given y=a + bx\ If n is 2*5 and o is 0, and if the curve 
passes through the point (x—S, y = 4), find h. 

What is flie area enclosed by the curve, the ordinates at x=0, 
x=6, and the axis of (i) by Simpson’s rule, (ii) by integration ? 

3. In the carve y=az* find a so that y = 10 is a point on the 
curve. Find the area between the curve, the axis of x, and the 
ordinates x=l, 5, (i) by Simpson’s rule, (ii) by integration. 

4. The relation betwreen the velocity v and the time f in a moving 

body is raven by Show that the displacement of the body 

from e=2 and t-4 U given hy 




EXAMINATION 


QUESTIONS. 


5 . The Aooeleration ol a moving body is given by lOf whei« t 
denotes the time in seconds. Find an expression for the velocity at 
any instant given that the velocity is 10 ft. per sec. when i-4. 

’6. Given calculate tend tabulate values of y for the 

following values of x ; 0“, IS’’, 30*, etc. 

rf 

Find the numerical value of I using Simpson’s rule. 

'0 

7. (i) Plot the curve y=oo^h:. Use your diagram to determine 

the value of the definite integral 1 oos^dse. 

0 

(ii) Find the value by integration. 

(iii) Apply Simpeon’s rule to find approximately the value of 



8 . Plot the curve y=0'2!»“. Tabulate the values of y and for 
values of x, 0, 1, 2, 3, 4. , . j- 

Find the area enclosed by the curve, the axis of x, and the ordi- 
nates x=0, x=4, (i) by Simpeon’s rule, (ii) by integration, 

».e. 

Assuming the given curve to rotate about the axis of M the 
volume of the soud between the values x=0 and x=4, (in) using 

Simpson’s rule and tabulated values of y\ (iv) from j y^. 


9. Plot the curve y=3-5x+2x2. Tabulate values of y and 

for values of x, 0> I, 2, 3, 4. . c j 

Find the area enclosed between the curve, the axis of x, and the 
ordinates x=0, x=4, (i) using Simpson’s rule, (ii) by integration. 

The curve rotates about the axis of x ; find the volume of the 
solid generated, (iii) by Simpson’s rule, (iv) by integration. 

10. Integrate (i) 

(ii) ^ between the limits 1 and 2. 

X 

(iii) oosxdx between the limits 0 and 


11. A quantity of gas expands so as to satisfy the law pv=c. 
Find the work done in expansion from v-2 cub. ft. to v-8 cub. ft 
Given p«60 lbs. per sq. in. :=8640 Iba. per sq. ft. when v-2. 
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12. Find the work done in the expansion of a quantity of gas 
from 2 oub. ft at 8640 lbs. per sq. ft to 8 cub. ft. The gas expands 
ao as to satisfy the lawjpt/^^^c. 

13. A quantity of steam expands^ as to satisfy the law =‘c. 
Find the work done in expansion from i7=:3 cub. ft. to Vi= lO oub. ft. 
Given P=8640 lbs. per sq. ft. when v=l. 

lA Find in foot pounds the work done when 20 cubic feet of air 
at an initial pressure of 60 lbs. per sq. in. expands at constant 
temperature to a volume 100 oub. ft. 

15. Plot the curve y®=:3a: and find the area enclosed by the curve, 
the axis of x, and the ordinates x=0, x=3. Find also the volume 
of the solid between the same limits when the curve rotates about 
the axis of X. 

18. Find the area enclosed by the curve x®=9y and the line x=y. 

17. Find the area enclosed between the curve y^-x^ and the 
lines x=0, x=6. 

18. What is the area included between the curve x’*y= 100, the 
axiH of X, and the lines x = 1, x = 3‘5, when (i) n = 1 , (ii) n == 1 *3? 

19. y=a + 6x" is the equation of a curve which passes through 
the three points 

x=0, y-\’2\ x=l, y=:3*5; x=i4, y = 5’8. 

Find a, &, and n. 

What is the %lope of this curve at a point on it whose x co- 
ordinate is 4*6 ? 

Find the area between the curve, the axis of x, and the ordinates 
z=0, x=4. 

x® 

20. Find the area between the curve y = the axis of x, and the 

ordinates x=0, x=4. 

21. A cylindrical hole of diameter 2c is drilled through a solid 
sphere, diameter 2a, the axis of the cylinder paising through the 
centre of the sphere. Show that the volume of the remaining 
portion of the sphere is 

Show that this may be written in the form V=^h^ where K is the 
lei^h of the axis of the cylinder. 

Find the volume when a = 6 in. , c = 2 in. 

22. Prove that the area between the parabolae y^^mx and 
ai?= ny is Jnin, 

28. Show that the average height of the ordinate of the curve 
^=4ax between x=0 and x=x' is two-thirds of tiie ordinate y'. 
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24 . The following numbers express the relation between p, the 
pressure in lbs. per sq. in., and v, the volume of steam in a cylinder 
during expansion : 


B 

||g| 

on 






V 

113.34 

3-73 ' 

4*12 

4*6 

6 08 ' 

6*68 

6-3 


'p and V ere oonneoted by the law pv*=c ; find the value of Also 
find the work done from t>=:3*34 to v=6'3. 

26 . In the curve y~a+bx^, if y-1'35 when x=0, and y=5*59 
when x= 4, find a and 6. 

Find the area between the curve, the axis of x, and the ordinates 
x=0, *=4, (i) by Simpson’s rule, (ii) by intention. 

If the curve rotates about the axis of z, find the volume traced 
out (iii) using Simpson’s rule, (iv) by integration. 

26. If the distance s of a body from a fixed point in its path at a 
time t is given by 8=asinpt, show that the mean velocity v from 

^=0 to (=^ is 

Given o=6, p =0*5236, find v. 

27. There is a curve whose shape may be drawn from the follow- 
ing values of z and y : 


X in feet 

3 

3-5 

4-2 

4-S 

y in inches 

10-1 

12-2 

13*1 

11-9 


Imagine this curve to rotate about the axis of z describi^ a 
surface of revolution. What is the volume enclosed by this surface 
and the two ei^ sections where x=3 and a:=4'8? 

28 , Find / p. dv, if pt^=c, a constant, 

(1) when «=0‘8, 

(2) whens=l. 

29. In the curve find r if y=TO when x=b. Let this 

curve rotate about the axis of x ; find the volume enclosed by the 
surface of revolution between the two sections at x=a and z=b. 
Of course, m, 5, and a are given distances. 
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30, The rate (per unit inoreaM of volume) of reoeptloc df heat by 
a ^ ia A, p u ita preesure, and v it* volume ; y ie a Known oonstant. 
If pv*-c, g and c being constants, find A if 

Full marks will be given only when the answer is stated in its 
simplest form. 

If A is always 0, find what s must be. 

81. Find the area of the curve 

y=a + 6x*' 

from the ordinate at a; =0 to the ordinate at a;-m. If n is 2*5, and 
n is 0, and if the curve passes through the point (a;==5, y=4), find b. 
What is the area of the curve from the ordinate at ar=0 to the 
ordinate a:=5? 

38. In the atmosphere, if p is preesure and A height above datum 
level, if 

where c and 7 are constants, and if 



find an e<|uation connecting p and A. 

What IS the above c if p = twjf? Assume p-Po and where 
A = 0. if is a known constant for air. 

Find the equation connecting A and /. 

83. The folibwing values of y and z being given, tabulate ^ and 


y.Sx in each interval, and A or the sum of such terms as y,Sx. 
Of coum A is the approximate area of the curve whose ordinate 
isy. 


Z 1 

0 

0-1 

0-2 

0*3 

0*4 

0-5 

0*6 

0*7 

0^8 

0-9 

y 

0 

'17M 

■3430 

I *3000 

1 -«43g 

■7060 

-8660 ■ 

•9397 

•9848 

1-0000 


Section XIL Centres of GraTity and Moments of Inertia. 

1. A wrought-iron square bar 0*74 inohes side is 25*5 inches long. 
Find its moment of inertia about an axis passing through its centre 
qf gravity and perpendicnlar to the axis of the bar, (i) using the 

flirmula A— (ii) using the more accurate formula 



whetfe / denotes the length and A the Iwgth of a side. 
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%, Qi 7 «n for valnes of 1, 2, Z, 4, oaloulate and 

tabulate valuee of y and xy, (i) Find by Simpson's rule area 
enclosed by the curve, the axis of x, and the end seotioos £=0, 

ar=s4 (il) Find the ar«i by eval^ting j*23:^'f(ix. Find the value 
of X at the centre of area, (iii) by Simpson's rule, (iv) by 
X xda:-^|'*2ac^^da;. 

5. In the curve y— 3“2a:+x® for values of a:=0, 1, 2, 3, 4 find 
and tabulate values of y, y® and xy^. The curve revolves about the 
axis of X so as to generate a solid of revolution. Find the centre of 
gravity of the portion of this solid ■which lies between the sections 
at x=;0, x=4, (i) u^g Simpson's rule to obtain t^proximately the 

sum of xy® and y®, (ii) by evaluating ^*xy^dz-T j y^dx. 

4. The curve y=l‘35 + 0’53a!:^ rotates about the axis of x so as to 
generate a solid of revolution. Find the centre of gravity of the 
^rtion of this solid which lies between the sections x=0, x=4, 
(i) by Simpson’s rule, (ii) by integration. 

6. A curve is given by the following values of x and y, calculate 

and tabulate corresponding values of y® and xy*. If the curve 
rotates about the axw of x, find the volume and centre of gravity of 
the solid of revolution between the end sections x=0, x=4, using 
Simpson's rule. * 


X 

0 

1 

2 

3 

1 ^ 

y 

0 1 

0-2 

0*8 

1-8 1 

\Z‘2 


6. A sphere radius 5 in. is cut by two parallel planes on opposite 
sides ana at distances 4 in. and 3 in. from the centre respectively. 
Find the position of the centre of gravity of the zone. 

7. Find the moment of inertia of a thin rod, 3 ft. long and 
weighing? Ibe., about an axw through one end and perpendicular to 
its length. Find iU kinetic energy when it is rotating about 
this axis at 100 revolutions per minute. angular velocity in 
radians, moment of inertia {g—ZZH). 

8. A rectangular sheet of wrought iron 3 ft. by 4 ft. and i in. 
thick rotates aWt on axis passing through one of its shorter sides, 
find its moment of inertia. Also fod its kinetic energy when 
rotating a1»ut this axis at 50 revolutions per minute. 

9. A cylindrical bar 13 in. long and 2 in. diameter has fixed to 
its ends two cylinders 10 in. diameter and 2 in. long, the distant 
between the centres of the cylinders being 11 in. The hdr is 
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guapended in a horizontal position by a >?ire passing through the 
mid point of its axis. Fina the radius of gyration (or swing radius) 
about the wire. 

10. Find the moment of inertia of a hollow right oiroular cylinder, 
internal radius i?., external x^gth I, about the axis of figure. 

Prove the rule oy which, when we know the moment of inertia of 
a body about an axis through its centre of mass, we find its moment 
of inertia about any parallel axis. 

What is the moment of inertia of our hollow cylinder about an 
axis lying in its interior surface ? 


Section XIIL Differential Equations. 


l. Given that where p is the pressure and v the volume 

of a gas which expands without gain or loss of heat. Show that the 
law connecting p and v iapv’=c, where c is a constant. 


2. Given 
then 

8. Given 
then 


dx 

dy 


= bdx; 


\og^=hx + C', 

where I 

dx X 

y-oxf* where o=«^. 


A A tree trunk is assumed to be in the form of a solid of 
revolntion whose axis is vertical and the area of any cross-section 
is k times the weight of the portion above that section. Prove that 
if W is the weight of unit volume of the wood, the area of the 
section at a height i above the ground is proportional to e'**^*. 

5. A thick cylinder internal radius r is subjected to a com- 
pressive stress p inside and p + dp outside. Then 
log(p-a)= -21ogr-»-c, 


Show that 
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Table L 

USEFUL NUMBERS AND FORMULAE. 

^/3=^•73J, n/ 6=2’2^, ^/6=2•449. 
»r=3‘1416 or 3*142=^. -=^0’3183. 

ir*=9-872. 1 iDcli=2-54 cm. =0*4972 

1 lb,=463*6 grams, 2^ lb8.=l kilogram. log 2718 =0*4343 

1 gallon of water = 10 lbs. =01605 cub. ft. ^ 

1 cubic foot of water=62*3 lbs. 62 3—17946 

Volts X arapferes= watts. 1728=3*2376 

1 hor8e-power=33000 fk-lbs. per min. *5236=17190 

= 746 watts. Iog*ie05=l*2054 

1 radiaa=67*3 degrees. 

To convert common into Naperian logarithms, multiply by 
» 2*3026 <e=2718). 

Mensnration Fonnulae; In the following formulae : A denotes 
area ; <8, surface ; r, volume ; a, 6, c, the sides of a figure ; 
A, the altitude! height ; R and r, radii of circles. 

Beotangle or Paralldogram. A = oA. 

Triangle^ A=-^ or V«(i - a)(«-fc)(«-cX where «=^(a + 6+c). 
Ttapeilum. Parallel sides a and h. A=^{a^b)h. 

Oirda Circumference =27rr, A=7rr® or 
EUipM. Semi>axes a and 5. A =irah. 

BImpaon*a Buie; =|(.di+45+2U) where $ is the space or dis- 
tance between two consecutive ordinates. A^ is the sum of 
first and last ordinates, B is sum of even, and C is sum of 
the odd ordinates. 

Prism. iS=2(a64-6c-Hac), r=a6c, diagonal=>/a^*+^+A 

GtyUnder. jS'=27rrA4-25rr*, r=ff»'*A. 

Cone. j8=7rr^+irr*, 

Sphure. S—iirr^y F=|inT*=0*5236(i*. 

Bing. 5=47r*i2r, F=2?rV/?. 

Weight in ll». per cub. in. Cast iron, 0*26 ; Wrought ^n, 
0*28; Steel, 0*29; Brass, 0*298; Copper, 0*319; Lead, ()?414. 






























antilogaAithms. 


Table IlL 

ANTILOGARITHMS. 
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Table VU. 

RADIAN MEASURE OF ANGLES. 
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Table IX. 
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TYPICAL rxajunation papers. 
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1 . (a) Compute by contracted methods to four significant figures 
only, and without using logarithms, 

0'0l239x 5-024 and 0*5024 ■5-001239. 

(6) Compute, using logarithms, 

^/0-2e07. 26*071'», 2607“^'‘>. 

(c) Explain why we subtract It^rithms when we wish to divide 
numbers. 

(d) Write down the values of the sine, cosine and ta^nt of 37* . 
R]^lain, from the defiuitions, why sin 37* 4- oos 37* = tan 37" . Try by 
division if this is so. 


2 . {a) Using the tables, find the number of which 0*2 is the 
Napierian logarithm. 

H . .•=l + x+2+^+eto., 

calculate e* when x=0'2, to three decimal places. 

After how numy terms are more of them uselem in this case where 
we only need thrM decimal places ? 

[Note that [5 means Ix2x3x4x5.] 


(b) Exprav 


O&t+UOQ 


as ^ snm of two simpler fractions. 

(e) The snm of two numbers is 12*54 and the sum of their squares 
is 81 ‘56 ; find the num^rs. 

(d) ABC is a trian^, 0 being a right angle. The side BQ is 
12*4 feet and the an^ A is 65" ; find the oUier sides and angle, 
using the Tables. 
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3. X and t are the distance in miles and the time in hdurs of a 
train from a railway station. Plot on squared paper. Describe 
clearly why it is that the dope of the curve shows the speed. 
Where is the speed greatest, and where is it least ! 


X 

0 

0 * 12 ! 

1 1 

0*5 

1*62 

2*60 

2*92 

3 05 

3*05 

3*17 

3*50 

3*82 

t 

0 ! 

0*05^ 

0*10 

0*15 

0*20 

0*26 

0*30 

0*35 

0*40' 

|o*45 

0*50 


4 . Find x in degrees approximately if 

3sinz+2oosx=3'4. 

For what value of a: is 3 sin x + 2 cos as a maximum ? You may use 
squared paper. 

5 . The net yearly profit P of a railway may be represented by 

P=6x + cy 

where x is the gross yearly receipt from passengers, and y from 
goods ; b and c Ming constant nurnbers. 

When x=520000 and y = 220000, P was 330000. 

And at a later perio<i— 

when x = 902000 and y— 700000, P was 603000. 

What will probably be the value of P when x= 1000000 and when 
y = 800000? 

6. In steamships where D is the displacement in tons, 

V the speed in knots, I the indicated horse power. Now c is not 
the same for a ship at all speeds but it is nearly the same for two 
similoi' ships at corresponding speeds. Corresponding speeds are as 
the sixth root of the displacements. Find c from each of the 
following actual measurements made on a ship of 9,764 tons. 
Tabulate the corresponding speeds for a ship of 12,000 tons and 
calculate and tabulate the horse-power at each speed. 


Speed in knots - • j 

1 10*8 

14*33 

Indicated horse -power | 

1830 

4720 


7. State Simpeon’s rule. An area is divided into ten equal parts 
by 11 equidistant parallel lines 0*2 inches apart, the first and last 
touching the bn nnmng curve ; the lengths of these lines or ordinates 
or bit^ths are, in inches ; 

0, 1*24, 2*37, 4*10, 5*28, 4*76, 4*60, 4*36, 2*46, 1*62, a 
Find the area in square inches. 
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5. H 

Sf=a ( 1 - 008 ^). 

Take a= 10. Oaloulate the values of x and y for the following 
values of ^ : 


Plot points whose co-ordinates are these values of x and y, on 
squared paper, and draw a curve. 

0. When Q cubic feet of water flows per second through a sharp- 
edged rectangular notch L feet long, the height of nearly still water 
above the sill being H feet, 

Now, a bad formula is sometimes used which assumes 

Show that for a given X, although a constant may be used to give 
a correct answer for one value of it must give incorrect answers 
for other values of R, 


10. A vessel is shaped like the frustum of a cone ; the circular 
base is 10 inches dimeter ; the top is 6 inches diameter ; the 
vertical height is 8 inches. What is the height of the imaginary 
vertex? If x is Uie height of the surface of a liquid from the 
bottom, plot a curve showing for any value of x the area of the 
horizontu section there. 

Find from this the whole volume of the vessel in cubic inches. 

[Candidates will notice that if d is the diameter of the circular 
area it is only necessary to plot d*.] 

11. Thweisacurve y=si‘5-{'0‘05x*. 

Prove that for any value of x, the slqpe of the curve or ^ is 0‘lx. 


IS. Find accurately to three significant figures one value of x for 

which fi logiox+~~2'70=0- 

. IS. The total cost C of a ship per hour (including Intercut and 
depreciation on capiUl, wages, coal, &c.) is in pounds 

wlure s is the speed in knots (or nautical miles per hour). 

The time in h^rs spent in a passage of, say, 3,0(K) miles is 
8000 -fs, 

so tiiat the total cost of the passage is this time multiplied by C. 
£xm«as (his algebratodly in terms of «. 

jnnd what this amounts to for various speeds : for what speed is 
itaminimumT 
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14. The model of a ship, when being drawn at the following 
B][>eedB V {in feet per minute), offered the following resistances £ 
(m pounds) to motion : 


... 

233 

287 

347 


466 

525 

588 

646 

R 

H)8 

1'76 

2fl3 

4*26 ' 

6*33 

9*52 

12-74 

is-ie 


It is to be remembered that there are small errors in such 
measurements. 

If we assume a law like find n for the smallest and highest 

speeds ; for what value of v does n seem at its greatest ? 

[Suggestion , plot log R and log r on squared paper. ] 


n. 

1. (a) Compute by contracted methods to four significant figures 
only, 

0-01239 X 0*5034 and 01239 t 50-24. 

(5) Compute, using logarithms, 

(0-9415 X 2-304)1^ and (0*9415 x 2-304)";‘>-^« 

(c) Why do we multiply the logarithm of a by* 6 to find the 
logarithm of a* ? 

(d) Write down the values of 

Bin254% cos 124“, tan 193“, sm‘^(0*2250) 
c 08 -i( -0*8192), tan'M -41)108). 

Only one value to be given iii each of the last three cases. 

8. (a) A quantity y is a function of x ; what do we mean by 
dx‘ 

Illostrate your meaning, using a curve. 

niustrate your meaning by considering the speed of a body which 
has passed through the space s in the time t, 

(6) Show that if .d is the area of a curve from some standard 
ordinate to the ordinate y conesponding to the co-ordinate x then 



Hence to find A we merely find that function of x of which y is 
the difierential ooefficient. 
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(c) If A is the area of the surface of water in a pond when the 
depth on a given vertioal is x and if v is the volume of water ; then 
j dv 

Prove this. * 


Si Define the scalar product and the vector product of two 
vectors. Give an illustration of each of these from any part of 
physical science. 

4. The cost (7 of a ship per hour (including interest and 
depreciation on oapital> wages, coal, etc.) is in pounds 


where s is its speed in knots relatively to the water. 

Goiug up a river whose current runs at 5 knots, w^hat is the 
speed which causes least total cost of a passage ? 

5. In the curve + 

if y^lfiOl w'hen ar=l, 

and y=:5'32 ,, x~4, 

find a and 6. 

Let this curve rotate about the axis of x. 

Find the volume enclosed by the surface of revolution between the 
two sections at x — 1, and x=4. 


6. The following values of y and z being given, tabulate Sy/Sx 
and y.5x in eich interval. If y.3r l)e caUed 5A, tabulate the 
values of A if A is 0 where x=0. 


. 1 0 

■' 

■2 

•3 

•4 

*5 

« ! -r 

■8 

■» 

y 

l-Ml 1 

1 1^1 1 

1*820 1 

1*047 

2*071 1 

2*193 ] 2*314 1 

1 2*431 



To facilitate tabulation, it will be found convenient to change 
these rows into columns. 


7. What is Simpson’s rule? A circle is drawn of 8 inches 
diameter. The diameter is divided into eight equal parts and 
ordinates are drawn at right angl^ to the diameter. Calculate the 
lengths of these ordinates, using the tables, and tabulate them. 
Usin^ Simpson’s rule, find the area of the circle. 

This answer is in error ; what is the percentage error ? 

8. Find x in degrees if 

3Binar + 2ccwar=3*4 ; 

X is supposed to be an acute angle. How many answers are there ? 
Find, using the Calculus, for what value of x is 
38tnx+2oosx 


a maximum? 
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9. The following values of p and 9 being given, find 
I when 0 = 115. 




e 

P 

100 

14-70 

106 

17-53 

no 

1 20-80 

115 

24-54 

120 

28-83 

125 ' 

33-71 

130 1 

! 

39-25 


10. If z=asinpt + hcospt 

for any value of ^ where a, b and p are mere numbers ; show that 
this is the same as 

* = A sin (pi+e) 

if A and e are properly evaluated. 

If V==RC+L^ 

dt 

and if C?=l00sine00i, 

R being 2 and L being O’OOS, find T. 

What is the lag of C in degrees behind P? 

11. A vessel is shaped like the frustum of a cone ; the circular base 
is 10 inches diameter ; the top is 5 inches diameter ; the vertical 
height is 8 inches. If x is the height of the surface of a liquid from 
the bottom, express d the diameter there in terms of x ; express A 
the horizontal area there in terms of x; express V the volume of 
the liquid in cubic inches, in terms of x. 


12. Water leaves a circular basin very slowly by a hole at the 
bottom, every particle describing a spiral which is very nearly 
circular. Iiet v be the speed at a point whose distance from the 
axis is r^ and height above some datum level h. A^ume no 
“ rotation ” or spin,'' that is 



and show that this means 


c 



where c U some constant. 
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Now at the atmoapherio surface 


2ff 


+A=C 


where 0 is a ocmataat. , 

Find from this the shape of the surface, that is the law ooimecting 
rand K 


13. The model of a ship, when being drawn at the following 
speeds v {in feet per minute), offered the following resistances if 
<in pounds) to motion : 


r 

179 

220 

259 

301 

321 1 341 

361 


1-78 

2-76 

4-01 

5*69 

6-39 

819 

11-39 


There are small errors in such measurements. 

Assume a law ^ * p", and descrilie how n changes. What is its 
g^test value ? Show that when v increases by % small percentage, 
h increases bj n timea this percentage. 

lA The indicated horse-powers of the engines <'f simihu* ships 
similarly loaded may be taken to be proportional to the 1 Jth power 
of the ^splaoements at corresponding speeds. 

Corresponding speeds are as the sixth roots of tne displacements. 
The following measurementt were made at different speeds of a 
vessel of 1000 tons (The United States S. “Manning”). Find the 
horse-power at the corresponding speeds of a vessel of 5000 tons ; 
state and tabulate these speeds. 

16. A rectangular channel to convey water is to be made from a 
long strip metal 6 ft. wide by bending the sides. Find the depth 
ci the channel if the area of its croaa-sectioa is 2*5 sq. ft. What 
would the ^pth for a nmx. area : 

lA. Find the subtangent and sutoormal in the curves : 

(i) Ellipee (ii) Parabola 

(iii) y=ox*. (iv) y-cuf, (v) 

(vi> afy*=a. (vii) 

17. The equation to a circle, origin at the centre, is 
show that the curve cats the axis of a; at an angle of 90”. 



1. (a) Compute by contracted methods to four aignificant figures 
only, and without using logarithms, 

3-2l4 x 0-7423-h7-9l2. 

{h) Using logarithms compute, 

{ 1 ’342 X 0*0l73U0’0274)»w. 

{c) Explain why we midtiply a logarithm by 3 when we wish to 
find the cube of a number, 

(d) Express £13, 17s. 3d, in pounds. 

2. (a) If |m^^=473, find ii when p is 120. 

(&) p=:(«c*+6x*. When a: is 1, y 18 4-3, and when a: is 2, y is 30; 
find a and 6. What is y when r is 1*5? 

(c) Two men measure a rectangular box ; one finds its length, 
br^th and depth in inches to be 8 54, 5*17 and 3-19, The other 
finds them to be 8*50, 5*12 and 3*16. Calculate the volume in each 
ease ; what is the mean of the two ? What is the percentage difler- 
ence of either from the mean ? 

8, A body has moved through the distance s feet in the time 
t seco^ and it is known that when fe is a constant. 

Find tile distance when < is 4, Find the distance when the time 
is 4 + «f. What is the average speed during the interval if? As 
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M is imaginod to be smaller and smaller, what does the average 
speed become? 

4. The three parte (a), (6) and {c) must all be answered to get 
full marks : 

(a) If 

y 

where e =2'718. If a =0*3 and 6 — 2*85 and if x - y = 560, find x. 

(5) When x and y are small we may take 

L±£ 

1+y 

as being very nearly equal to 1 + x - y. What is the error in this 
when x=0’02and y=0*03? 

(c) ABG is a triangle, the angle (7 is a right angle. The side AC 
is 21*32 feet, the side BG is 12*56 feet, find the angles A and B. 

6, A man is 100 feet above the earth which is assumed to 1)6 a 
sphere of 8,000 miles diameter ; what is his distance in miles fmm 
the furthest point he can see on the surface? Do not give moi-c 
than three figures in the answer. 

6. If y = ar^ - 4*2 x + 2*93 calculate y for various values of x and 
plot on squared paper. What values of x cause y to be 0 ? 

7. X and t are the distance in miles and the time in hours of a 
train from a railway terminus. Plot on squared paper. Describe 
why it is that the slope of the curve shows the spera. What is the 
g^test speed in this case and where approximately does it occur? 
what is the average speed during the whole time of observation ? 


z 

0 

1*5 

00 

U-0 

19*0 

21-0 

21*5 

21*8 

23-0 

24*7 

20-S 

t 

1 ^ 

0*1 

0-2 

0*8 

“U 

j 0*5 

O’O 

0*7 

0*8 

0-9 

1*0 


8 . A disc rotating with angular velocity o, its density p being 8, 
has an outer radius = 50. There is a hole in the middle whose 
radius fj is 10. Then at any place whose distance from the centre 
is r, there is a hoop tensile str^ Q where 




Taking a =122*5, and arranging the formula for systematic oaloula- 
tion, find Q for the values of r, 10, 15, 20, 30, 40, and 50. Plot Q 
and r on sqiuued paper. 
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9 . In the following table A ia the area in square feet of the hori- 
zontal section of a ship at the level of the surface of the water when 
the vertical draught of the ship is A feet. When the draught 
changes from 17 '5 to 18 ’5 feet, what is the increased displacement 
of the vMsel in cubic feet ? • 



j 16 1 18 

21 

A j 6020 ^ 

6660 

8250 


10. In the following table x and y are the co-ordinates of points 
in a curve, which you need not draw. Tabulate the values of the 
average slope of the curve in each interval. Also tabulate the area 
between the two ordinates in each interval. You had better write 
in columns rather than in rows. 


X 

1 

2 

3 

4 

5 

y 

1*745 

2-618 ' 

3*491 

4*363 

5*236 


11. z being distance in feet across a river measuring from one 
%ide and y the depth of water in feet, the following measurements 
were made : 


X 1 

0 

10 

25 

33 

40 

48 

60 

70 

y 1 

0 

Ll_ 

1 ^ 

8 ' 

10 

9 

6 

4 


Find the area of the cross section. If the average speed of the 
water normal to the section is 3 "2 feet per second, what is the 
quantity flowing in cubic feet per second ? 


12. In a price list I find the following prices of a certain type of 
steam electric generator of different powers : 


K kilowatts 

200 

600 

900 

P pounds - 

2800 

7160 

10420 


According to what rule has this price list been made up ? What 
is the list price of a generator of kilowatts ? 
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IV. 

1. (a) Compute by oon traded methods to four significant figures 
only, and witnout using logarithms, 

3“2Ux 0-7423 -i-7-912, 

(5) Using logarithms, compute 

(1-342 0-0!73U0-0Ce74)-®w 

(c) Elxplain why we multiply the logarithm of a by 3*5 when we 
wish to find o’"®. Start your explanation from the fact that 
means a x a x a. 

(d) Write down the values of 

sin 203°, cos 140% tan 278% sin"* (0‘4226), 
eo8-M0’7547), tan-M' 2-7475). 

3. Etefine th^scalar and vector product of tw'o vectors. Give an 
illustration of each. 

3 . The following values of y and x being given tabulate Sy/ix and 
$A in each intervid, 6 A being the area in the intcrv^al lietween two 
ordinates. Tabulate the value of A if A :=0 when x-3. 


1 X 


i 

‘ 1 ‘ 

9 


8 


10 

u 

12 

18 

i y 

I 

11 1-75 

1 i 1 

10-45 { 10-08 

1 27 -59 

i 

i 35-84' 

48-84' 

!51‘50' 

1 

: 1 

; 58-78 1 

[95-61 

1 71-03 

1 77-71 1 


4 . There is a curve, 

if y= 2‘34 when z=2 
and 20*62 when x-6 

find a and n. 

Let the curve rotate about the axis of forming a surface of 
revolution. Find the volume of the slice between the seotions at x 
and What is die volume between the two aeotions at x='Z 

and a:=:5? 
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5. K kilowatts bein^ the average electric power actually delivered 
to customers from an electric station during an hour and If the 
weight of coal consumed per hour, the following ohservatimis were 
made 


K 

r 

2560 

1520 

1300 

W 

7760 

5480 

6030 


The maximum power which might he delivered being 13060 let 
A713060 be called/, the load factor. Let If /A be ^ed w, the 
coal per unit. [The Board of Trade unit is 1 kilowatt hour.] 
What seems to be the law connecting w and /? Tabulate w and / 
when/ has the values 0*25, 0 20, 015, 0'lO, 0*05. 

8. Assuming the earth to be a sphere, if its circumference is 
360 X 60 miles, what is the circumference of the parallel of latitude 
56*? What is the length there of the degree of longitude? If a 
small map is to bo drawn in this latitude with distances all to the 
same scale, and if a degree of latitude (which is, of course, 60 miles) 
is shown as 10 inches, what distance will represent a degree of 
longitude? Note. — In this question one mile means one nautical 
mile. 

7 . Fifty pounds of shed per second moving horizontally w’ith a 
velocity of 2500 feet per second due north strike an armour plate 
and leave the plate horizontally with a velocity V 800 feet per 
second due east. What force is exerted upon the plate? Note 
that momentum and force arc vectors. 

Force is rate of change of momentum per second. 

Momentum is moss multiplied by velocity. 

The mass of 60 lb. of shot is 60 -r 32*2. 

8 . There are errors of observation in the following values of y 
and xr— 


X 

4 

5 

6 1 7 

3 

9 

10 

II 

y 1 

6*29 ! 

1 

6*72 

5*22 

4 '78 

1 4*39 

4*06 

3*75 

j 3 -48 


It is found that the following two empirioal formulas seem to be 
nearly equally good 

Find the best values of a and 6, a and A 
8 2 
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9. If x=asin (9^ + e) expresses simple harmonio motion ; what is 
a ? what is 9 ? what is « ? Expr^ a in terms of the periodio time. 
Find expressions for the speed and the aooeleration. 

10. A sliding piece has a period!* motion. Its distance x from a 
point in its path is measui^ at twenty-four equal intervals into 
which the whole periodio time is divided 

le'Oi, 16*74, 16-66, 15-86, 1468, 13-42, 12*26, 11 16, 

9-98, 8-76, 7*60, 6*68, 5-96, 5*34, 4*68, 4 14, 

3-98, 4-50, 5*74, 7*46, 9*36, 11*24, 13*06, 14*70. 

Express in a Fourier Series. 

11. When air or steam is flowing through a divergent orifice from 
a vessel inside which at the still part the pressure is p^ the cross 
sectional area A of a steam tube is such that at any place where the 
pressure is p 

keeps constant x being p/pi and 7 [1*41 for air and 1*13 for dry or 
wet steam] being a known number. For w-hat value of x (presum- 
ably in the throat) is A a minimum ? Find this critical x for air and 
for steam. 

12l The follow!^ values of x and y being given, find the most 

probable value of ^ when x is 3. 

• ax 



0 

1 

2 

3 

4 

5 

6 

1 y 

11-8 

16-0 

20*0 

23*9 

27*6 

31-1 

34*5 1 


If a candidate cannot use all the given numbers in finding the 
answer let him not try this question. 

18. The horse-power H, which can be transmitted by a cotton rope 
(allowing for stress due to centrifugal force) is said to be given by : 

( 62800 — 3o*\ 

-230^K’ V is the speed of the rope (ft. per sec.), 

d the diameter of the rope in inefaea. Find the value of v for a maxi- 
mom value of H. 

14 . A reotangi^ play^nnd, area 1600 so. yds., is to be enclosed 
hy tiiree walb, using an wall as one side. Find the remaining 

taae» for minimum cost. 




1. (a) Without using logarithms, compute by contracted methodfi, 
getting four significant figures 

87'35-^(0*07568 x 3-50l). 

(&) Using logarithms, compute 

97-43^ (0-3524 X 6'321)2W. 

(c) Explain why when we wish to divide numbers we subtract 
their logarithms, 

{(/} The sum of money £45. 8d. is multiplied by 0-3825. 

What is the answer in p«mnds? 


2. (a) A hollow circular cylinder of iron is 10 inches long and 
weighs 12 llw. ; its internal diameter is 3 inches ; what is its external 
diameter ? A cubic inch of iron weighs 0*28 lb. 

(ft) There is a right-angled triangle 
the angle ABC is 42". If i) is a point m AC; if AC=3AB, find 
the angle J5BC. 

(c) When x is small we may take (1 -f-a!)"" as ^ing nearly equal 
to 1 -Tw:. What is the percentage error in this when k= 2 and 
x=0-0l? 


(d) What are the factors of 0'4z - 4'37 ? 

8 (a) 100 lb. of bronze contains 85 per cent, of copper and 
15 per cent, of tin. With how much copper must it be melted 
to obtain a broiize containing 92 per cent, of copper? 


(ft) If xy^-”=26. If x=4, find y. 
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i. At the following heights h feet above the ground the wind 
pressure on a certain occasion was measured as p pounds per square 
[oot on a vertioal plane surface. 


h 


15 

15 

35 

50 

p 

|l3| 

22 

24 

27 

31 


What is the average value of p between /*=;0 and A=40? What 
is the total force due to wind pressure on a vertical wall 40 feet 
high and 100 feet long (horizontally)? 

6. Find A approximately in degrees, if 28in A +3cob A =3'5o. 
There are two answers between 0^ and 90^. 

6. Electric lamp filaments of length f, diameter d, mode of the 
same material, kept at the same temperature by the application of 
r volts, the cai'.dle power is proportional to Id and aW to rV-//. 
There is a 10-candle power lamp whose /=3 and i^=:100; we wish 
to make a 20 candle power lamp with r^^lSO; find I for the new 
lamp. 

7. A sliding piece is moving so that at the following times 
f seconds it has travelled the following distances x feet measured 
along its path. Plot x and measure from the curve the values 
of X at the times H)0, lOl, l‘t>2, I •03, etc., and tabulate. Find 
the accelerations approximately at the limes 1*01, l^, 1*03, I'Oi, 
and 1 -05. 


t 

1-00 

1*01 

1*018 1 1-031 j 1*045 

1*052 

1-06 

Li 

3i2 

3*305: 

3*420 

3*559 

3*664 

3*700 

3*732 


8. L being length in feet and H the height in feet of still water 
level above ^ sill of a thin-edged rectangular notch for measuring 
water, Q being cubic feet per second flowing ; it is known that 

A notch of length 10 feet was experimented with. When H was 
0*51, Q was founo to be 5*®2, and when H was 0*98, Q was found 
to be 32*10. What are the values of a and 6? What is Q when 
if is 1*21? 

9. The area of the bori»mtal section of a r^nroir A square 
feet at the height h feet from the lowest point is given in the table 
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below. What u the volume when A i« 30? If the water falls in 
level from A = 15 '5 to A = 14’5, what is the loss of volxune ? 


A 

0 

2*6 

4 » 

7 

10 

12-5 

15 

A 

0 

2510 

3400 

4520 

6160 

5490 

5810 

A 

17-5 

20 

23 

25 

28 

30 


A 

6210 

1 6890 

7810 

8270 

8670 

8780 



10 . In a hollow cylindric coil the magnetic field Frx. n(7, where 

n is the number of turns and C is the current ; n oc where d is 
1 ^ 

the diameter of the wire ; i? « where It is the resistance of the 

a* 

wire; where t is the permanent maximum temperature 

pr^uced (above that of the room}. Show that when we have the 
same F we have the same t fur any size of wire ; but if we double 
F we quadruple t, 

— Xhe above rules are not strictly true, because of the 
varying thickness of insulation.] 

11 . Find the area of the parabola 

y -a + Ax + ca® 

between the ordinalo at x=a and the ordinate at x— /9, 

If ei = - A and (S = A, what is the answer? 

12 . The parabola y = a + 6x + cx^ 

passes through three points, whose co-ordinates are 
- A, y, ; 0, yj ; A, y^. 

Insert these values, and find a, A, and c in terms of the given 
quantities y^, y^, y| and A. 

18 . A machine is in two parts, whose weights are x and y. The 
cost of the machine is proportional to 
% = yJr\x, 

The usefulness of the machine is proportional to 
tJ=x® + 3xy. 

If 2 is 10, what value of x will cause v to be a m axi m um ? For 
this vidoe of x, what is y ? 
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14 . A ourrent C is changing according to the law 
0=20+21<-14<», 

whore t is seconds. The voltage V is such that 

where i?=0*5 and I.-O’Ol ; 6nd T as a function of the time. 


16. The following numbers are authentic ; t seconds is the record 
time of a trotting (in harness) race of m miles ; — 


\ m 

h' 

2 

3 

4 

5 

10 

20 

30 

50 

100 

t 

119 

257 

416' 

598 

751 

1575 

.3505 

6479 

14141 

32153 


It is found that there is approximately a law < = am*, where 
a and h are constants. Test if this is so, and find the most probable 
values of a and 6. The average speed in a race is % = mjt ; express 
a in terms of m. 


vt 


1. (o) Without using logarithms, compute by contracted methods, 
getting four significant figures correct. 

, 87 -35 -r (0 07568 x 0-3501 ). 

(6) Using logarithms compute 

(0 03534 X X 97-43. 

(c) Explain why when we wish to divide numbers we subtract 
their logarithms. 

(d) Write down the values of cos 110, sin 213, tan 264, 
sin ^'0-3584, co6“’0'6293. 


2. The annual cost of giving a certain amount of electric light 
to a certain town, the voltage being V and the candle power of 

each lamp 0, is found to be A =a + p 


for electric energy and 


^ m 


for lamp renewals. 


The following figures are known when C is 10 : — 


V 

100 

200 

A 

B 

1500 

.300 

1200 

500 


Find a and 6, m and n. If G 
is 20, what value of V will give 
minimum total cost? 
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8 . Find A if 2 Bin A 4-3 cos A = 3*55 

There are two answers between 0“ and 90°, and they must be 
obtained with no greater iiiaocuraoy than one-fifth of a degree. 

• 

4, The basis of Simpson’s rule is that if three successive equi- 
distant ordinates (distant h apart), y^, ^ 3 , are drawn to any 

curve, the three points may be taken as lying on the curve 

y = o4*&a:+CJ:®. 

Imagine yg to be the axis of y so that - A, ; 0, yj, and A, yj are 
the three points. Substitute these values in the equation, and 
find a and c {b is not needed). 

Integrate a 4 -&x 4 -rx^ between the limits h and ~k and divide 
t>y 2^ ; this gives the average value of y. Express it in terms 
of yi, yg, and y,. 

6 . If 

at 

where L is latent heat (in foot-pounds), t is absolute temperature 
Centigrade, p is pressure in pounds per square foot, c cubic feet 
is increase of volume if I lb. changes from lower to higher state. 

Calculate c at ^ = 428, if the following numbers are given for 
steam. When ^ = 428, L is 497-2 x 1393. 


t 

P 

413 

7563 

418 

8698 

423 

9966 

428 

11380 

m 

12940 

438 

14680 

443 

16580 


Note. ^ is to be found as 
dt 

accurately as possible, using all 
the given numbers, and not using 
squared paper. 


6 , If a crank is at the angle 6 from a dead point ai^ $—qt 
where 7 is angular velocity and t is time in s^on(fe ; if x is distance 
of piston in feet from the end of its stroke ; if r is length of crank 
ana I length of connecting rod, then, very nearly 

z^r{i~oo8$) + -^{\-ooa 2tf). 

Find the acceleration y of the piston in terms of 6, 

If r=l and /=6, calculate x and y for the following v^ues of 
5, 0°, 45°, 90°, 135°, 180°. Plot the values of x and y as oo-ordmatea 
of points on squared paper. 
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7. If a onbio equation ie of the f(Hin 

ox*+&e*+cx+<i=0, 

show how we oan always reduce it to the torm 
a:*+p*-»^=0. 

If we have the curve and the straiaht line -px-q 
plotted on a sheet of pajm*, show that we have the real roots 
of the equation. 

8. Express 

as the sum of two simpler fractions and integrate. 

9 . Prove the rule for differentiating the product of two functions 
and deduce from it the rule for integrating by parts. 


10 . A closed curve rotates about a straight line in its own plane 
as an axis uid so generates a ring. Prove the nde used for finding 
the volume of the ring. 


11. Prove that in a triangle the ratio of two sides is equal to 
that of the sines of the opposite angles. Also prove that the area 
of a triangle is half the product of two sides and the sine of the 
angle between them. 

13. If < seconds is the rtcord time of a race of y ystrds ; the 
law t=cy^ seems to be wwiderfully true for all races of men and 
animals excepting men on bicycles ; n is the Shme numl)er in all 
cases, c has a special value in each case, men walking, running, 
skating, swimmipg, or rowing ; horses trotting or galloping or pacing. 

(1) For uiy particular kind of race it is found that when y is 
increased by 100 per cent., t is increased by 118 per cent. ; find n. 

(2) For men running, when y=;600, / is 71 ; find c in the above 
formula. Express ^ the average speed of each race, in terms of y, 

(3) Assume that an animal has a certain amount of endurance 
E which is exhausted at a uniform rate during the race and that 
E=E^+ki where E^ and k are constants. CaUing Eft the rate of 
fatigue/ express this in terms of «. 

Assuming that an animal going at Sq miles per hour feels no 
fatigue, nr when /=0 ; find / in terms of s. 

1$. The curve y=a + bs” passes through the three points 
y=3; *5=3, y^4'5; *=7, y=9*6; find a, ft and c. What is ^ 


at the point where z— 3? It may save time if it is known that c 
lies between the values 0*2 and 0*3. 


14. If oompoand interest at r per cent, per annum were 
every instant and if at any time t (years) the principi 
k * dP Pr 

di=m 


ExpNM P in terms of r and t. 

Hi what time will P double itself for any i^ue of r ? 




m 

1. (a) Without using logarithms, compute by contracted methods 
to four significant figures 

9-325 x 0‘02a56 and 9-325 -f 0*02056. 

(6) Uring logarithms, compute 

(6-345 X 0 1075P -r (0*00374 x 96*37)''. 

(c) Extract the culie roots of 

20760, 207*6, 0*(fi076, 0 *0(^076. 

((/) The side of a square is 3 yards 1 foot 9^ jnches ; find the 
area of the square in square feet. 

2. (a) The difference of x and y is 3*14 ; the sum of and ^ 
is 140 ; find x and y. 

(6| The inside of a hollow copper sphere is filled with water 
whose weight is 10 lb. ; what is the inside radius ? If the weight 
of the copper is 30 lb., what is its thickness? A cubic inch of 
copper weighs 0*32 lb. 

(c) ABD is a right anded triangle, B being the right angle. 
BC is perpendicular to the side AD. The angle A is 56*, BC\6 
10 inches ; find the lengths of AC and CD. 

(d) What are the factors of x® - 8*92x+ 18-37 ? 

3. (a) If y=oa:^“ + fix®®; if y=6*3 when x=:l, and if y = 133 
when x=2, find a and k 

(5) 20 lb. of bronze contains 87 per cent of copper, 13 per wnt 
of tin. With how much copper must it be melted to obtain a 
bronze containing 10 per cent, of tint 

(c) If and if ja-0*26, 0 = 3, find x/y. It is known that 

X - y = 1000, find x and y. 
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4. If » means write down the values of i*, i*, i®. 

Find V 17 + 3 O 1 , 1 •r's/i. Each of the answers is like a + 6» where 

a and b are numbers. 

9. X is distance measured aion^^ a straight line AB from the 
point A ; the values y are offsets or distances in links measured 
at right angles to A 5 to the border of a field. Find the average 
br^th from AB to the border of the field between the first and 
last oSset. Notice that the intervals in x are not equal. 


1 ^ 

1 

0 

1’50 

3-00 

5m 

7-50 

9*00 

... 

iz.. 

053 

0-47 

0*40 1 

0-42 

0-46 

0-52 ! 


6 . There is a root of r*- 10x* + 40r-35 = 0 which lies between 
1 and 2 ; find it, correct to three significant figures. 

7, The following numbers give x feet the distance of a sliding 
piece measured along its path fn>m a certain point to tlie place 
where it is at the time t seconds : what (approximately) is its 
acceleration at all the tabulated times except the first and lost? 
Show in a curve how the acceleration depends upon /. 


1 ^ 1 

1-000 

2-738 

: 4*420 

6 000 i 

7-428 

j -U 0 

0 1 

0-2 

0-3 

0-4 

i ^ ^ 

18*660 

9*660 

10*397 

10-848 

11-000 

1 ^ 1 

0*5 

0*6 

0*7 

0*8 

0-9 


8 . The following numbers give v the speed of a train in miles 
per hour at the time t hours since leaving a railway station. In 
each interval of time, what is the distance passed over by the 
train? 


V 

0 

2*4 

4-7 

7*2 

9 ^ 

12-0 

14-3 

t 1 -00 


0*08 

•12 

•16 

•20 

•24 

' 1 

16*9 

18*9 

20*7 ! 

1 22-2 ' 

23-4 1 

24*3 

24-9 


•28 

•32 

•36 

■40 

1 *44 ! 

•48 

•52 


At each of the times tabulated, what is x the distance from the 
station ? Tabulate your answers. 
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9. Find the area of the parabola y=a + 6ir+ca;2 between the 

ordinate at x=a and the ordinate at If a= -A and a-h, 

what is the answer ? 

10. The ]^rabola y^a-\-hx\€x^ passes through three points 

whose co-ordinates are - A, ; 0, ; A, y^. Insert these values, 
and find a, h, and c in terinh of the quantities and A. 

11. The following quantities measured in a laboratory are thought 
to follow the law y-aA“*. Try if this is so, and, if so, W the 
most probable values of a and h. There are errors of observation. 


X 

01 

0-2 

0-4 

0-6 

10 ! 

1 

1-5 

1 2-0 

y 

350 

316 

120 

63 

12 - 86 ' 

2-57 

0-425 


12. The equilibrium position for a certain governor is that a 
ball should be at a certain distance r from an axis about which 
it revolves, when the centrifugal force is equal to 

200 + 8QA 

___ A 

where A->/2'^-r®. 

Now a certain mathematical investigation becomes too complex 
if this law is used, whereas it is known that, it the centrifugal 
force were equal to hr -a where a and h are mere numbers, the 
investigation would l>e easy. Find if there is approximately such 
a law within the limits r = 0‘o and r=0’7, and what is the maximum 
error in making such an assumption ? 

18. One of the three premium systems used in workshops is 
this 

If //■ is the number of hours usually allowed for a job ; the man 
does it in less time, say, A hours. The usual pay in the shop is p 
pence per hour ; the premium paid to the man is 

2 ’ 

and he is also paid hp. 

If r pence per hour is the cost of tools and share of total shop 
charges, the master would have paid Hip + r) for the job. He now 
pays /* + A(p + r). 

If is 20 and p is 10 and r is 4, find the total payment to the 
man for the job and by the hour and also the saving to the master 
on the job ; tabulate your answers for the following values of A : 
20, 16, 10. 
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1. (a) Without using logarithiuB^mpute by oontraoted methods 
80 that four dgnifioant figures &e correct, 9'325x 0*02066 and 
9*325 ^0*02066. 

(6) Using logarithms, compute 

(6*603 x0‘06723)~»^. 

(c) Write down the values of 

sin 20r, 008 123*, ton 325“. 

(d) Express (2r+l*38)/(x* + l-38ar-24*6) 
as the sum of two simpler fractions. 

2. Find, with tliree significant figures aoourate, a root (rf 

+ z 1(^10^ - 4*82= 0. 

3. The following tests were made on a steani-eleotrio-mnerator ; 
11' is weight of steam in pounds used per hour ; A is the output 
in kilowatts 


1 ^ 

3942 

3105 

1907 

910 

1 w 

1 80400 

68100 

60200 

35100 { 


Find if there is a simple approximate law connecting W and A. 
State the meaning of W/K m words ; call it w. Express w in 
terms of A. 


A By tabulation give, approximately, a table oi values of 

(a) (5) jv’dz 

if the following values of x and y are given : — 


X 

0 

0-01 

0-02 

003 

O-OI 

0*03 

IQIlll 

0*07 

0*06 

0*09 

y 1 

i-acTe 



1^774 1 

1*7003 

1*8801 

2*0000 

2*1918 

2*4281 

2*7821 


6. If r is the radius of a heavenly body A, I the distance of 
another heavenly iif, of mam m, from A’s centre. Then 
M/{l+rf and w»/(f-rp are the acoelerations towards 3f at points 
on E Ihjrthest from aid nearest to M. The tide pnducing actions 
at time pdnts »e tiieir differences from m/f* whion is the accelera- 
tioft at .^8 centre ; prove that the tide produoing effect of M is 
inlnsnely twoportional to the cube of the distonoe when I is large 
odiapared witn r. 
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- „ M d;^y ,dM „ ^ dS 


Let w be a constant. Find S. Let S= If, a constant, when 
Find At and let il/'=0 when x=L 

1 constant. Find 

dx 


c 18 a given c 


and let its value be 0 when x=0. 
when a:=0. 


7. If 


dp_ 

dJi~~ 


Find y and let its value be 0 

M7 


and if «f <xp where c is a constant. Find p in terms of h. If 
pacwt, express t in terms of h introducing constant. 


8. The total cost C of a ship per hour (including interest, 
depreciation, wages, coal, ftc. ) is in pounds 


where s is the speed of the ship in knots. 

Express the total cost of a passage of 3,000 miles in terms of 8. 
What valne of s will make this tot^ cost a minimum? At speeds 
10 percent, less and greater than this, compare the total cost with 
its minimum value. 


9. The curve y—a-¥bc* passes through the three points 3:=0, 
y = 26'62; a: = l, y =.35-70; a:=2, y =49*81, find a, &, and c. What 
is the area of the curve from the ordinate at a; = 0 to the ordinate 
at x=2? 


10. Describe a method of finding whether a given curve follows, 
approximately, the law y = a + 5a:'' or j/=6(x + a)" or y=a + be“. 
Logarithmic paper must not be used ; the work can be done on 
ordinary drawing paper using Tee and set squares. 

U. If y = 0 8in^^^ and x=l)sin {qt-r) where i is time and a, q, 5, c 
are constants; if q-^rfT where T is the periodic time. Find 
the average value of xy during the time T, 


19. Q being the rate of flow of water per second over a sharp- 
edged notch of length f, the height of the surface of nearly still 
water (some distance back) above the sill being A; it hM been 
prov^ that the empirical formula olitained by Dr; Francis is also a 

rational formula ; it is / ] \ , 

Q^{l-^hjh 




Now an inoorreot formula is sometimes used 
Q = dh^/^. 

Show that for a given f, although a constant c may be found 
which will give a correct answer for one value of A, it must give 
inoorreot answers for all other values of A, 
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18. If I is n/ - 1, write down the values of i*, •*, Find 

\^17 + 30i, Vi, 1 4 Vi each in the shape a + hi. 

If a + M operating upon singt (where t is the variable and q is 
a constant) gives a sin gt + h cos qt^ find three answers, the effects of 
operating with Vl7+30i, Vi and 1 -rVi upon sin 

11 Get instructions from Q. 13. 

The voltage applied at the sending end of a long telephone line 
being Vo sin qt^ the current entering the line is 



where, per unit length of cable, r is resistance, I is inductance, s is 
leakance, and k is permittance, or capacity. 

If r=6 ohms, /^O-OOS Henries, A = 5xl0“® farads, s=:3xl0“* 
Mho, and if 7=:6,(X)0, find the current. 

Note. --T here is a quicker method of working than what is 
indicated in Q. i3» using Deraoivre. You may use it if you please. 

16. Air is pumped into an elastic spherical bag at the rate of 
6 cub. in. per kc. Find the rate of increase of the diameter and 
the surface when the diameter is (a) 6*5 in., (6) 9*5 in. 

16. (0) A tank having a square base and vertical sides is to be 
made from 80 sq. ft. of sheet metal. Find side of base and height 
vhen the volume is a maximum ; (5) find length of side of square base, 
height, and least amount of material required for a tank if the volume 
is 13*5 cub. ft. * 

17. Show that the curve y=:(W*+te + c (where a, 6, and c are 
constants) can have no max. or min. value if a and b have the same 
sign. Verify when a =4, 6 = 3. 

18. Find the volume of the solid ranerated by the revolution of 
the curve y* = 5ar about the axis of a:, between the values 2 = 0, x = 4. 

19. If F is the volume, r the radius, and h the height of a cylinder, 
find the rate of increase of volume per unit increase of radius when 
r = !0-5in., A^30in. Find the dimensions when A = r, so that a 
change of 1 in. in the radius causes a change of 633 cub. in. in the 
volume. ^ 






1 . (a) Compute by contracted methods, correct to four significant 
figures and without using logarithms, 

0*02351 xt)3*0‘2 and 63*02^0-02351. 


(6) Compute, using logarithms, 

(0-5673 X 8 *421 )i» {0-03185)«, (5-731)-i^. 

(c) Find log^*(542. 

(d) VVrite down the values of sin 52'’, cos 140", tan220", coa340", 
sin 3^". 


2. (a) One terrestrial globe is three times the Miameter of the 
other. The area of England on the larger globe is 0*52 square 
inch j what is the area of England on the other? 

(b) One oubic inch of copper weighs 0-32 lb, A circular plate of 
copper 5 inches diameter weighs 0 248 lb. ; what is its average 
thickness? 


(c) The difference of x and y is 3 ’56 and the difference of their 
squares is 18*54, find x and j 


8. (a) If 


A=P 




If A is 3*25 P when n is 15, find r. 

{b) xy* is constant When x is 1, y is 1 ; when x is 2, y is 0*6 j 
find n. 


(c) 




If 6=1, d=2, f==20, ir=100 and D^'OOOS, find JE. 

jf /= - a-t- and p =a + ^ where a and 6 are constants. 

If p=0 when f = 10, and p= 100 when r=5, find/ when r is 10. 
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4 , In the Hartnell governor, oalonUte n the revolutions per 
minute when the balls, each of weight w=3 lb., are r fert from the 
axis. 6 depends on the stiflfheas of me sprinK ; meke it And a 
depends cm the amount of tightening up of the spring ; make it - 2. 
Let / the friction be 1. C^oulat«^the speeds for r='55, '60 and 
■45. Find the highest and lowest of these speeds using both + 
and - signs with^ 

5. If t is the time (in weeks) after the birth of a baby and w is the 
observed weight of the baby in pounds ; show the relation of ifl to i 
on squared paper. 


t \ 

0 

Oi 

6 

“7^ 

to j 

61 

6-75 


91 


Draw a curve lying fairly among the points. Choose three pointc 
on this curve and find the law 

+ ii + d^ 

which satisfies them. Try for one of the observed times how much 
error there is in the formula. 

To show how wrong it is to extrapolate, calculate to from the 
formula for ^ = IQO we^s. 

6. In a submarine cable, if d is the diameter of the oopper wire 
and D is the diameter of the gutta peroha covering ; the distance to 
which reat^ble signals may be sent is greater as 

* y=d*log^ is greater. 

Take J) os 10. For various values of d calculate y and plot on 
squared paper. What value of d is best ? 

7. Forty-four students were supposed to attend a certain drawing 
from 10 a.m. to 1 p.m., Saturday, February 6tb, 1909. The 

numbers x ent^ng the ouilding and signing the attendance book 
and presumably staying, and the nnm1^ of real workers y, are 
as followB ; 


Time 

10.ojl0.16 

^2 

|BfH 

11^ 


12.0 





X 

I 4 


o 

11 

17 

18 

19 

Bl 

El 

El 

□ 


[I 

7 

ig 

11 

16 

16 

E 

u 

8 

7 
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Plot X and time and y and time on squared paper. In each, caw 
find the total number of student-hours and find each as a percentage 
of 132, the greatest possible number. 

8. A steamship at the following speeds {v knots) uses the follow- 
ing Indicated Horse Power P. * 


V 

10 

12 

14 

16 

; 18 

20 

p 

1066 

1912 

3216 ! 

4951 ! 

7361 

10355 


Find if there is a law of the form and if bo, what are the 

most probably correct values of a and n. There are experimental 
errors in the observed values of v and P, 

9. A copter wire of radius r, is coated with iron to an outside 
radius Vq. The self-induction I Henries per mile is 

;=3-ll^lO-Vlog,^ 

^i 

where fn the permeability may be taken to be 300. If fis to be 0’04 
and Tj is 0*0122 inch, find r^. 

10. Draw the curve y — l0>Jx from 3:=1 to a:=9. The curve 
rotates about the axis of x generating a surface of revolution. 
Imagine the solid divided up into a sufficient number of thin slices 
by planes at right angles to x ; add up the volumes of these slices 
from x = l to x=9. 

• 

11. There is a value of x between 15 and 20 which satisfies the 
following equation i 

2‘51ogx + ^=6‘35; 

find it. Logx is the common logarithm of x, 

12. A lever moves about a pin ; its angular displacement from a 
certain position is 0 at the time t seconds. 


0 

■587 

*759 

•923 

1*074 

1-207 

T319 

t 

0 

0 01 ^ 

002 

0 03 

0*04 

0-05 


Find its average angular velocity during each inter\^l of time end 
the probable angular acceleration at the time 0*03. The angle 0 is 
in r^ians. 

18. If where s is the space in feet which has been passed 

through by a body in t seconds, find s when i = l0, find the 
space when < = 10-i-m. What is the distance passed through in 
tfminterval of m seconds after i=l01 What is the average yeed 
during this interval ? What is this as m geU to be very smaU T 
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1. (a) Compute by oontraated methods, correct to four significant 
figures and without using logarithms, 

0-02351 X 0 1367 and 6-321 -f 0-01367. 

(6) Compute, using lo^ithras (0*1972 -i- 1*567)“®'*^. 

(c) If 

where t is 273 + find ^ for these values of 20, 100, 150. 

(d) Write doun the values of sin ISO", cos 150”, cos 220”, tan 220”. 

2. A telephonic current of frequency ^ becomes of the value 

C- sin [pt-gx) 
in the distance x miles, where 

gives the value of h if the minus sign be taken and the value of g if 
the + sign be taken ; t is time in seconds ; the frequency is 600 ; 
k is 0-05 X 10“* farads per mile, r is 88 ohms per mile. Find the 
distance in which the amplitude is halved, first when ^ = 0, 

second when / =0*2 Henries per mile. In each case find the lag gx. 

8 . It is thought that there is a law y=a\o^cx connecting the 
following experimental quantities. Try if it is so, and if so, find 
the prol^ble values of a and c. 



4. t weeks being the age of a baby, its weight w lb. was measured ; 
show the relation of to to < on squar^ paper. 
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It is supposed that there is a law 

w-a + bt + c^. 

, Pind the probable values of a, b and c. If this law holds for three 
more weeks, find w when t 11, When the baby is 11 weeks 
old, what will be the rate per week at which its weight is 
increasing ? 


6 . The curve y~\0fjx rotates about the axis of x generating a 
surface of revolution. Find the volume between the plane cross- 
sections at a: = 1 and x=:9. 

6 . A vector a is changing in direction and magnitude ; what is ^ 

at 

if t is time? Illustrate this by one example, say, by centripetal 
acceleration of a point moving with constant speed in a circular 
path^ 

7. By tabulation give, approximately, a table of values of 



if the following values of x and y are given. Let A be 0 when x is 
0. Plot y and x on squared paper. 


X 

0 

•1 

-2 

■3 

•4 

•5 

*6 

y 

1 - 066.3 j 1-6774 

1-80021 

1-9391 

1 2-1000 

1 2-2918 

2 5-281 


Draw a curve showing A and x. 


8. Describe a method of finding whether a given curve follows 
approximately the law 

y-a + fex" 
or y^b{x + a)'^ 
or y=o-t-fcfi^. 


logarithmic paper must not be used ; the work can be done on 
ordinary drawing paper using tee and set squares. 


9, Simplify to the form a -{-/3i (where i means the expression 


10. ny=Ofling<andx = 6ain(q<-c), whereiis time and tr, q, &,c 
ore constants ; if q=2ir/r, where T is the periodic time; find the 
average value of xy during the time T. 
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11. A quantity of air ohangee in volume and prenure in the 
following way ; 


• 

7 

7-4 

7-6 

< 

7*8 

8 

9 

p 1 

65^ 

143-2 

177 '7 

-201-7 

208-2 

186-2 


It is knoan that if H is the heat reoeived by it, 

. dH I { dp \ 

Oompute this approximately at the middle <rf each interval 8r. 
Plot the values ot both p and h as ordinates on squared paper, 
plotting V horizontally. The value of y is 1 '4. 

13. The time of osoillation of the pendulum of a clock is 



where a is a constant and W is the weight of the pendulum. If the 
boh is a coil of wire through which a current t flows ; if there is 
another coil fixed to the bottom of the case through which the 
current G flows, so that the weight of the pendulum is increased by 
an amount proportional to cC, this being a small fraction of M'; 
show that the gain of the clock per hour represents the time integral 
of eC, Usually cO is proportional to electrical power, so that the 
clock indicates eflergy. 

13. If a crank of an ordinary engine toms at a uniform rate, show 
that the motion of the orosshead is approximately a simple harmonic 
motion plus its octave. 

lA From the oomers of a square ^eet of metal of 13 in. side 
small squares are cut out and the edges turned up to make a box. 
Find the length of side of the small squares so that the volume of 
the box is a maximum. 

15. Find tiie max. and mean ordinates of curve 

15 . A box wiUi lid, sides vertical, volume 5*6 cub. ft. is to be made 
from tire amaUest amount of ^eet metal, thkkr^ras of Immo twice the 
Ud and sides. Find dimenaiona. (Square base.) 





1. (o) Without using logarithms, compute by contracted methods 
to four significant figures 

5306 x 0-07632 -^73•15. 

(6) Using logarithms, compute 

{‘2215-i-4139)'»». 

(c) The value of g, the acceleration (in centimetres per second per 
second) due to gravity in latitude I, is (approximately) 

980*62 -2 '6 C06 21, 

Calculate this for the latitude SZ’. 

(d) The gunners’ rule is that one halfpenny (the diameter of a 
lialfpenny is one inch) subtends an angle of one minute at the 
distance of 100 yards. What is the percentage error in this rule? 

8. (a) A h(rflow cylinder of outside diameter D and radial thick- 
ness < is of length 1. What is its volume ? If i) is 4 inches and 
( =0*5 inch, if the volume is 20 cubic inches, find 1. 

(&) Two similar ships A and B are loaded similarly. B is twice 
the length of A, The wetted area of A is 12,000 square feet Mid 
its displacement 1500 tons. State the wetted area and displacement 
otB. 

(c) The cross-seotion of a stream divided by the wetted perimeter 
of the channel in which it fiowi is called its Hydraulic Mean Depth. 
What are the Hydraulic Mean Depths when water flows in a pipe 
of diameter d (i) when the water fills the pipe, (ii) when it only 
half fills the pipe ? 

(d) What is the number of which *6314 is the Naperian logarithm ? 

8. (o) If jtp»=« { if a? is 5 when yis 10, and if x is 11 when y is 8, 

find n and a. What is the value of y when a: is 7 ? 
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{&) The velocity of soimd in air is OB'Sn/T feet per second where i 
is the abeolute temperature GeDtigrade« that is the ordinary tem- 
perature plus 273. What is the fraotioiial change of velocity where 
the temperature alters from l(f G, to 15*' C. ? 

(c) Assuming the earth to be a spRere of 8000 miles diameter^ what 
is the oiroumiereDoe of the parcel of latitude 52”? The earth 
makes one revolution in 24 hours (approximately) r what is the 
speed at latitude 52* in miles per hour ? 

4 . There is a natural reservoir with irregular sides. When 6lled 
with water to the vertical height h feet above the lowest point, the 
following is the area A of the water surface in thousands of square 
feet: 


A ' 

! 0 1 

5 

10 

i20l 

30 

42 ' 

50 

65 1 

75 

7 | 

; 0 

220 

322 

435 

1 505 

1 

560 

586 

617 

624 


Find the avera^ value of A between A=: 10 and A =65, 

What is A when A is 36? Find the volume of water which would 
raise the surface from A =35} to A = 36}. 

6. The energy stored in similar fly-wheels is E=act^®, where d 
is the diameter and n the revolutions per minute ; a is a constant. 
A wheel whoee diameter is 5 feet, revolving at 100 revolutions per 
minute, storw 18,500 ft. -lb., find a. What is the diameter of a 
similar fly-wheel which will increase its store by 10,000 ft. -lb. when 
its speed increases from 149 to 151 revolutions per minute ? 

6 . There is a root of a:*-^5x-ll=0 between 1 and 2: find it, 
using squared paper, accurately to four significant figures. 

7, A steamer is moving at 20 feet per second towards the east ; 
the passengers notice that the smoke from the funnel streams ofl 
apparently towards the south-west with a speed of 10 feet per 
second ; what is the real speed of the wind uid what is its direction ? 
If solved by actual drawing, the work must be accurately done. 

1. If y=20+^y^ + ^, take various values of x from 10 to 50 and 
caloolate y. Plot on squared paper. What straight line ii^ree!^ 
with the curve most nearly between these values? Express it in 
the shape y=a + Ax. 

9 . If the force which retards the falling of an object in a fluid is 
proportional to where v is the velocity of falling and s is the area 
of tne surface of the object, and if the force which accelerates falling 
is the weight of the oniect, show that as objects are smaller they 
{Ml more mid more slowly. 

Recollect that of similar objects made of the same materials the 
weights are as the cubes, the surfaces are as the squares of like 
dimensiaiis. 





EXAMINATION PAPERS. 673 

10. A sliding piece is at the distance 8 feet from a point in its 
path at the time t seconds. Do not plot a and L What is the 
average speed in each interval of time? Assume that this is really 
the speed in the middle of the interval, and now plot time and speed 
on squared paper. 



1 0000 

V1054 

1*2146 

1*3246 

1*4432 

1*5624 j 1*6857 

1*8118 

ii 

0 ' 

0*1 

0*2 

0*3 1 

0*4 1 

0*5 

0*6 

0*7 


(i) What is the approximate increase in speed between ^=0‘25 
and i=0'35? (ii) What is approximately the acceleration when 
t=0-3? 

11. The sections of the two ends of a barrel are each 12*35 square 
feet; the middle section is 14*16 square feet; the axial length of 
the ^rrel is 5 feet ; what is its volume ? 

12. There is a machine consisting of two parts, whose weights are 
X and y. The cost of the machine in pounds is 12a; + 5y. The 
power of the machine is proportional to ary. Find ar and y if the 
ciffit is lOW. and if we desire to have the greatest power possible. 
Use squared paper if you please. 

13. According to a certain hypothesis the tensile stress in a 
rectangular section of an iron hook at a distance y from a certain 
line through the centre of the section is proportional to 



When ff = 10 and c-1, calculate p for various values of y from 
y = 5 to - 5, and plot on souared pai^er. (i) What is the average 
value of J9? (ii) For what value of y is the stress zero? 


m 

1. (a) Without using logarithms, compute by contracted methods 
so that four significant figures shall be cometf 
5*.'^06 x 0*07632-^ 73*15. 

(6) Using logarithms, compute 

(29*l5-f4‘139)-“'“. 
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(tf) The len^hB of a degree of latitude and longitude, in oenti* 
metres, in latitude I are 

ain‘317-5'688ooef)10« 

and (UU'164ooe;-*950oos3f)l(P. 

The length of a sea mile (or 6082 feet) is 185,380 om. What are 
the lengths of a miniUe of latitude and of a minute of in 

sea miles in the latitude 52” ? 

S. A telephonio current of frequency ^ becomes of the value 

C=CVJ-**Bin{pt-^) 
in the distance of x miles, where 

gives the value of & if the minus sign be taken and the value of g if 
the plus sign be taken. When is very large, what are the values 

of h and g approximately ? If k -0*015 x 10~*, r=88, and p=5000, 
take two cases, (i) when ][s0, and (ii) when /=0’3, a^ in each case 
find the distance x in which the ampUtnde C is halved. 

3. Find the value of oQshO'l(l + i), vdiere i means 

4 . To find the volume of part of a wedge, Uie frustum of a 
pyramid, or of aeone, of part of a railway cutting or embankment, 
etc., we use the “ Krismoidal Formula,” which is *' The sum of the 
areas of the end sections and four times the mid section, all divided 
by 6, is the average section ; this multiplied by the total length is 
the whole volume.” Under what circumstuicea is this rule perfectly 
correct? Prove its correctness. 

5 . If z=^+2^ and if y is as tabulated, find z approximately. 
Show both y and z as functions of x in curves. 


i 


n 


Q| 

B 

n 

i 


El 

H 

B 




6. A body capable of datpped vibration is acted on by simply 
varying force which has a frequency /. If x is the dimlac^ment of 
the body at any instfunt and if the motion is defined by 

dhi jiz ^ • n A 

ve with to study the forced vibration. 







8 . There is a table giving values of ^ in terms of x and another 
giving values of u in terms of y. What is u when 3C=8*3 ? 



9 . K;w=10(h, and p=3000 when <^300, find V. Ifp=3010and 
<=:302, find the new r. If the second set of values be called 
3000 + 300 + 3i, and r + iv, what is Sw ? Now use the forraub 



and calculate 9v in the new way. Why is there an error in the 
answer ? 


10 . The value of y, a periodic function of t, is here given for 
12 equidistant values of t covering the whole period. Express y m 
a Fourier Series. 

13-602 18-468 20671 20 182 17-820 14-346 

10-130 5-612 1*877 *486 2 500 7 '506 

It ought not to be necessary to say that 18'468 is the second 
value. 


n. To solve j:*-20ir + 9=0 craphically, it is evident ^at we 
desire the value of x which will cause a:* to be eq^l to ; 

plot therefore the curve y = r>, and plot the strajgh^e -9^ 

Where they intersect we have the value of x desired. 
trial is made it will be found that there are three answers ; what 


are they? 
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li. On the iodioator diagram of a gas endne the following are 
some readings of p preesore u\d v volume. The rate of reception of 
heat (if the gases are suppcxied to be receiving heat from an outside 
souroe and not from their own ohemioal action) is 

where k and the important speoifio heats, are such .that 
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57ft 


'r- 


xra. 


* 1, {a) Without using logarithms, compute by contracted methods, 
to four significant figures, '> 

0-009216X 116 06 -r 13014. 

(h) Using logarithms, find the value of 

0 009216 X 116-1 -M3‘0L 
Then raise your answer to the power 0‘4343. 

(c) Write down the values of the sine, cosine and tangent of 

170'“ and 1 'iv radians. 

(d) Find the two square roots of 2-6 - 3-lt by first reducing it to 
the form r (cos 0 + i sin 9). The symbol i stands for . 

2, Simpson's second rule is based on the property that for any 
four eijuidistant ordinates of the curve 

y-a + bx+cx^+ds^ 

the mean ordinate is given by the formula 

ym=-s(!'i + %2+%3 + y4) 

Prove this. State the rule. 


8. Calculate u and ^ when i=344, having given 
(U • 

, 1518 122500 

logioP = 6-I007--^ 


4. Tlie following measurements were made from the expansion 
curve of an indicator diagram : 


1 ^ 

1 1 

2 

3 

4 

5 1 

6 

1 

1 231 ' 

1 151 

109 

84 i 

67 

56 


It is desired to represent the curve approximately by the equation 
y(j: + a)"=fc. 

Try whether this is permissible, and, if so, find good average 
values for a, 6 and n. 

5. A rectongular plot of ground, 40 yards by 30 yards, is divided 
into twelve equal squares in plan. The heights of the ground at 
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the comers of the sqmires, in feet above datum level, are given 
systematioally in the following table ; 


4*8 

3*9 

2*9 

l*v8 

1*0 

6-1 

6*0 

4*7 

35 

1*8 

4*0 

7*2 

6*7 • 

4« 

2*8 

2*0 

1 4-5 

1 5*8 

4*6 

2*5 


Estimate the mean height uf the pluU 

Draw a plan to a actile of 1 inch to 10 yards, and on it show a 
horizontal contour or section of the ground at ilte level of 4 feet. 

8. Supi>[>8e y to be some known function of x and let K be its 
integral jydx. Sketch approximately, wi a common Ikwc, any 

such TOir of y and Y curves, and point out some relationships that 
exist between them. 

Give the values of ^ and jydx in the two following cases : 
y=a(6x + c)“* ; y=:2:cos!?ar. 

7 . A surface of revolution is formed by the rotation of the curve 
y= 1 +28iiix alwut the axis of x. 

Find the volume enclosed by the surface between the transverse 
planes at ar = - J and * =5 t. 

D 6 


8 . Compute sinh a;, (a) when ar=l'5; (l») when x=l+ 0 - 7 i. The 
symbol i means V - 1. 

8. Tlie following equation refers to a forced vibration, with 
damping: dV . . 

jp + V^+n'r=r.V 

State the meanings to be attached to the various terras of the equa- 
tion. Yon may take either a mechanical or an electrical illustration. 

Find the motion, after U>e natural vibration has been damped 
out, for conditions in which /=1, n*=10 and y=38m2/. 

10 . What is meant hy the rate of increase of A with time, 
at 

wiiefe A is a vector quantity ? 

A point moving in a plane had the positions, at successive 
intervals each of 0*01 second, given by the vectors : 

J?j^0’427;r. J?.^0*39^, 

where the angles define direction. 

dR 

Find approximately the velocity of the point when in the 
^vea Biodle poeitkm. ^ 
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11. Find the moment of inertia of a ^ ^ 

eaoli equal aide of which is a, about an axis through its centre of 
gravity parallel to one of its ecjual sides. 

The section of a chimney shi^t consists of two concentric regular 
octagons. The radii of the inscribed circles are R and r; the thick- 
ness of the brickwork 4s thus R-r. . Determine the moment of 
inertia of the section about a symmetrical axis in its plane parallel 
to pairs of sides. 

12 , A line OR, 3 inches long, makes acute angles a, ^ and 7 with 
three mutually perpendicular axes of reference OX, OY and OZ. 
If a=52“, = find 7. 

A plane through R, perpendicular to OR, has the equation 

X y z . 

- -^7 + - = 1 . 

a b c 

Finds, b and c. 

What is the area of the triangle formed by the traces of this plane 
on the three planes of reference YZ, ZX and A F ? 

12 . An eteotrically propelled car was fitted with a recording 
accelerometer* the drum of which w.as driven by gearing connected 
to the wheels. 

When tlie car had travelled x feet from its position of rest, the 
acceleration, y ft./sec.^ was measured from the diagram as follows : 


X 

0 

10 1 

20 ' 

30 

40 

1 50 
L-* 

60 

y 

3*60 

2*19 

1*35 

j 0-80 ’ 

051 

0-41 

0*32 


Show by a diagram how y varies with x, , > 1 

Determine approximately the speed 1; of the car for various values 
of X , using the equation 

ydx. 

Draw a curve showing r as a function of x, and measure the speed 
when x=60. 

14. In a portion of an electric circuit let c be the current and v 
the voltage Terence at the ends. Then it is known tatt 


V ~ + 


, Te) ' 

where for this portion R is the ohmio resistance, L the self-mduction, 
K the capacity of a condenser, and $ means the operator 
Solve this equation for the alternating current e^c,smqt. 
Illttstrate your answer by a vector diagram. 

Show tlit by suitably proportioning f 
8eU-induoti<m and condenser may be made to nentoOme one anowwr. 




APPENDIX. 

MENSURATION {(7<»U*ntt«i). 

Prismoid&l formnlae.— Two closed curves or insular poly> 
^ns in parallel planes, joined by a developable surface, such as 
the frustum of a cone, or pyramid, form a priamdd. 

If and denote the areas of the two ends and y^ the area 
midway between them, 

Average section^ ji(yo+4yj (1) 

Volume of wild =:> (average section) x (length). 

Referring to p. 417, it will be seen that (1) and (2) are merely 
Simpson’s Rule for three ordinates, 

i.e. average «rdiiiate==^(yo+4yi+yj)-r2««i(yo+4y,+3^,). 

Ex. 1. The base of a square pyramid is a square of 4 in. side, 
upper face 2 in. side, height of frustum 5 in. Find the volume. 

Length of side of inid‘flection=T(4-f2)-3 in. 

Average section ^ {4* + 4 x 3^ + 2?) = 

Volumes 5= 46*67 cub. in. 

Sx. 2. The base of the frustum of a cone is 4 in. diameter, the 
upper face 2 in. diameter, height of fmstum 5 in. Find the volume. 

Average section = J(4*+4x3* + 2?)^=-J- 
Volnme=^x 5 = 36*66 Cfub. in. 

The xeenlts in both cases are the same as those obtained by using 
equations (ii) snd (iv), p. 210. 
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J railway cutting the cross-sections 15 yds. apart are 
go, m and 70 square yards respectively. Find the total volume of 
earthwork. 


Average section = 7(95 4 x 80 -h 70) ^ 80 sq. yds. 

Volume = 80 X 30 =2400 cub. yds. 

Ec. 4. The top of a reservoir with plane sides is a rectangle 
400 ft. by 70 ft. and the bottom a rectangle 100 ft. by 60 ft. Find 
the volume if the depth of the reservoir is 18 ft. 


Mid-section {400 +100) and J (70+50). 
area = 250 x 60=15000 8 q.ft., 

400 X 70 = 28000 sq. ft., 50 x 100=6000 sq. ft. 
Average section = :J-(28000 + 4x 15000+ 6000) 


Volume=^-^x 18 = 279000 cub. ft. 


Humonic motion. — Many expressions can be reduced to the 
form y=rt8in(6j?+c) given on p. 137. 


Ex, 1. If a: = aBinp^ + 5cosp^, where a, 6 and p are constants, 
show that tliis is the same as *=A 8in(pi + e)^ if A and e are 
properly evaluated. 

Using the formula for sin (.4 + E), p. 27, we obtain 
a? = X sinpi co^ e + A cos pi sin e. 

Also x=a8inpi + 6coepi. 

Ck)mparing coefficients, we obtain X cm g= a, X sine = 6. 

' Squaring and adding, X^(sin®e + cos®e)=a®+6® ; 


.. A. 


— Hi sme . 6 

\V + 6*, =tane=-- 

’ cose a 


Ex, 2. Express x=6 sin 4i + 5 cos 4< in the form X sin {4i + c). 

X = \/^68=7-81, tane = 3 -; c + 39"-8 or 0-6946radian8; 

/. a:=7-8Uin{4<+0*6946). 

Ex. 3. If r=i?U+iv^, and if f7=100sm600<, find V when 

fit 

i? is 2 and Z- =0*005. What is the lag of C (in degrees) behind V ? 
A8C=100Bin600(, ^=60000oO8(60«). 
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SubitituUiig, ra2008in600(+S06oM600t, 
>l=V20fl^Hr3W=?3^^ 
iloo8<=200, ^sine=d00; 
e==S6'’*3=0'989i|radian, 
r=3eO-68m(eOO<+0-983), 
lagof (7=5«“ -3. 

DemoiTTd’s theorem. — For any value of n, cos i i sin n$ is 
one of the values of (cos ^+iBm ^ (where i denotes •J^). 

Multiplying costt+isina by coeff+isinft the product is 
cos (a + + 1 sin (a + fi). 

AgaiQ» multiplying by cosy+isiny, the product is 

cos(a+^+y)+i8iD(a + j3+yX 

In this manner the product of any number of factors of the 
form cosa+t ein a may be obtained. 

If there are n such factors, each factor being cos ^+j’ sin 
we obtain (cos 0-f tsin d)"=:coeM^+t8innd. 

Opemtovt and imaginaries.— -An expression of the form 
<iir6, where a and b are any real niimbeis and i denotes 
(p. 112X may be assumed to be obtained by an operator which 
will rotate a line through a definite angle about an axis perpen- 
dicular to the line. 

If a line CA—(it then CA'= - a (Fig. Si, p. 135). Also, if i is 
an operator which will rotate the line CP from CA to CB^ 
ie. through 90^ then <75= 

The operator applied to CB will bring the line into the 
position CA ' ; 

<7A'=iC'5=i xta or 

or i=n/— I, 

Distances parallel to A A' may be denoted by letters, but 
distress pe^ndicular to A' are denoted by letters preceded 
by 1 or u Hence, as on p. 113, i*= - 1, -i, etc. 

Any complex quantity of the form a±bi may be expressed in 
the form r(cost/4*i8in^) by choosing the vatu^ of r and 6 so 
that rcosd^o^ rria Squaring and adding, 

f^(8in*tf-poo8*^)=a*+5* ; 

taa^=-. 

’ a 



Sx. 1. Exprew 5 + 4» in the form rtcosfl + tsin#), extract the* 
square root and express it in the form a+6i. 

r=x/5srf-42-6.403, tan^==*j a ff=38’4(y. 

Hence 5 + 4t = 6 •403(c(» 38“ 40' + i sin 38° 4(K) 

= 2-53 (cos 19“ 21' + i sin 19“ 20') 
or 2-53(0 9436 + i X 0-3310) =2'388 +0'8375t. 

Ex, 2. Express -2‘35 + l-96t in the form »*(cos&+»8inS), and 
extract the fourth root. 


r=\^2-35»+ 1-96^ = 3-061, taufl=-: 


(?=140°10'. 


- 2-35 + 1 -oei^s-oei (cos 140“ 10' + » sin 140“ 10'), 


4^-2‘35+l-Wi="4^^(' 


cos 140“ K/ .sin 140“ m 
+ , ^ 


= 1 *322(008 35“ S' + i Bin 35“ 8'), 

The results may also be written in the forms 

3-06U140“ ICT] ; l-322[35“3'] or 3-061 [140“-17]. 

Ex. 3. Express 5 + 4i in the form re«. 

As in Ex. 1 , r= 6-403, 0 = 38“ 40'=0-675 radian ; 

A fi + 4i=6-403«“«’®^ 

Ex. 4. Express 6 "403 (cos 38“ 40' 4 -j sin 38 40 ) in the form a+hi, 
6-403(cos 38* 40' + sin 38“ 40') 

= 6 -403 (0 7822 + 0 -6248i) = 5 + 4t. 

An expression of the form (o + 60 x («» -t- »») may be written in the 

form ^ •• A \ 

r(cos 0 + i sin 0) X rifcos 0i + » am 00 

= rr^ { 008 (0 + 0i) + i sin (0 -I- 0i) }. 

Similarly an expression of the form may be written 

r{ooa(0-0i)-»-»8in(0-0i)}. 

r. 


U.P.M. 



586 A MANUAL OF PRAOHOAL MATHEMATICS. 

I H 

Ex* 5. Exi^ess 5+3i in the form r(oo6 94-i8in^), expr^ 2-5i 
also ia this form. Divide the first of these by the second, extract 
the aqnare root and write the answer in the form a+ 

rW3^=5'831, tan^=|; ^=30*58'. 

ri=N/^+^= 5-385, tan^,= -|; -^68' 12^. 

^;==f|g{oo8(3(r58'-f68^ 12') + »ein(30*58' + 68*12')} 

Z “ OJ O «Km 

^ 1 -082 (COS 99* KK + 1 sin 99* ](r), 
h>nao f^^* 10" ■ .sin99*l(K\ 

= 1 *041 (ooe 49° 35' -i - 1 sin 49* 350 ; 
l-041(0-6483+07613i)=0-6748 + 0-7925i. 

Ex.6. Showthat(i)>/i=0-707 + 0-707i; (ii)l-r*yi=0-707-0707i. 
As I = l(co8 90" + i3in90*), 

^/i=: 1 (cos 45 * +*810 45*) or =0*707 + 0-707*. 


Ex, 7. A fly-wheel is rotating at a radians per second at the 
time t seconds. If .¥ is the moment acting, if fa is a fluid friction 
and is the only resistance, and / the moment of inertia of the wheel, 

Take/= 200 and 7= 5000; find 37 if a =20 +0*1 sin 12^ 

Aaa=20 + 0-l8ml2f, ^=l*2oo8ia. 

(U 

Substituting these valnes, we obtain 

i7=:/(20+0-l sin la) + 5000 X 1 -2008 12< 

=4000 + 20 sin 122 + 6000COS 12t. 

As a+ht may be put in the form r(cos9+t8in^), if this operates 
upon the result is nrsin(^ + tf). 


8. Operate with 6 + 4* upon 5 sin qL 
From Ex. 1, 5+ 4*=6*403(oos38*40'+isin38*40'). 

Hence the result is 5 x 6*403 sin (^4 + 38* 40^) = 32 sin (^f + 38* 40'). 


Ex. 9. Show that the valnes of V17+30*, ^/t, and 1+Vi are 


6*073+2*956*, 




and ooa46*->ain45* respectively. 



OPERATORS AND IMAGINARIES. 


Ex, 10. If a + t» operatiog upon singt (where i is the variable 
and q is constan t) gives aBinqt+boosqt, show that the effects of 
operating with »/[7 + 3W, V», and 1 -r n/? upon sin qt are 

5’0^Bingt+2'963oos^^, cos 45” sin + sin 45'’ oos 

and sin^gi--^ respectively. 

1 1 . Show that the value of cosh O'l (1 + i) is 1 0002 + 0-01001t. 
Ex, 12. The numerical value of ooshx when x is 0*3154 is I’OSO. 
Ex. 1 3. Express 3 - 4i in the form r (cos + j sin ^ ). 

Express - 5 + 6» also in this form. Divide the 6rst of these by the 
second, and show that the result is 0’6395 + 0-0324i. 

Ex. 14. Show that the cube root of -2'35 + 1*961 is 
0-9951 + 1 -0561. 


l>iffeientiatioiL and integration. -The methods indicated 
in Chapters XV. to XIX will enable the differentiation or 
integration of any ordinary expression to be effected. As it 
is difficult to remember the various integrals, it is advisable 
for a student to compile a complete list of them. 

Ex. 1. If what is An electric condenser, of 

" dx 

capacity K farads and leakage resistance B ohmsi has been charged, 
and the voltage is diminishing accordi^ to the law 

AK' 

Express v in terras of the time t sec. If X=0‘8 x 10“^ farad, if fl 
is noted to bo 30, and 15 sec. afterwards to be 26*43, find B, 



t 

KR' 


If when 
Hence 
or 
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The Napiedaa log of ^ 

’*■ ^ ^0-8 X 0- 1286^ ^ 

Ex. 2. The curve y=a«^ passes through the points x=l, 
p=&-5, and x=10, ^ = 12-6. Find a and h. This curve rotates 
about the axis of x. Find the volume between the sections 
x=^ia 

The given equation may be written l«gy-loga+ Sx c. 
sfubstitntiiig the given values, we obtain 


logK-G^loga + lObloge, (1) 

log 3 o = log a + 6 log e (2) 

Prom (1) and (2), a=3-030, 6 = 01423. 

Hence y=3-036e«-w®»*. 


f no 

Toktme^r |p*fltr=» / (3'036«?*‘***)*dx 

=T j^^9-217«***0da: ; 

Ex. 3. If the curve y= 1 rotates round the nris of x, the 

volnme between the cross-section at x = 0 and x = 10 is 2963. 

i^fETOXiiaAte difforestiatioiL — By the methods already 
indicated in Chapters XIV. and XV. it is pc^ible to differ- 
entiate a given expression when the relation between two 
variables is known. Approximate values may be obtained from 
tabulated values of twa variables. 

Ex. 1. Values of $ and t are as tabulated ; 6nd ~ in the middle 

*irf each interval. Find the value of ~ and ^ when 0=0*03 and 

.=o<r7. ■ * ^ 


‘ ! 

0 

■01 

■02 

•03 

■04 

•05 

•06 

•07 

■08 

•00 

gS 

253 

M 

23 



23 


23 




APPROXIMATE D5®TERBJlTIATIO^. 


Th© values of ds are found by subtracting consecutive values of s 
thuB» 0 '31 08 - 0 *2734 = 0 '0374. Proceeding in this manner, the follow- 
ing values may be obtained} also, as dt is 0*01, the values of ~ may 
be tabulated os follows : * 


i 

d 

•01 

•02 

•03 

■04 

■05 

•06 

•07 

■08 

•09 

8 

•2734 

•3108 

•3263 

•3382 

•3482 

-.3570 

•3650 

•3723 

•3792 

•3856 

(U 1 

•0374 -0155 -0119 *0100 -OOSS '0080 *0073 -0069 -0064 

(U j 
df. 1 

3-74 1*55 1 19 1-00 • 

^8 • 

^0 • 

73 

69 

64 


To find the value of ^ when x^ODS, it is only ilecessary to obtain 


the mean value thus, J (I '19 + 1 ‘00) := 1 '095. 

(Jo 

Similarly, when 8-0-07, — ^0*71. 

ds 

By subtracting consecutive values of ^ and dividing by 
values of ” may be obtained thus, O-OlMi-O'OlfiS^ -0 0036; 
hence when i=0'03, -36. 

Kx. 2. On the indicator diagram of a gas engine the following 
are some resadings of p pressure and r volume. The rate of reception 
of heat {if the gases are supposed to be receiving heat from an 
outside source and not from their own chemical action) is 



where k and A', the important specific heats, are such that 
K-k~ 


V 

2*0 

21 2‘2 2-3 

2-4 

2-5 

2-6 

2*7 2-8 

P 1 

84*6 

1 110 1 176 1 215 j 

231 

234 

1 226 

213 1 202 
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Find at three plaoea; where v:=;2'05, 3*55, and at the plaoe 
. dp 

of highest pressure. 

Whent?=2-05, |)=J(84-5+110t=07’26, 

rf» = n0- 84*5= 25-5, ^=255; 

dv 


-=97-25+(2+- 


)(97*25 + 2-05x256) 


=97‘25+2'6646 x 620= 1749*3, 

Wheiit?=3-65, p=|(146 + 140) = 143, 

^=- 60 : 

dv 

^=l43 + ^2+y^|^)(U3 - 3*55 x 60) 

= 143-3-692x70= -115-4, 

At the place of highest pressure, where p =234, e = 2-5 and 0 ; 

dv 


ApporoxilEUtte integration. —If corresponding values of X and 
y are tabulated, where y is a quantity which depends upon x, 

then by tabulating ^ for each interval and also tabulating y Sir, 
or 

an approximation to the value of the integral of y may be 
obtained. 


Ex. i. Giren the following values of x and y, 6nd by tabulation 
a table of values of A- J ydx: 



Bind the mm between r=0and 7=0*6. Verify by using Simpson's 
Rule. 














APPROXIMATE IJTTEGRATION, 


591 


Values of iy are obtained by subtracting consecutive values 
of y thus, 1 ’6774 - 1’5663 =0'1111 as fia:=0'l j hence — = 

I'd obtain values of y hx it is oi^y necessary to find mean values of 
y and multiply by O’l thus, ^ (1 ’6663 + 1 *6774) x 0 1 =0‘16218. The 
values of A=jydx are found by adding the values of yhx thus, 

0'162I8 + 0*17388 =0’33606. Other values may be obtained and 
tabulated as follows ; 


X 

0 

•1 


■3 

-4 

-5 

■6 

y 

1 1*5663 

1*6774 

. 1*8002 

1-9391 

1 2*10 

2*2918^ 

2-5261 


hx 


1*111, 1-228, 1-389, 1-609, 1-918, 2-363 


yix 


■16218, *17388, ‘18696, *20195, *21959, *24099 


jydx 1 0, '16218, ‘33606, '52302, *72497, *94456, 1*18555 


The area can also be obtained by Simpson's Rule, p. 199. 
Sum of end oi'dinate8 = 4-0944, 

,, even ,, =5*9083, * 

„ odd „ =3-9002. 

^ (4-0944 + 4 X 5-9083 + 2 X 3*9002) = 1 -1842. 


Ex. 2. The following values of x and y being given, tabulate 
SyjSx and 5A in each interval, SA being the area in the interval 
between two ordinates: 


X 

3 

4 

5 

6 

7 

8 

y 

1-75 

10-45 

19-08 

27 56 

35*84 

43-84 

X 1 9 

10 

11 

12 

13 


y 

61 6 

I 58-78 

65-61 

71*93 

77*71 



Show that the area A- jydxh 424-49, by Simpson’s Rule 424*58. 
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AFeta^ valties.— Thd average value of ainV from :ratO to 
may be found as follows : 

A8C082jr— l-28m*jr, *. sin*4:=^(l-oo82.p), 

j i(l - coe 2r) i sin 2a?^ = w. 

Hence avmnge valuet=area4-2ir=^. 

In a similar manner the average value of coe^j? from to 
j?s= 2 ir is found to be 


Ex, 1 . If y=fl sin 5 « and a:=&sin ( 9 *- c), where t is time and a, 
6 and c are constants ; if q — ^wITy where T is the pefriodio time, 
find the average value of xy during the time T, 
jf^-ol^sin j/sinly/ - c). 


, \jdiql = B\ xy-(i£sin<^Bin(d-c) 

=ahflin ^(sin 9008 c - cos ^ sin c) 

=aft sin’^cosc - rthaiii ^cos <?s]nc. 

TThe average value of sin^fJ = 1. Average value of sin 0 cos 0 is 0. 
average value of xy is ^ahcosc. 


SolntiOA oi triangles (cofc/muetf).— The solution of triangles 
ihas been explained in Obap. Vlll. ; in practice^ however^ it 
is better to use Ibe simple trigonometrical ratios. The methods 
adopted may be seen from the following example ; further 
exercises are given in £x. XVII. and Ex, XVill, 


Ex, The three sides of a triangle are ft = 51 ’.IS, 

.c==47'48. Find the remaining parts and the area. As in Fig. 46 
(p. 166), take the longest side as base, let p denote the length of the 
perpendicular BD^ x-AD and y^DC. Then, from the triangles 
ABB, BBC, 

a;»+p*=47-4«». j^+p»=39'38a. 

a:3-p*=86'86x81 ; also z+y = 5P38. 


x-y 


5x8-1 


13*^ 


51-38 

»=32-54. y = 18-84. 


COB 


32 64 
47-48* 


/. A==48‘44'. 


oobC- 


18-84 

'3W*38‘ 


C=61*25'andH=7l'6r. 


Ana= i (47-48 x 61 ‘38 sin 46* 44') 888-2. 


.Hence 




MISCELLANEOUS EXERCISES 


mu 


MiBcellaneous Ezerpises XLYI. 

I, If the volume 7 of a sphere is decreasing at the rate of 2 cub. ft. 
j)er sec., show that the rate of decrease of the radius is l-T- 27 r when t 

IS 1 ft. ^ 

2* If the radius of a soap bubble increases at the rate 0-1 in. per 
sec. ; find rate of incraase ot volume when the radius is 3 § in. 

8. Air is pumped into a spherical rubber bag at the rate of 5-5 
cub. in. per sec. ; find rate of increase of the diameter when the 
diametef Is 7*5 in. 

4 . The rfope of a curve is given by 

~ =({!:* -l)*+4a:; find y and 

5* Eor what value of x will the slope of the curve a:* have the 
value 12 ? 

9. The slope of a curve is ^=a? + 22i+3 ; if the curve passes 

through (4, 10), find its equation. 

7. Find (i) the least vsdue of a:* “ir + 1 ; (ii) the dope at z=J*4, 

8 . The gradient of a curve is given by (2 - 3x). If the curve 
passes through (2, -4), find its equation. 

9. If ^ ; find the increase in y when z increases from 4 to 9, 

dx »jx 

10. Find (i) the first and second derivatives of a:* - 4a:® -h&r - 8, 
(ii) ftod the max. and min. values. • 

II, A pit ia in the form of an inverted cone, the apex at a distance 
l*6r (where r is the radii^ at the surface). If the radius at the 
surface df the water is 6 ft,, and increasing at 6 in. per sec., at what 
rate is the volume of water increasing ? 

12, In a cylinderr=:ft where r denotes the radhis and A the height ; 
find the dim«msiona so that a change of 1 in, in the radius produces a 
cbcnge of 200 cub, in. in the volume. 

18, If 7 ±=6 + 71 wh^ 7 is the velocity of a body at a time i sec. ; 
find distance described from 1=3, to f =5. 

H The displacement of a moving body at a time i is : 

J=r6-9t+2t*. 

Find the speed When 1 = 5 ; also find time when speed is zero. 

15. If 3 dttiotes the space described in t sec. of a moving body ; 
find the velocity and acceleration when <=3. 

(i) s=rl0<«-30t+6; (ii) a=l* + 3f» -t* + 10 ; a=8-2 -6r2i+4i». 

19 . Explain how the operation denoted by ^ is used to dis* 

ting«iA 1 )elRrMnihemax.ai>dinm^ Detennin© 

the IMX. aid min. values df : 





mu A HANUAI^ OF PRACTICAL MATSEBIATICS 


Table Z. 

NATURAL COTANGENTS. 


[Kumbera in difference oolumns ^ be subtracted* ik^ added.] 











NATURAL COTANGENT^ 


TaUe X. 

NATURAL COTANGENTS. 

[Knmben In difference cotum^ to be subtracted, not added ] 
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17. A rectangular box without a lid* 9 in. Ions, is to be made of 
sheet metal ; its v(dume to be 81 cub. in. Fina dimensions when 
the least amount of material is used. 

18. An open oylindrioal tank, made of sheet iron with a flat b&se, 

is to hold 1^,000 gallons of w^tdl. Find the when the 

least amount of m^ is used. 

19. A rectangular playground* area 800 sq, yd., is* to be enoloa^ 
by three walla, using an existing wall for one side ; find lengths of 
aides lor least cost 

20. A fkUees box is made from a rectangular piece of sheet metal 
5 ft by 4 ft by cutting sm«dl squarm out of each comer mid bending 
remaining pie<^ through a right angle. Find the size of the squares 
when the box bos the greatest Tohnne. 

21. Tbe oonsumptioa of petrol is found to be proportional to 

(t speed V at which the oonsumptiem is least 

22. A cylinder made of sheet metal is required to hold 300 
gall(Mi8 of water ; find the dimensions for^e least amount of material, 
ti) no cover, (ii) cloecd top and bottom. 

23. The volume of water in a hemispherical vat of radius r ft is 
w(fa:* - where x is the depth. Water is poured in at the rate of 
a cub. ^ per min. Fmd tl» rate of mcrease of x when r=:fi ft., 
x=2-5 ft. 

24. In I sec. after its projection from the ^und* a bullot roaches 
aheight*giveAby*-13(«-16(». Whatis^? Find (i) value of ^ 

at t - 1*2* t=4-7. (it) Find 'U» time to roach the greatest height and 
to reach the ground again. 

25. lu the following d^erential ^utUiofu given ^* find y : 

(i) 4x*-3z + 4 ; (n) 4** +o* -4oV +2 ; 

(iii) <ic-to*-fc*^-a;‘+6 : (iv) x(2x-l)* ; 

(t)(*-4)(j;+ 2); (vi)3a. + p. 

£8. Giv«i ^=2x-6dc*. find y. If wken the value of the 
function is 390, find the value when x=:8. 

27. Show, by mtegra^on* tlmt the volume of that part iA a i^ere 
of raduMlO in., cut off by a plane at 3 in. from the centre* is — • 

28. Find the area between the axes and the enrve 4'3 x'>2x^ 
from to 

29. MsmifM the fanotin of x whiek ium 8n +4 llltts derivative 
«Bd ii 49 when x=3. 


ANSWERS. 


Exercises I, p. 10. 

t +!){(*“ +l 3*5174. 2. 0*238. 

3.' 3m * 


8 ^ 12 18 27 ’ 

6. £±| ; 0^5500. a 5-268. 
**+l 


a 0*2397. 
18. 1*0557- 


7. 3*46. 
U. 0*2236 ; 0*0556. 12. 

ab 


17, 


- ; 0-6188. 


14. 8a». 


18. 19. 1. 


ar>-r 

21. (o^ + o6 + 52)(a*_a5 + &*}(a*-a%H6*). 

22. (a:«+y»+a:y + l){r« + y«-xy-l): 

24. {4ar-6)(5x + 6). 25. (2y + 7)(a:-}-3). 

27. {ar -!)*(** + 2x + 3>. 28. a, 

30. 0*9659. 31. 9. 


18. 4-902. 

1 + fjx - 2a; 

I. (4a;-3y)(3a;-4v).. 


26. (5a:-7){a:-3a). 
29. x + 1. 

31 + 

a; - - 2 21-3 


36. i-. 

l-3x l-2a: 


1 


I 


3 


37. 


38. 


x+1 2:-2 


41 . + 

af-2 *-4 


X- 1 x+2 (x + 2)- 

39, _i 40. + 

ac-3 z-i-7 z-Z a:-4 

3 4 1 4 


x + 3 x-!^ 


42. 

x-i x-2 x-3 


x~l x+I 


44. (x-l*9)(x + 2*3). 

46. {x-20)(x+26). 

48. 2l(2xf6y)(2x~5y). 

51 

x»‘-2 ' 

58. 0-819. 


46. -(o-6)(6-c)(c-a). 

47. (;r4 2^/6).(x-■2^/6). 

49. (x-5*68Hx-3**24). 60. 

1-i® . 1 I 1 

‘ (l-3x)(l+x); 2(l-3xr 2(l+x)* 

_J 6 

3x~ 5 4x + 3 


w 

1 1 ■0872. 0*9128. 

7. 0*7431, -0*6947, 


Exercises H, P* 20. 

8.47-45'. 1^.120^. 

6 435*7. ^ 0*3927 milee. 

-0*6746. a 0*2688, -0*6691, 0*3249.^ 




6*702 radians. 11. 43“ 36\ 136" 26'. 

13. 7r36-6' 14. 31-42, 4M3. 15. 6-237 ft per see. 

17. 0-6283. 18, 0-3704, 2V 13'. 19. 687-6 ft 


Exercises m., p. 35. 

1. ffi; 8. "if. «• OC561. 7. 0-9898; f 

8 . 0^;0’96, 10. 13. Infinity 19.18*72 

30. 0*39; 112*62' 28. 4 359. 36. Ws. 

Exercises IV., p. 41. 

I. air, \2fr. 8. 45*, 135*. s. so", i50". 

4 . 45% 71*33'. 6. 120", 6. 60", 15". etc. 

7. (i) 52" r, 12r 68' ; (ii) 134" 45' ; (iii) 70" 52, 160" 52'. 

8. 45", 60". • 9. 70" 32'. 10. 120", 0*. 

II. 3(r, 60*. 13. 30", 150". 18. 45", 60". 

11 90", 46*. 15. 216" 52'. 16. 270". 

17. 69" 18'. 18. (i) 120"; (ii)135"; (iii) 13"!20', 166" 40'. 

19. 45*, 60". 120*, 135*. 30. -0*4446, -0*4446. 

31. 28" V, 61" 61', nr 9', 161*51'. 

23. 71" 2', 108" eS*, 251* 2*, 288" 58'. 

38. i4=39^48', fi=2r 54'. 31 38" 2U^. 85. 29" 17'. 

36. 45", nrij- «. 122* 18'. 88. 64", 126", 198", 342", 

80. (o) 60"; (5) 80*. 81. 80". 88. 9" OS', 19* 10'. 

81 19*V. 16. r54'. 87. ' ' 

4 5 3 

Exercises V., p. 47. 

1. 8. 1 **'l*Ji+3^**+Jlj* 

8. 8+2ar^y^+ar^^-i-2a5^y‘“l-f 6. o*6c^. 

T. ^ 1 »s=2, p=8. 3. (6) (e) 
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1 I — 

10. + 11* o^+6+c^-3aH^A 

12. 12. 18. 1*286. 11 a“^6~^. 

,1.%- .,|„(g>*(t)»t(|)>.(!)',.V. 

17. ai*. 18. a*+aM+6®; 84 96. 19. 26*2. 


ExerciseB VI., p. 62. 


1, 0*5540. 2. 3*123, 1704. 8. 12. 

1 0*3722. 6. (i) 0*4722 j (ii) 0*9557. 6, A- 

7. 16 -5. 8. 1*7022. 9. 55 16. 

10 . 303. U. 6-604 xlO«. 12. 3*514, 9*02. 

15. 1*027. 14. 1133. 16. 245*5, 280. 

16. p=0*4286, 0*3952, 0*3642; 2*806, 2*643. 

17. 14407, 10604, 18557, 18816. 18. 1*722, 0*0198. 

20. 39*98. 21. 254*6. 

28. a:=0*96*25, y:=0*5668. 

26. 2*078. 26. 0*2184, 0*2993. 

28. 2*885. 29. 29*2 xl0». 

31. 0*9895, 32. 0*1556, 0*2100, 1*1 8ia 


19. »M 
22. 74*98. 
21 0*5. 
87. 3*17. 
SO. 1*613. 


S3, (i) 0*4315; (ii) 4*8,596; (lii) 1*8210. 35. -0*S899. 

86. (7=*4616, i>=3. 37. 1*0572. 88. ^-3*^1, 

39. (i) r=4«*5, i* = 59*28; (ii) F= 76*92, t-=98. 40. -0*9266. 

41. (i) 33280; (ii) 33570; (iii) 3^10; 

(iv) 33440 ; (v) 44910 ; (vi) 40500. 

42. 31518 gaUoM. 48. -9*897. 44. 60*9443. 

46. 133*6. 46, 2*971. 47. 1*8136, 4*25.5, x. 48. 5*491. 

40 . (1) 3*786; (ii) 0*2641. 60. 1*737x10'®. 




Exercises VII., p. 71. 


1. 

30. 

2. 

11. 

8. 

ly 

4. 

13. 

6. 

3|. 

6. 

2 

^* 

7. 

106. 

8 . 

Ill, 

9. 

1 

X- 

10. 

-1 

11. 

3. 

12. 

1. 

13. 

7. 

11 

4|. 

16. 

T 

S' 

16. 

4 

17. 

a*+c* 

2c 



18. 

9. 

19 . 

1 

90. 

a* 

a 

+ 6*+c* 
,+6 + c 


91. 

a 

2‘ 

22. 

05. 

28. 

a5+6e 



91 

6, 

a 96. 

-4 

96. 

i 

T- 

27. 

3. 


a 
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BxordBea YIH, p. 

71 

1. 

2 honre. 

2. 120, 80. 

3. 25, 24. 

4. 

Af 4a; £,60. 6. A'% abare, £4 

; £6; (7a, £480. 

e. 

42. 

7. £3. • 

9. 60 miles. 

9. 

4 mifee per hour. 10. £173, £225. 

11. £411, rate 10-95%. 

ift 

£7. 8». W., £9. 6a. lU., £6. 19a. Sd. 

13. £5000. • 11 £1050. 



Exercises IX., p. 

81. 

h 

13, 11. 

2. 10, 2. 

8. 3, 6. 

1 

x = 3, y=j2, 

, S Rill 

*=5. 5. Tf, TT. 

e. 9, 12. 

7. 

8, 12. 

8 £-a p-6 

* 7 ’ 4~* 

9. 6, 9. 

10. 

2, 3. 

n. 2|, f. 

12. xsl,ys >1,2=0 

13. 

0'02, 2-«. 

14. am^, 2am. 16. §6, 

-I “• 

17. 

o*+6* Cl 

+ . ifl 6(6- 

-a) a(a-i-6) 


bf/+acd* hcd-aef o + 6 ' a-6 

19. 

x=l. y=2, i 

:=3. 20. 3a, 

-26. 

21. 

__»(a-6”C) __n{6-c-a) 

a-364'e * a-36 + c ’ a 

: - a - 6) 

-36 + c 

32. 

x-a, y-2o, 

• z-3a. 


23. 

' ^ 4i»* 

: (ii) ar=12, y=>-60, 2 = 

sa 



Exercises X., p. 

87. 

1. 

n- *. 

£11-018. 4. 

6. £10, £5. £1000 

6. 

120 lln. 7. 

£1666|, £1000, £833^. 

8. 76^, 202i. 

0. 

4. 10. 

£411, 1006%. 

11. fV Tir- 

13. 

325,175. 13. 

9. 

11 7062. 



Ezflvdses XL, p. 

98. 

L 

4, 1. 

9. 4.2. 3. -4, 

-3. 1 2-73, 4-36. 

5. 

2-74, 3 36. 

A 2. -12. 7. 3. li?. 8. ±A 

t. 

-«±%/44: 

10. 

* 34 

a 

f m+fj 

m. 

u i,-}. 

18* i» “2, - 1* 
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n. 

19. 

22 . 

25. 

27. 


32. 

35. 

38. 

40. 

1 . 

3. 

5. 

7. 

9. 

11 . 

12 . 


-I, y=4» -2. 18. 4*2426, -14 142. 

a;*-6» + 7. 20. 0, 6a, -a, 21, 2*5, -1, 

^ 4 

OA 5 , s/^ 


~±— 
2^ 2 


13. X 


±\^, ±1. 28. 1, ia-l, 

l+^^±‘^/{2+2^^). 26. -2±VlO, -2±n/3. 

JZIL ±\^-l, ±n/7~1. 

**• or -1-376. 31. 20-06 -1-88. 

x= 12 or 3, y=6, «=3 or 12, 83. 1, 34. 3*42, 1*75. 

88. ±|VI0, 0. 37. 1, 

3*217, 2*233. 89. \/3± 1=2*732, 0*732. 

x»-14x-351=0. 42. 1*932, 0-5176. 

Exercises XU,, p, 101. 

x=5, 1, y-l, 6. 2. a;=:6j, 3, y-2|, 

x=5, y=4, 4. x=6'8, 4, y=-5*4, 3. 

x=±3, y=±l, 6. x=4* 3, =F2\/6-6; y^i3, 4, ±2^6-6. 

x=6, y; y=3, -■j-. 8. x=3, “4^; y~\i 

x=±7, ±xj6l; y=2; 0. 10, x=8, y=±|\^7. 

x=3, 1-5; y=r - 1, 5*75. 

y~i' "T» ifV* 

6* a»-63 


y=r 




x*5, y=4or3, 2 = 3, 4, 15. x=l, -3,y=3, -6,r=3j, -5^. 

xsO-S, 0*4, sr=0*4, 0*5. 


17. X 


.-.V- 


't 5j:V33 
12 * 


Exercises XIIL, p. 107. 


1. 15«. per dozen. 2; 9, 16. 

1 108 yds., 45 yds. 5, £10a 
7. 12siMi8. 8. 13 and 7. 

W. af=i(±N/§-l), y-^|(4^%/3+3). 


3. x=16, -3; y=3, -1& 
6 . 5 ft, 


9. 12 m,, 27 in. 
U. 27, 54, 811 
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Bzercises ZIV.i p. 112. 


t 16, -8,4. 

9 1 

» 2 ■ 

3. -0*6, 1,0*25. 

1 2a, a. 

«. 5, -2, *-3. 

6. -3*732, -0-268,4, 

7. 11, -6, -6. 

8. 7, 2 • 

0. 1*13.* 

10. 2. 

11. 2*0945. 

12. 2*327. 

11. 1*44,354. 

11 3-9575. 

16, 4,-2. 

16. 1*73. 

17. 1-203,2 622, 

-0*825. 18, 2*012. 


Exercises XV., p. 150. 

I. (i) i?=l’42 + 4-66A’j (ii) JSr=0*295i? + 0*87 ; 

(iii) Z?=0'062fl+0-132; (iv) ^=0109/f + 4. 

3. c = 8-5, i=-30: F=8-5/f-30. 3. 1686. 

6. n= 1-042; /wi^^=con3t. 7. n = l‘35, c=441, p=6977. 

8. a=3-25, 6=0-2, y=3-25 + 0-2j:2. 9^ c =2-6, n= 2*546. 

10. 102,14700. 11. a-2, 6=0*05, y=24 0 05z* 

12. a=2, 6= -0-2, c=0-05. 13. 1 *2, 3 ; y = 

lA n= 1*172, 16, A=47*6fi-300 ; 0*52%. 

17. a=0-3, 6=^6, y=0*.'lr»+2-5, 71*4. 

18. A=0-o, 6=-l,y=6*5<-* 

19. (a) £3675, (6) £2812*5. (c) £2860. 90. 7440, 640. 

81. (i) 0 = 32-28. 6= -4844, n = - 0-94; (U) o=.32*04, 6= -7200. 
28. 13-i)66 = ri^ 28. 14700. 14360, 13540, 

21 0=2*5,6=0*25, a=0*35. 28. c=7*6, i»=0*4229, o = 0‘1669. 

97. 1590aq. ft. 28. A*=o*+6», Une=-. 

o 

80. volaes of yare: 2*45, 3*656, 5*453, 8*136. 12*13, 18*1, 27*01, 
40*29, 60*12: aver. vaL= 17*89, elope at x=4 is 4*854. 

88 . 247400ft.-lbe., 73*4ft. persec. 81 8 miles per hour. 

97. 0*5885, 3*0965. 88 . m = 0*000126 P*. 

Exeidses XVL, p. 161. 

1. 8021, 41*37', 63*23'. 9. 1*814 in., 2*448 in. 8, 266*5. 

1 ST 44% SI* 16'. $. 619-6,654^ 0 40-44 It 7. 89*66 jda 
0 1:0*8810 10. 606ydiL, l*62aiiiL It 1177ft. 



answer. 


A^i 
6 S’ 46'. 
109" 28' 
42". 

38" 56'. 
A = 61' 
04" 38', 
1959 sq- 
67*24' 


isxercifles XVII, p, 168. 

5=45", (7=75", 8 , 53 . 3 ,^ 

^ 6 . 73" 24'. 6 . 0-.5999, 73" 44'. 

, 38" 58', 31" 34'. 8 . 90", 210 sq. ft. 9. 0’7670, 74" 58' 


11. 41" 24' 

14. 60“ 28'. 

54', 5=104" 44', (7=23" 22'. 
1-538 ft. 20. 0*6 ft. 

1 . ft. 28. 454-1 sq. ft. 

59" 28', 53" 8 '. 


12. 37" 22 '. 

15. 34° 8 ', 4114 sq. ft. 
18. 36" .52', 53" 8 ', 90". 
21, 5314 sq, ft. 

24. 28-45 sq. in. 

26. 29-4", 31-9", U 8 T. 


Exercises XVIU., p. 173. 

1. £=72“ 31', (7=56". 2. £=101" 29', C= 14” 11 ', 

12 * 

4. 5 = 79"6', (7=4(r 64'. 6. 5=71" 40', 0=48" 20'. 

6 . 4" 56', 168" 27'. 7. 93*, 27", 9'54. 8 . 108“ 58', 6 ° 2', 

9. 6 sq.ft. 10. 72" 12', 4r 48'. 11. 23*68, 826-6, 111"24', 36"36' 

12. 97*3", 28r, 695 ft. 13. 128*3", 18*r. 

Exerdses XIX., p. 175. 

1. 68 " 25', 395*611. 2. 51*6*3,3003. 

8 . 32*62 ft., 10", 151" 23' ; 138 ft., 28" 37', 132" 46'. 

1 81" 45', 6 . 60" 55'. 

e. c= 6 * 68 , 5=125" 49', C=r52'; c=196*9, 5 = 54 " 11 ', (7=73“30'. 

7. 5=61" 17' or 128" 43', 8 , 5=41" 42' or 138" 18'. 

10 . (7=02" 31' or 117" 29', A = 102"18' or 47"20'. 

11. 0=45" or 135", 5 = 105" or 15", 6=\/3±l. 12. 3-2" 26'. 

18. 0=60* or 120", a=300 or 86 * 6 , A =90" or 30". 

(iii) No. 0=90", 173*2. 


Bzerdaefl XX., p. 182. 


1. 105 ft 
1 367*8 ft 
11. M52. 

15. ^=0*9292/. 
W. 0*«(Wmile*. 
66*5 ftp 94 ft 


2. 488-6 ft 8 . 5P=240-9 ft., 5A<3=29" 4'. 
6 . 1701ft 7. 86*6 ft 10. 624*7 yds. 

19. 106 ft 13. 229-7 yds. 14. 114*41 ft 

16. 1000 ft 17. 27*8 yds. 18. 73*2 ft 

60, 1034 ft 21. 8769 yds. 

21. 114 ft. 0 ‘ 4803 : 1 ' 
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Exercis 60 ZZI, p. 189i 

1 ISjda. 2. £68. 17«. 4’6(i S. 4*686 St. 

1 3M1. 68*22. 6. 1428 sq.ft 6. 3ac.lr. 

7. 374*122 aq. ft 1 lOft^in. 9, 2108q. in. 

10. 109*81 sq. ft 12. 3*338, 3*343, mean 3*340 acres. 

13. 6 ckuDS, 24 chahie. lA 721721 eq. ft 10. 892*92 yds. 

Ww 1764. IT. 2*676 acre#. lA 7 ch. 60 links. 

19. 6ao.3r. 90. 3*849 yds. 

Exercises XXH., p. 199. 

1. 8*168, 1*3 ft 8. 468 ft 3. 112*6 sq. in. 

4. 1*819 ft 5. 224014 sq.ft 6. 104*7 ft. 

7. 10*5 ft 3. 143 yds. 9. 183*26 sq. in. 

10. 20 106 sq. ft 11. 15187 ft lA 12 in. 

18. n-55ft 14. 333 sq.ft U. £164. 2s. 

lA 22*8 ins. 17. 15 ft lA 23*22 sq. in, 

19. a: 6 = 3*414:1. 20. £833. 17«. 3d. 21. 1612*5 sq.ft 

22. 2732*4 sq. ft. 23. 5373 sq. ft. 24. 1808 sq. ft 

25. 14400. 26. 14*95 sq. in. 27. 32*78, 32*598. 

23. 293‘lx2sq. ft. 39. 169*86 sq.ft 

Exercises XZm., p. 206. 

1 . (i) 402*176 sq. ft, 1608*704 onb. ft; (u) 2*125 ft 
(iii) 678 5 lbs. ; (iv} 280 It 

1 1812*1 cub. in., 905*52 sq. ia, 21*7. 

3. (i) W2*2Bq. in.,4ea^cttb. in., 104*6 lbs.; {ii)0*3in,; (iii) 30ft 

4 . 190*76 sq. ft, 187*1 cab. ft. 5 . 2*18 lbs. 

6. 7392 lbs. 7. 122*4 lbs. A 2300 cub. in., 598*1 lbs. 

9. 879*8 sq. in., 754*1 cab. in. 10. 20. 

11. 3*396 in. 12. 19736640. 13. 165 *748. 

1137*61^1120. 15.95*51008. 16. 53*56 sq. in. 

fimdses XXIV, p. 2 n. 

I. 10 ft, 460 sq. ft 2. 47*124 cub. in., 54*95 sq. in. 

A 6 ft 1 278*6 cub. in., 114*8 lbs. 

A 138*5 sq. in., 96 cub. in., 1*83 lbs. 

6. 924011b. ft 7. 19:7:1. , A £A 16s. 

A }4’4 ft 10. 11316*9 00 b. in ; 3464*4 sq. ft 

n. m-Acab in. 12. 125*7 sq. ft 






ANSWERS. 


aoi 

Exercig«g XXV., p. 216. 

1. <i) 491 sq. in., 1023 cub. in. ; (ii) 7*444 in. ; (iii) 3*385 in. 

2. 213*6 sq, in., 592*8 cub. in. 

3: 1766 onb. in., 670*2 sq. in., 1117*8 sq. in. 4. 8*502 ft. 

6. 59*57 cub. ft. 6. fcoOO. 7. 2723 cub. ia 

8 . 0*5198 in., 0*828 in. 

Miscellaneons Exercises XXVI., p. 223. 

1. 38*5 sq. in., 9*6*29 sq. in. 2. 2130*7 sq. ft., 12016*58 cub. ft. 

3. 19*43 lbs. 4. 1232 cub. ft, 5. 1256*63 sq. ft., 5321 cub. ft. 

6. 16*18. 7. 171*7 sq. ft, 249*4 cub. ft. 8. 4210 grams. 

9. 151*78 cub. ft 10. 1*83 to 1. 11. 10 ft 

12. 3637*2 cub. ft 13. 4*243 cm. 14. 4 m. 

15. 2267 11*. 16. 16 in. 17. 11*62 in. 

18. 1*628 in. 19. 11*1 in. 20. 3:5. 

2087*96 lbs. 22. 100*6 lbs. 23. 24*25 ft 

58*91 sq. in. 26. 217/^ yds., 7*7 lbs. 26. 99*9 sq. ft 
4*06 in. 28. 0*2209 cub. in. 29. 12 lbs, 6*6 oz. 

3412 lbs. 31. 15*52 ft, 4774 cub. ft. 

50480 cob. ft. 22*93 ft 33. 10 ft 

Exercises XXVIL, p, 241. ' 

1. z = 1*732. 2. 7 *071, 64“54', 5^33’, 45°. 3. 2 45. 

4. 7*071, 45°, 53* 8', 0*4*242, 0*5667, 0*7071. 

6. 1*76,2*082,1*268. 6. 3*4, 0*5882, 0*4413, 0*6764. 

7. 8*775, 0*4559, 0*5699, 0*6839. 

8. a;=l*348,y=3*728, 2=3*078. 

9. 3*776, 0*5041, 0*6101, -0*6101. 

10. 14*45, 39*71, 90*63. 11- 3*283, 0*4568, 0*7004, 0*5483 

12. 3*624, 9*959, 16*96 13. 8*55, 23*49, 43*3, 80° 3', 62°. 

14. 9*063,4*226. 15. 5, 53° 8’. 16. 9*434,68°. 

17. 96*59, 26*88. 18. 46*98,17*1. 

Exercises XXVin., p. 261. 

1. 207 Iba., I2r 15', 4*43. 2- 39*4, 188° 49' ; 114, 277°. 

3. 328*5, 101’*3, 2*12; 267, 60°, 1*7. 

4. 3*9 61°, 11*36 knots, 12° 15. 

6. 30°’ N. of E,, 4r N. of W. 7. (a) 14*5, 73“ ; (6) 23, 27% 
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8 . o*=6*+^~26cooatt, -26c 008 a- 2oc cos /J, 

9. 6*75 knots, 21” S. of E. 

10. (a) S.E., (6) 23” E. of N., (c) N., (d) 23” E. of S., (e) no wind. 

lA 30*47, 173" 52'. 16. A =22 4, 5=20*6. 16. a=49", /J=141”. 

IT. 0=4,46,7=2-5”, 80”. • 18. 26, 45”; 24*2, 2” 36'. 

20, 4 .368, 76” 42'. 81. 1*8, 65” 18'. 

22. 27, 141”. 24. 14*6, 161” 30', 4-634. 

26. 6 ft. per. sec. -210 f.B.8. 26. 24*2, 2° 36'. 

87. (o) 6000 ft. -lbs. per sec., (6) 2645 ft. -lbs. per. sec,, (e) 0, 

id) - 1060 per sec. 

88. A =22*5, 5=30-4. 

29. 2-0.35, 7*5” W. of S.; 5 77, 25” E. of N.; 6*6, 11*6” W. of S. 
A. 5=2*472, AC7=2*863. 

SO, tf=60*r, 60*7”, 81” ; 66*64, a=107”38', ^=69” 14', tf^27”28'. 

81. 14*1 f.s. at 135". 38. 5*736, 8*192 miles per hour. 

81 1966 dynes. 

Exercises XXIX., p. 269. 

1. -62i 8. 0. 3. 13-5. 1 22|. 8. 9,8,7.... 

6 . 6, 8, *10, or 10, 8, 6, 7. 10. 8 . 25. 9. J. 10, 18^?, 

11. 973. 12. 13, 62, 11 1,.3, 5.,.. 

3a 3a 

16. 20. , 17. 5. 18. a = 10, d=-2. 19. 77. 

Exerases XXX., p. 273. 

1. 86i. 2. 3. -0-692{(fJ-l}. 

1 -185. 6. 9780. 6. 45920. 7. 80. 

8 . I6{l’'Qy*}' ®- -16’7728. 10. -136-5. 

U. 18, 54, 162 , or - 18, - 54, - 162, etc. 12. 4, 8, 16, 82, 64. 
18. 1,4,16. 11 (>^-.^/2)* I®- impossible r>l. 

17. 18. 9. 19. 74|. 

20. |. 21. 16. 24. 36.... 28. r=±2, a=3. 

ExerdsoB XXXI., p. 275. 
t 2f, 3, 4, 6. 9. 5, 4. 3*2, 8. 7. 15. 

1 X» T' ®- 1 T» ?* 18. 

9. 2^1 2|. 10. 8| fxj 2, } j 2, 3, 2, f}» i" 
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Exercises XXXII., p. 277. 

1. 38-4. 2. 67-0. 8. f. 4. 

^ 100-8. 6. 74|. 7. I 

12. -154, -148 -142. 18. 22|, 22f. 

14. -70, no, 290, 470, 650, 830, 1010, 1190. 

16. r=l'5, 768, 1152, 1728, etc. 16. 4n(n + l), (2w + l)2. 

17. (a) ; (t) I A TO"«-(n+l)x--+l 

x-1 2a:- 1 (a:-l)a 

19. y2x|jfi + 6n(rt+I). 



Exercises XXXIII., p. 287. 


1. -4. 3. I 8. 5. 

6. 65c®5», 462o»6«, 462a«5*, 


5. 


2048 

675 


X*. 


T. x* i 6x*a + 15x^0^ ± 20ar*a* + 15xV ± Qxa^ + 

8 . 625 - 200x+3400x3- 1280x3 + 256x<. 

9. 182(te>V. 10. 1.913. 

11. o*+6ax + a:*±{4o^-4x)^/^ 


Exercises XXXV., p. 308. 

1. 4** + 9x*“2x. 2. nAx^-l 3. 

4. .^a cosax. 8. - Aa sin ax. 6. 

7. u<>+oi. 9. cos X ; - sin X ; sec^x. 

10. a6coe&x, -absinbx, mlx"~^ 

U. -a68in(6x + c) ; 

18. -cosec^. 14. 15. 

X 

16. nax"’*cosax". 17. ^5* 

19. ?. 80. 8x + 13. 21. 

X 

28. -3x"*. 21 -l-408ct>'2^. 26. A 


a cos ax. 




X 

a*log,o, 

t 

22. 5x*+12«». 
26. /. 




Bxardses ZXXVL» p. 388. 

8. ScMo;. S. -3 ud 3«. 4. -10sia(2a;+3)i 


9. a -4. 10. 2At + A 

12. -‘e3Bm2(6#»+9(+5)x(a* + l). 

14. ne«8iQ(6l+7)4-66e*coe(6t+7). 
W. j4&e'*sin(rt+/)+.4ce*‘oo8(c/4-/). 


8. -iAi-**, 

11. 12cos(4f+8). 


Bxerdses XXXVU.^ p. 331 

4 8aV-4x* , 2r(a-2a:*) 

"Tr? — rirr*' *• ^ — : — 171- » 


4 uec^r. 5. L+5-. 

1-* 

7. x*“^(olc^x + l). 


9. e**“'»co9r. 

,Q XCORV^X^ + O* 


15. 3x*+2r+l. 


IS. 

ar + a* 


10. - coaec^. 


28. 


6 V 

(/w:+9)*’ 3c"+^* 

TTT?p 

14. 

- X* 

”• 

83 2.r(2 --a:«) 

n/**~1(**~»*+1)* 

86. (4&2r+3a)x*. 

8. uii%E(3c(Mi^-nn^). 


27. ... , ^ ■ . 88. 2«n xcoex. 80. ^^^(SccMi^-nn^). 

V?+o^ 

80. 2{a+2x)(ox+x*). 81. e'iooBX-sinx). 88. **"*(log^+log*e). 
1*. *4 — ' M. ‘ 4.yi!r4 

BxetdMi XZXVIIL, p. 36L 

L 10-4, 10404, lO OOM, tc 1 0 + 441; 90. 

A UO-lOti 80f.i.; -lOf.t.L.Ol'OSlb*. 4 I'Omilw 




ANSWERS. 


m 


5. (i) fl2-01. (u) 60-201, {iU) 60-0201 j 50 ft. per eec. 

7. 3-4 f.8.8., 6-271 lbs. 8, 14-26 f.s. ; 4 12-43 lbs. 


1 

Ezercifies XXXIX., p. 370. 

I, Each 16'5. 2. a:± J. 3. x= - 1 max., x— 4-1 miu 

4. 6-25 sq.ft. 5. Line is bisected. 6. Max^ none, min. - 64. 

7. Mai. 6, min. U2. 8 . Max. min. ® 

2 ’ 2 

10. (i) 8,4; fu) 9,3. 11. y~±\, 12. * = ^,2. 

18. (i) «=0mai.; (ii) * = 3 min,; (iii) x=0 uiin, 

14. *=0 max. =2N/a. 15. A =r= 147*1 ft.; area =203907 sq. ft. 

16. 2-55 cub. ft ^(g + “)’ 2(y+“)' “• ^ 

19. + mai., mia. 90. 360-8 sq. ft. 

6 6 

22. Each Mde = -^ where c is the length of the hypotenuse. 

28. (i) 1 max., 3 min. ; (ii) — p max,, 0 min. 

3vo 

21 (o)r = jk = 2-484ft; (6)r = l-97lft.A=3-942ft 


1 . 

8 . 

6 . 


Exercises XL., p. 376. 

l2*> + 18 ar- 2 ; 24 «+ 18 . 2. ocostwr; -a^sincuc. 

.4ocoeax, -Aa*8inaaf, 1 -Aasinaac, - Aa^cosox, or -aV 


3 1 


6. a. 


Bzerdses XLl., p* 387. 


1 **4-** 


Mi) 

8. etc. 4. x'd+logx); x*{(l+loga;)*+*‘^}. 

6. ^‘"•(l + sraeo**); «*“*“c"*i24-x{8ec*x4-2tana;)}. 

« 1 . - 2 »_ 7 , 
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•. e*{x* + 3iw*+3»(n-l)x+n(n-l)(n-2)}. 

^ *» X* 

»• - 

, A X A* •l+2x* A» 

ID. 8in-*x+ ;-j+ rt^+ •» 


„ . X* 2x» to*, 

n. »+2t+ 3! 5t • 


W, 

3! 61 


Bxerdses XTiTT.^ v* il-7* 

1. 21, 10987. 

A t; Uinbzi Iogi7=l(^3=l-0987; ^=™zl^=333. 
3. [^2cx + x*J=5fiO- 180=380. 

A [^(c+nx»)»J=7e*-36» = 392320L 6. Isinox, 

1 1 

6. -Unox. 7. -tan-^ax. 8. u-~. — / 

a a a 


9. ^nn(a+Ax)« 
b 

IL ~{p + qx)^. 


10. -Un~^(a-{-&x). 
0 

19. ~&m~^(a + bx). 


»»■ >»**- 5log(.+te^ 


lA 

a a 

18. i’sec-^1 

a a 


IS, -glog(a*-x*). 
17. 

p+g 


«. (Hiat, pet ^=*.) 10. log-^/^. 

M 1* ^ /** ai\ (Hist, pat taD9=^ and then split into two 


SL logiO+iintf). 


-5(a*-x»)* 


taa'’’tan|. (Hint, divide into two fraotiona.) 
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30 . 


2 * 4 I 3 4 

J f -ic . 
o 3 3 5 

-cosx+amx. 

- ^ 008 6ar + cos 2r, 

J-sinftK+lsmar. 

_ S^^-9-rr 
0-37 


27. -|oo86x-|oos2ic. 
*20. I sin 2a;- 1 sin Ox. 
ai. ie«. 

a 

S3. 


84. log {x + \/x“ + o»}. {Hint, put z=x + \/x® + a*. ) 


0,"*+* 

lo^ 


86. ilog 


87. 

89. 

40. 

42. 

44. 

46. 


3{l+a:®)^(x2-2). {Hint, put 2 ^ = 1 +a:*.) 


® \/x“+a®+a 




26x-a 6*1 a + 6x 


2a*a;* 


log" 


( 


36. ™tan--j 
2a* a* 


Hint, put 2 


-J(l-a?)^a;a+2). 

3, x-2 

logton^^ + xy 
y=l*25x*; voL =32180. 


41. ^(x-flinxocfflx), 
1 


43. 


r,2-4^ 


21og,2-r 

46. log tan-. 

^ 2 

> 

47. 18682 cub. in.; 10*8 cub. ft. 


Ezerdoes XLIII., p. 439. 

1. 1*3", 2m 2. 21". 8. 1778. 

4, 4i", 241*5. 6. 8-9sq. in.; l O", /=22*5, jt^TSO 


Exercises XLIV., p. 464. 

1 + 2 x*8iux + 2(xco8X-8inx), 

2\ a+6 a-6 j 

4. *+log£^ 5. 2ten-‘a!-ltan-»| 

6. x-log{* + 2)-glog(i:*+4). T. y{(Jog:t)’ -|log*+jJ.- 
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i yi<^(3g-fe) c^Iog(a;"C) 

^<a“6){a-c) (6~c)(6-a) (o-c)(6-c) 

0. .. ? 10, sintf-flooe^. 


11. a5’Bmx+3**coeie-6*8inx-6co6ar. 12. 
11 5log(x+l)-21<^(x + 3) + 3Iog(x-4). 


MiscellAiieons ExercUos XLV., p. 492. 

2l y:=^Ae^* + Be-*‘, S. y=e>*Ux+J). 

4 y=e“^^(A8m^x+fico8^xy 

5. 28-41. ft 0-662, 3584 Ibe. 7. 9. ft 0733 

9. + 8f. 10. X- ±0-6324, 2 029, 2-316. 

11. x=8a; y=±4fl^/§, ±2aNr='l, 12. 20, 10. 

18. y = Sx+^; 1368. 14. ^rr*, 1ft 21295,1022 


MistiMUneons Ezercises. p. 4SFJ, 

Section I. Arithmetic. 

1. £8. U. 3rf., £268. 16». flrf. 8. 3-123, 1704. 

8. 2847, 2817. 4. 0*3106, 37-32. 

ft 0-03106, 373-2. 6. 0006224, 0002466. 

SeCTIOK n. LOGARITHIia. 

1. 988-3, 00002065, 2‘809. 2. 0-4255. 

8. 14-18 xm 4 (1)29-55, (ii) 9-099. 

ft (i) 1-61S^ (ii) 117-4. 6. (i) 1-720. (ii) 6-179. 

7. 0742. ft 4093. 9. 34 %» 10'65 years. 

10. 0=1-937, 6=004806, /T^IHIO. 11. 0*4388, 0-6016 

12, (1)001778, (ii) 0*416, (iii) -4*877, (iv) 0*9206. 

18. 6 =0*594, c=0O96, P=670800. 

14 «=3023xl0"»*, 6=3701, p=39*26. 

U y* 57 “. 1 ft O-ai 

H. <= 15 * 92 ; ii=l 7 , r= 24 * 15 . 


18. 79-2. 


ANSWERS. 


19. 7'446, 0'01264, 5’^, 1546. 20. 1*722, 0*0198. 

21. 4*5710, 1*5710, 2*6710, 3*339, 1*93, 1768000, 1103. 

22. 1*568, 1*694, 0*69. 28. 1*746x10-“ ti=8*409. 

21 1*521, 0*59. 26. 0=^0*1773, 0*1778, Error 0*28%. 

2®* 12. 27. 1*69, 0*2987, 1*387 xl0’». 

28. n =260, -.8=: 0*881 ; see p, 57. 29. r=3*5. 

30. 7*478, 5*98, 6*0, 4*32. 31. [a) 3596, {h} -9*908, (c) 32. 

82. 14*78 X 10". [Hint : assume 

^*^5 i)=29880, t;=24, P=7l7l0, 

(7=7530. 

34. 11 per cent.,' 3*88. 36. (i) 30*28x10", (ii) 34*49 x 10". 

86. 3 per cent. 37. 4*5 per cent., 40 cub. in. 

Section III. Trigonometry. 

1. 79" 26', 112700 sq.ft. 2. 7612ft. 

4. 29" 20', 31" 66', 118" 44', 3248000 aq. ft. 

6. P=39"27', (7=69" 33'. 

6. 1*571, 0*3334, 0*25, 0*9057, 0*8, 0*5333. 

7. 329‘88q. in., 0*12%. 3. + 

a 

10. 0*3907, 0*9205. 11. PC=4*612, ^(7=8*672. 

12. 27* 38'. 13. 13884 miles, 38*67, 6*428 inches 

14. 0*9563, -0*848, 2*7475. 18. (ft) 223*3 sq. ft. 

Section IV. Squared Paper. 

1. (i) 2*572, (ii) 2*72. 8. 12*03 inches. 4. 2*28. 5. 

6 . A7=22‘5, P=28, P = £5. bs., 230, vary the price {see p. 120). 

7. 0*86. 8. P=36*29A'", V=mW^. 

dV 

9 . i4 = ~ = 1906A'>-«, ar= 158*8^"'". 10. £3675, £2812*5, £2860. 

OA 

It e=6*66 + ^, (7=018£7-01S. 12. P=31*6v^-w (see p. 126). 

18, x=0*6282 (see p, 369). 14. y=l *22a;+0*49 (see p. 131). 

16. 33420 cub. in., 304. 16. 1*22. 

17. Aver, rates, A, 2*8, B, 2*4. A’s age Hi years, 4*2, 1*5. 

18. Any amount up to £16. 19. yjc^'^ = 553j ^*39. 20. 106*3. 

21. 2*184, 0‘4798. 22 . P=36*29Ai'*; P = 1271A*^ 28. 0*866. 

K (r=16Jr+4400,w=^+16! 20-4, 30-7. *5. 2 134, 0-4793. 

«. ir=440O+16ir, r=«168r-> + 7-2 j 9-784, 17-54. 
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SaiTnw Y. Mehsu&atiom. 

1. 60 ft., 20 ft A 158'45Bq. iu., 146'jroub. in., 6*525 in. 
8. 718 lbs. 1 525 in. 5. 59 0 . 0 . 6. 130*1 galls., 43*33 aq. ft. 

7. 360 8 lbs , 3*316 in. 8 . 92«oub.ft 10. 497*4, 67 *04. 

12. (o) 8*148 in., 4*644 in., 3*64 % ; (6) 44*43 oiib. in. 

18. (a) 3*95 oub. ft ; (&) 1687 sq. in. , lA 3*53 in. 

15. 8*4545, 4*5455. 16. 101*9. 

Section VL Soun Gkometry, 

1. A5=4*25 in., 2*79 in., an» = 5*92. 

*. 1*348,3-702,3*078, a=74*‘ 23', )3=42’1A. 

8. r=3*905,tf=3»'48',^=^36“5a', a = 59‘'12',^ = 6r24'. 

A OF=3*09, 00^2*48, P0 = 115, angle 6*. 

5. x=2*9, i(=4*535 , 1 = 3*066, 60" 22', Sr 18^ 

Section VII. Series. 

1. 0*25882, 0*50001, 070715. 9. 0*96594, 0*86603, 070713. 

8 . 0*26794, 0*57728, 0*99668. 

A 0008598. 0*01702, 0*03527. 0*03335, 0*0410, 0*1463. 

6 . ir i9. 0*2955, 

« Section IX. Ditterentiation. 

8. -38in3x, -4<-*', -- 

3. (i) Rate of increase of y per unit increase of x. 

(ii) ^=a*Iog/i, (iii) 6042, (iv) 6700. 

A (i) 1170. (ii) 11*6. 6, b + 2cx + ngx"-K 

A x*(2aceo8 2r+38m2*). 

2r4 * 2x» 

7. valuea of y 1*6, 1*658, 1*832, 2*026, 2*238. 2*473, 2*733, 
3*031, 3-338. 

^=0*3(!®^=:0*2y=0*3, 0*3316, etc. 

A 236*2 ottU in. per min. 9. a=|^ i* 6. 

10. 34*38 ft. per aeo. 13. x= -2L lA 50*93 f.s. 

14. ^=:B,(a+9bl). II. If f.s. U. «f or m. 

IT. 4a U. 0-626{.t. 




answers. 


IP a? dx , 

50 dt^ 3 j mileB per hour, [*= distance from waU]. 20. 3-562. 

21. v=6-795f.8., a = 3-398 «=23'36ft. 22. 24*3. 

38. + a=2-4f-l;*182U, 8*7 U a. 

24. t?=7‘4^ - 3’5, 26-1, ^ mv^=1058, mp=81-04. 

28. 932 f.8.s,, 9“ 13', 47’5 radiana per sec., per Bee., 3329 Iba. 
131 -3 ft. lbs. r r- . 

[Hint. ¥wdS*i:l6^=m, aV«^*=150; 

a=N/ 1^ + 9252=93218.8., also 525/5f2=47& 

1 1 5 

O(«iple=^x(0'88)*x47*5.] 

28. A=dVldh^\mh9-^. 

29. 5 + 2cx + cu:"*, ab^, a6cos{5x+c). 

30. 9-25 f. 8. 8., 57 '5 lbs. (see p. 343). 

81. tiox** ■ abe^, ah oos {hz + c), - ah sin ihx + c), — 

x + o 

32. 0*4x - 1*2 (sec p. 341). 

33. r=3«n{600() + 2-4co8(600i), (7=10, -10, 7=3-84, -3*84 

(see p. 478). 

34. 0 = 1-24, 5=0*6019, n=2-348. 3-596, 

Skctiox X. Maxima and Minima. 

1. 5^. 2. ±1-4. 8. 7-2, 4 8, 

2 

4. (i) 6*9 in., 9*8 in. ; (ii) 6 in. 5. 9 amp. 

6. x=±g. 7. 6, 8. 4*083 in., 302*6 cub. in. 

9. X=l-73. 11. 1*3. 12, width 2*71 ft., d^th 1*36 ft. 

13, 32", 33“ 41'. 14. 5“ 4', 68“ 40', 36“ 52'. 

16. Hiatanoe of base of cone from cental of sphere ; 155*2 cub. in, 
16. n =220*6 17. 174 sq. feet. 

18. (i) 1 ft., 2 ft high, 2 cub. ft.; (ii) | ft., 1*728 cub. ft.; 

(iii) 1*449 ft, 1*592 cub. ft ; (iv) 1*274 ft. 2 ft, 2*55 cub. ft, 

19 . 0*6a, 0*4a. 

SecnoN XL Inteoration. 

1. (i) 64 ; (ii) I ; (iii) 1*0986 ; (iv) 9*192, 9*19. 

2 . 5=0*04535; (i) 6*8665; (ii) 6*858. 

»• (i) 12*46; (ii)12*5. 6 . t?=6<"-7a «. 3*11. 
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1 (i) 0-7847 ; (ii) 0-7854 ; (iii) 1*1877. 

8 . (i) 4-267 ; (ii) 4*267 ; (iii) 25*8 ; (iv) 26*75. 

9. (i) 14-67 ; (ii) 14*67 ; (iii) 398 ; (iv) 393. 

10. (i)^; (u) 0-693; (iii) 1. 

11. Work done 23960 ft lbs. 

19. 26010 ft lbs. 18. 83540 ft Ibe. 11 231753*6. 

16. 6, 42*41. 16. 13*5. 17. 70*56. 16. 125*28, 105*4. 

19. y=:l*2+2-3r^, fliope^ 0-5362. By Simpeon^s rule 16-873. 

Integrati(»i 17 -06^ 

20. 5i. 81. 758-2 cub. in. 91 it=0*8, 1450 ft Ibe. 

85. 0=1*35,5=0*53: (i) 12-19; (u) 1*2-18; (iu) 137 ; (iv) 137. 

26. 1*67. 27. 6 cub. ft, see p. 427. 

26. 5cp®-*, cIog,v, see p. 403. 29. see p, 4l5. 

JO. seep. 403. 81, + 007156, 5711 

7- 1 n+ 1 


88 . 

83. 


tzl t=} 

A =0*5711* 




Section XU. CENraK or Gravity and Moment or Inertia. 

1. 0)0-04566; (u) 0*04566+0-00003846. 

1 (i)31'29; (ii)31-28; (iii) 2-916; (iv) 2*919. 

8. (i)x=3-0; (ii)x=3*l. 1 (i) i=2*86; (ii) 2*8. 

5. 25-8, 5=3*352. 

6 . I y*x(ir+ ryHt= 1*577 inches from centre. 

7. 0-652, 3577. 6 . 20-03, 274*8. 9. 0 5517 ft. uniU 


l, P. 642. 

t (a) 0*06224, 40-55; (5)0 5105,39 82,002511; 
idioms, 07966, 07536, 




ANSWERS. 613 

I 


a. (a) 1-2213, 4th; (6)-?^ — (c) 7-473, 5-067 ; 
a;-'5-4 x + l-O 

(d) 25", 5-782, 13-69. 

4. 36" 52^, 75’ 45', 56" 18'. «. 6 = 0-594, c=0-096, P=67080a 

8. c=2-696, 1-387, t;=U-18, 14-83, 1=2173,5604. 7. 6-2488q.ia 
8 . x=0, 0-237, 0-783, 1*812; y=0, 1*34, 2-929, 5*0. 

10. 16 m., 366*6 cub. in. 12. a;=2*34. 

18. 1200/« ■{■ 3«^, 12-6 knots. 14. n=2-3, 2'6, 500 ft. per min. 

11., p. 545. 


I. (a) 0-006224, 0-002466; (6) 3-786, 0*2641; 

(d) -0-9613, -0-5592, 0-2309, 13", 146", 104". 

4. 15*65 knots. 8. a = l‘0916, 6 = 0-5285, 112. 

7. 49*33 sq. in., 1 *89 per cent. 8. 75" 45', 36" 52', 56’ 18'. 

9. 0*80 (see p. 364). 10. r=360*68in(600« + 56*3) ; 56"*3. 

II. d=?(16-*), K=^{l600-|(16-ic)»}. 

. e* 1 14. Speed^ 7-847, 14-38, 20-92. 

HflrBe*power, 653*9, 3178, 14270. 

16. 2-6 ft. or 6 in., 1-5 ft. 18. (i) - *) ; 


(ii) 2x, 2a, 

«* 

(v) ttt, 


{in) 2a*7*, 
(vi) -- 


n X ’ 


(iv) g, 


(vii) 


f-ayx ay*-g*y 
y*-ox‘ 


m., p. 549. 


L (a) 0-3016; (6) 0*9488; (d) £18*8626. 

8. (a) tt = 3-67l; (6) a = l-l, 6 = 3*2, y-13-275; 

(c) 140*9, 137 -5, mean 139-2, 1*2 per cent. 

5. «=tl66; aver, speed =6 {8 + 5<); 86, 

4. (a) x=957-2; (6) 0*000292; (c) A=30"30', 5=59"30^. 

6 . 12*31 miles. «• 3*316, 0*884, 

T. SOmilMperhour, (=0-2 hour, aver, =26 8 mUeu per hour. 

». 2-822x10*, 1-789x10*, 1-493x10*, 1 169x10*, 8-989x10*, 

e-oosxio*. , , 

9. 6860oub. ft. 11- 449 sq.ft., 1436-8 oub. ft. 

19. Linear law ; £4978. 
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IV., p. 551 

1. (o) 0-3016; (M 0-5078; (rf) -0-3907, -0-766. -7 115. 26*. 
15Sr..., 41", Sir..-. 110", 290". 

I. 424‘5A • 

1 a=:0-4614, n=2‘374, voL^1163. 


Z] 

0-25 

0*2 

0-15 

O-I 

0-06 

to 1 

2-843 

3-012 

3-293 

1 3-866 

5-545 


6 . 12078 miles, 33*55 miles, 5*92 ins. 

7. 4076, 17-8 K of N. 

8. o==64-53, 6=4-67, *i=8706, ^=0-08399, 

9. Speed=a 900 s( 7 ( + e); acoel. = 

10. x=lO+68in(04-6r)'{‘OOs2tf+O-18siD48. 

IL 0-5270, 0-5779. 12. 3'813. 

13. 83-5 ft per seo. 14. 66-66 yds., 28-29 yds. 


V., p. 666. 

1. (a) 329-6, {b) 12-54, {d) £17-359. 

2. (a) 3-802 in., (fc) 31", (c) 0-0806%, (d) (x + 2-3) (* - 1 -9). 

3. (o) 87-5 lb.,* (6) y=3'8n, (e) n=14-2. 

4. 21-3 lb. persq. ft., 852001b. 

6. 23‘-6, 43"-8. 6. 4*953. 

8. a= -0-258, 6= -364, 0 = 55-2. 

9. W48x 10^ cub. ft, 5810 cub. ft. 

11. a(^-a)+^03»-a*) + ^j9»-«»); 

a=y., 

lA «=I-M, y=4-W. 14. 10-21 + 10-22i-7f». 

18. tt=100, 5=1*25, i=a->xm>-*. 


VL, p. 668, 

1. fa) 8286, (5) 143*1, (d) -0 342, >0-5446, 9-5144, 21*, 61*. 
& astSOO, 6a80,000, m»>403, i»=733-3, K=358-4. 

& SeePbperV.Na A 8 . e=6*46. 
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— 1 

6. y=99[r(M)g5+^coB2flj=|cos^ + ?^jif5==l. 


9 

[f: 

45“ 

■ 

90“ 

135“ 

180“ 

X 

1 0 

0*343 

1*0 

1*757 

2*0 

y 

1 1*2 

1 0*707 

0*2 

-0*707 

-0*8 


8* log|~:|^a- 18. a=l-698,&=l-3, 0=0*256. 

11 


Vn., p, 561, 


1. (o) 0*1917, 453*5, (6) 8*206, (c) 27*48, 5*920, 0*2748, 0*1276, 

(d) 116*4. 

2. (a) x= i9*788 or ±6*648; y=i6*648 or ±9*788, (6) 4*045 in., 

0*412 in., (0)6*745 in., 14*826 in., (d) (a; -5*6935)(x- 3*2265). 
8. (o) a= -33*50, 6=39*80, (6) 611)., (c) 2*116, 1898*1, 896*1, 

1 -I, -i, 1, t, -1, 5*062± 2*963i, 0*7071 + 0*7071i, 

0*7071-0*70711. 


5. 4*05 sq. ch. 6. 1*1343. 

7. -5*2, -10*4, -15*2, -19-6, -23*2, -26*3, -28*6. -29*9. 
1 Total distanoo 7*562 miles. 


». a(i3-a) + |(^l»-a’) + ^(^-a>); ^(o + y) 


10. a=y), 6 = 


Vz-Vi 
2h ’ 


. yi-gy^+vs 
c- Iga • 


U. y=550(36*U)-^ 

12. y=257*14r- 18*57 j max. error nearly. 


k 

Total 

paymoit 

Hourly 

payment. 

Master's 

saviDg. 

20 

200 

10 

0 

15 

175 

11*67 

25 

10 

150 

15 

50 
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Vm, p. 661 

1. (a) 0*1917. 468*65, (6) 49*88, (c) -0*4640, -0*6448, -0*7002, 

id) ^i_+_L_ 

' ^»+ 5-697 *- 4*317 

A 0*97716. 

8. IT^ 14-67^+22333; w=sl4*67+^^ 

4. (6) 0*16567. 

wfx* /x» Px»\ ir/aJ lji^\ 

^“2cil2" 3 2 c U 2 j 


e-l C-l 

7. p * -Po « 


k^h; 


S. 15*212 knote, 1 -06 % and 1*11% greater, 

9. y = 10*42 + 16-2(l*554)*=10*42 + 16-2e»«»^; 72*4. 

11. 706 cose. 

13. -1. -I, 1, », 6-062 + 2*963i; 008 45“-i8in45*; 

5*062810 +2*963 008 7f ; oos^sinf^ + Bin^oofl^ ; 

lA V0*0012538iii 7^ + 0*00013960080}. 

16. (a) 04)7634 in., 3-077 «q. in.. (6) 0-03527 in., 2*105 aq. in. 

18. (a) 5-164 ft., 2-582 ft., (5) 3 ft., 1-5 ft. 

18. 126*7 cub. in. 19. 1979 cub. in., 10-03 in. 


a, p. 567, 

t (a) 1*4816,2880*5; (M 11*48, 3*277 x 1 O'**, 0*06707 ; (c) 1*2921 
(rf) 0*788, -0766, 0*8391, 0*9397, -0*342. 

A (a) 0*0678; (5) 0-0396; (c) z= 4*384, y =0*824. 

3. (a) 8*1; {6) 1*357; (e) 3*125 x 10^ ; (d) 681. 

6. ie=6'l+0’14/+0-03<». 

When t is 3 error is 0*6 %. 

When i is 100, v=320 lbs. oc 
23 stones nearly. 

a. ^=6*086. 


r 

n 

0*66 

0*50 

0*46 

440*3 

440*1 

440*0 

436*3 

4357 

436*0 


7. Stadent-boon, 36, 26, 27*3 %, 197 %. 




ANSWERS. 
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»»8'28, a:sO> 66 . 9 . 0-01873. 10 . 4000ir=12566. 

IL 17*03* 12 , 180 rad. per (sec. )^. 

13. «=I200, fa=240m + 12 m®; aver. ^eed=240 + 12 m; 340. 

X., p. 570. 

1. (a) 0'003213, 402-4; ( 6 ) 1-282. 


pi 

20 

50 

100 i 


0-0715 

0-3127 

0-4376 


(rf) 0-5, -0-866, -0-766, 0-8391. 

2. ar=7*612 miles, lag {j;j)= 39-7“; a:= 10*13 miles, lag («/»:)= 222 •4\ 

3. 0=0*3997; c=24-6. 

4 . 0=6-1, 6 = 0-14, c=0-03when«i8 11; w^ll-271b8.; rate0-81tx 

6. 40001- = 12566. 9. 0-6744 + 0-7927*. 

14. 8 in. IS. i. 16. 1-552 ft., height 2-327 ft. 

XL, p. 573. 

1. (0) 0-0055.35; (6) 4-232; (c) 981-25; (d) 4-47%. 

2. (0) r{/)*-(/)-2i)2}^ 3-638 in.; (6) 48000«q. ft., 12000tons. 

4 

W 1 ' 88 - 

4 4 

3. (o) n = 3*534, a = 17100; (6) 0-008917; 

(c) 15470 miles, 644*8 miles per hour. 

4 . Aver. A = 519*5 ; when h is 36, A is 536 ; vol. =536(XI0 cub. ft. 

5. 0 = 0-0005919, d=7-761 ft. 6. 1-5106. 

7. 14*74 ft. per sec., 28-68“ N. of W. 8. y=21*8 + 0-964x. 

10. (i) 0-042, (ii) 0-42 ft. {sec.)=. H- 67-78 cub. ft. 

12. r=4J, y = 10. 18. (i) 2-55, (ii) 2)=0 wheny=-L 

xn., p. 575. 

1. (o) 0*005638; (5) 0*2363; (c) 0*9868 mile, 0*616 mile. 

2. (i) h=0*1049, SF-0, a;=6-612 miles. 

(ii) 1^=0*01817. (7=^0*6127, a;=38‘16 nules. 

3. 1 *0002 0*01001. 
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1 See BUmeiUary PraeticeU Muthmatics for Technical 8iu(kni$,, 
p. 256. ■ 

y Valuesofz are 11-075. 12 424, ]3’944, 16-639, 17'538. 

8. (i) a?=j|:j(ooel-6<-0-6sinl‘6i)p(ii) af=^(9m2*4<--2coB2-4l). 


Sx 

6-43 

5-89 

5-32 

4-68 


3-34 

2*62 

1-89 1 

^ 1 


1-4116 

2-2042 

30468j 3-9.33 

4*856 

5 '8088 

6*7842j 


8. Wheiiaf=8-3, «=0-652: 9. 817=0-03322; 8tf=0-03333. 

Error occurs because latter method is only an approximation. 

10. y = 11 -1 + 10 sin {8 + 10*} + 0*83 sin (28 + 60*). 

11. 4-23, 0-455. -4-68. 


V 1 205 

3*55 

2*6 

dv I 

1709*7 

-115-4 

1158-3 


m Plot jf and ^/ir«+r*. 


JUL, p. 579. 

t (a) 0^189; (6)0^06228,0 338; (c) 0*1736. -0*9848. -0*1763, 
-0-9511, -03000, 30777; (d) 4046 (cos 310*+ iein 310*) ; 
±(1*823-0*84981). 

3. 4-494; 80*1; 00847. C 0=0*17, 6=316-4, n=0O5. 3. 4 71. 

6. oot2jr-2rra2e; jlog(6»+c)+ts 

X I 

2 sin 2x+ 1 coe2r + 6. 

1 55-61 y 2-1288 ; 0-6968+0-90261. 

9i 4'5sin2t^!*5oas2t. 10. 13'82ui-r. 

a a M-e*. 


IS. V«U-9. 








ANSWEBS. 619 

s 

Miscellaaeous Exercises XLVI., p. 592a. 

2. 154 cub. in. 8. 0-6223 in. per sec. 

.4. g ~ j +2x*+a; + c; 4a;*-4ar + 4. 5. a:=±2, 

a4 • 

e. |-+x» + 3z-82. 7. x= 0-5, 1-8. 8. 2x-^a^-2. 

9 . 40. 10. 3x*-8a:+5; 6x-8; 1. 

11 . 62-84 cub. ft. per sec. 12. r=A-5-64ft. 

18 . 45 ft. 14, il, 2^sec. 

15 . (i) 30, 20 ; (ii) -216, -378; (ui) 17-8, 8. 16. 1±-^* 

17 . 4-243 in., 2-12 in. 18. r=:A = 1007 ft. 19. 40 yd., 20 yd. 

89. 8-835 in. 21. 7 = 12. 

22. (i) r=A = 2-48 ft. ; (ii) r = l-97 ft. ; A=3-94 ft. 

28. 0*007 ft. per min. 24. (i) 91-6 ; -20-4 ; 3-75 sec., 7-5 sec. 

*5. .(i) -‘I* . 4x .c ; (ii) +2x +c ; 

(iii) +“-^-h6x + c; (iv) a^+|- ; 

(v) ~-a^-8x + c; (vi)x®-| + c. 26. -345. 

28. 611. 


29. 3x* + 4x + l. 




INDEX. 


Addition and aubtraction of solids, I 

221 . 

Alternating current, 477. 

Amsler’s planimeter, 195. 

Analysis, graphical method of, 456. 

Angles, between a line and plane, 
1^6 ; between a line and three 
cO'Ordinatc planes, 234 ; general 
values of, 17 ; graphical measure- 
ment of, 18 ; greater than 90*’, 
16 ; measurement of, 13 ; nega- 
tive, 24 ; of depreasion, 177 ; sum 
and difference of, 24 ; smtUl, 383. 

Approximate methods of inb^ra- 
tion, 404. 

Approximations, 280, 283. 

Area of annulus, 191 ; circle, 191, 
410 ; ellipse, 191 ; irregular 
figure, 195; regular polygon, 
187 ; rhombus, 186 ; sector of 
a drcle, 191 ; segment of a 
parabola, 194, 397 ; trapezium, 
l89; triangle, 166, 186. 

Arithmetical progression, 266, 389 ; 
mean, 267. 

Automatic integration, 404. 

Beam, ooncentnted load, 470 ; 
uimonn Irad, 471, 473. 

Binomial theorem, 1^8, 373. 

Boyt, ftof., on water pipes, 368. 

Csloulation, of common Ic^j^thms, 
296 ; Napierian, 293. 

Garteaian co-ordinates, 231, 239. 


Centre of area, 41^. 

Centre of gravity, 219, 420 ; by 
integration, 424, 524 ; of a cone, 
430 ; of a hemisphere, 429 ; of 
a semicircle, 220, 428. 

Centre of mass, 420. 

Chord of a circle, 193. 

Chords, use of table of, 19. 

Circle, area of, 191, 410 ; circum- 
ference of, ; segment of, 192- 

CHrcufer motion, 134, 344. 

Coefficients of equation, 97. 

Common logarithms, 54. 

Complementary^ angles, 16. 

Composition of two simple har- 
monic motions, 138 ; graphic 
method, 457 ; of vectors, 245. 

Compound interest law, 474. 

Cone, centre of gravity of, 430; 
surface and volume, 207, 413: 
vertical angle, 208. 

Couples, 258. 

Cr(»8'Section, 204. 

Cube, surface and volume of, 203. 

Cubic equations, 108. 

Curvature, radius of, 332. 

Cylinder, hollow, 204 ; oblique, 
204 ; surface and volume, 203. 


Damped oscillations, 142, 449. 
Defimte integral, 392, 448. 

D^ree, angle, 13 ; of equati<m, 6& 
Demoivre's theorem, 5^ 
Dependent variable, 114. 




IMfflemttftI ooeffioieota, 298 ; i 
301; sill «, 302 ; oot». 802. v 

DiffnrantiiU emuUUnu* 405» 409, 

Diffeieotiiition, 298, 310, 513, 687, 
588: partial, 375; anooMUye, 
372. ^ 

])lxwrtiidD-oosiiiea of a Hue, 232. 

SifiikHt faj logarithms, 51. 

i, numerioal value of, 228; ez- 
pamiaii powen of, 290. 

KtminatkHi, 39, 77, 406. 

BOipee, ana sod oiroiiinference oi^ 

lii.aofL 

v^XSliptioal water 368. 

Eqaarioau, 67 ; oabie, 11^ ; dnpme 
of, 68; difisreatial, 465 ; elimi- 
natioo 77 ; fracticHul, 70; 

loobleme prod^mg, 73 ; graphi- 
cal aohirion. 80^ 109 ; qnamtioi 
88, 92, 102; aunnlUiiiDoiis, 75, 
78, 82, 100; tiifgoikoiaetrieal, 37 ; 
vaotor, 246. 

EqaiHbraiit, 245. 

Ealei^s fonniila Jor stmts, 403. 

Evolatioa logarithms, 62. 

Expanoan, of e; 289 ; powers of e, 

^ 0^291; log, (l+r),292; 

sittl^ 381 ; ooa x; 381. 

SxpOtHfanetioiia, 374 

Vaeion,4; repeatiiig. ft. 

Vinl index nK 43. 

Flo# of water over noidi, 124 

Force, 342 ; of, 263, 264 ; 


Fon^Dr.,464 
Foii^atlieotssi,451 ; eeries,44a 
Fiactioiial exnmnom, 2; eqoa- 
IhmTO. 

»caetiQQi^pai4ia],ft|641 

Friartnni; a pfnunid, 209 ; of a 
oonOrilOL 

sopHoKt, 874 ; impUelt^ 
J74 $ in veii e , 324 ; ptodnot If* 
^ qootisnioitwo, S22, 

li ia|| 6rliApolyg«ii, 243, 263, 


Qeometiioal progresijon^flO^ 
mean, 278. ■ , 

Qraphioal metiiod o^ hanamui 
ana^ris, 456. ' 

.Graphical sohitioiu of eQoat|aii4 
* 88,109.,, . tf m 

Gratia, 114 ■; 

Goloiniia' theprem, 217, 425. V " 

G^tioii, liditis of, 435. 

Harmoiuo motun, 134,^ ^346, : 

amjditiideof, 1343M; anam^ 
of,. 456; 'dbmposttiont-«.p^ 
; frwiie&ov, 135; 
time, 135. 

Hannonieal pit^rsesion, 274. 
Hairiaon, Mr. J.,459. 

Heights and distaooes, measore* 
ment of, 176. 

Hemisphere, centre cd gravity o^ 

Hajgens* approxiinatioii, 192. ^ 

Idsntificatioa of corves, 114 X 
Identify, 67. 

imaginaiT quantities, 121, 534 
Impurit nmotioiis, 374 
Indefinite* integral, 404 
Independent varu^, 114 
Indicator vitaation, 490. 

Indicea, 44 ^ 

luMtla, moment ol, 431, 526 
eriKoder; 434, 438 ; disc, 4Sfe 
OT |fyh«4 4M; parallel i^p 
ot; polar moment dL mm 

• lentLi&r^; iod,:43Q« 
Infinity, z86. ■ 

TnfitiifaiidmaJ qoantttiea, 88& ' / 

InflexioD, pointe of, 356, 384' # 

Integrd, definite, 392, 448^ iS' 
deanite, 400. ^ 

Integratu^ M8, 620, 587J|6iO| 
«mdioatioas, 409; aotcml^r 


by partly 
ds, 441 ; SSI 


Inteioept, 264 C ^ ' 

Inverse ratioe, 30 ; fnnettonib 324 
Ittfohiltm fy logiritiiiDs, 


|j|i|Qlar flgaf»« 19S. 

KthiB^liord, 474. 

lAtitode And longitod^ 289. 
l^bnite't tiiecmm» 37%^ < 

Len^ ol oorro, 381. 
limm. 287 ; of intemlt 392. 
liw^mring t^ogh tiro pcnnftt^ 

link or fasioalar pdrsPOt 213. 
258,254. 

lAmtlmis, oaletdato 298 ; 
ofiAaoteriftio, 49 ; 1^, 

5t; evolntioii, 62; kiriilDiid^ 
62; mM t awa , 49; intilti{dio%> 
tioo, 60 ; Kapietlu, 54 ; ledes, 
202; tnuasformAtion of» 54; 
trigonometrical, ntioe, 58. 

Maolanrin^s tlnsorem, 377. 

Maxima and mimma, 356, 384, 5ll0 
Meaxi, arithmetioal, 267 ; geo« 
metrieai, 272 ; kirmanical, 276 ; 
ordinate, 199. 

Meaeoremento of angles, 13; of 
heights and distanoes, 176. 
Methods of oompntafion., 66 S 
approximate, 404. 
ttid-ordinate rule, 195, 406, 
Moment of a fdMpoe, 4^ ; cd inertia, 
430. P 

Multiplication by logi^thms, 64 

Napieriaa logarithmic M. 

KegatiTf angles, 24 
Numerical value of c 284 - 

Oblate spheroid, voliiine^^ 414 
Osoillati^ damped, 14^ 494 

area ol a sqpi^^ 194' 

Puabolo^ Tolnme of, 416, 
PM^Unee,79. 4 K 
, area c^ 186,^^^ 
idiatioa, 376 1 ^ 

, 8, 442 ; integration; M.' 


JP)nMie time in humonic motion 

Hiime of projeetu^ 227. 
-^ammeters, 196. r; 

' Boints of inflexioii, 356, 384 
Polar oo-ordinatee, 231, 240. 
Polygon, area of, 187 ; force, 268 j 
Ihi 243, 263, 254 
Poimis at e, 290, ' 3 "' 

Prism, T<donie and surfsoe o£ 
202, 203. 

Prumoid, 582. 

. Product, scalar, 256 ; Vector, 268 
Ptogreasion, arithmetuuU, 266 ; 
|e^trioal, 270; hamonicid, 

Ptojeotions of a line, 23, 226. 

, Prolate spheriod, y^ome of, 
416. 

Pyramid, frustum of, 209 ; surface 
and volume ol, 207. 

*,Quadrmticequati<Mis,88; ffraphiod 
^ : eolation c4 92. ^ J 

Quantities, aurd, 4 

Kabattement ol% Him, 226. 
lUdian, 13, 14 

Eadius, of ourvatuie, 332 : of gyra' 
tion, 436. 

Bate of inciMse, 297, 336. 

Ratios, of angles, 15 ; inVene, ^ ; 
- ttigonometrical, 22. 

Beotao^iular comments, 244 . 

BeGoning decinu^ 272. ;vlp 

Bednotion formulae, 444 
Repeating iactois, 9. ;; 

Relation of vectoxs, 244 I 

Rhombus, area 04.186. 

Bole, firrt indsiCi, 48 ; 
nate, 406 ; second 
Simpson*e, 195, 199, 404 ; tli| 
index, 46; 

Weddle*8,406r^^r^ 



6J4 


A M ANTAL OF VPAtTlCAL MATHKMATIO;. 


Sejftiietit, of » cia'lo, 192; of t\ 

}vini[K)l;>. 194. d9T. 

S‘n''s. L'rJti. ;iM», .'»12 ; nrjf hmoLiMl, 
Jt'tii ; F<'wrif’r s, 44S ; 
»u*trir;i!. 'J7 h : liarttioiUi ,il. 274 ; 
It''9 ; 

>ii:inK* lt:»niwi:uo 1114. 347>, 

riV.!, 

Simple 4'^>. 

I'inip-<«>r>'s mil's. 4‘M, 417, 427>. 
oS2. 7.9 1 . 

Sinut.ir v'li'ls, 21fv 
Sniu9t.in<‘<i!H ~3 ■ quAsi- 

riiiv', l<m. 

Siif 

S!ii{r' v.ilvr. 47>:l. 

> >;:il ,^ti l ^ iluino i>f. 21’'. 

S'<ra:i>irH. -f t 17>7 ; >'f 

f-qvi 

Sph*T«‘, -'i.'-f.u'’- .iir! <'f, 

212. 411 ; s*‘k’ n-’fil - if. 2 Li ; /-irv) 

of. 219 

Sprmj. 4'<1. 

S>jusn'*l (14 

Strut*. 4'>l. '1 

SubnorniAl, 92.1 1 
Stihtarii’-fit. 99P. 

Sticf-''"!’.'- 'lifb-r'-iit !it !Mn, ,172. 

Sum "I •w-n— > 'if -qu.in'.s, 2SS. 

.Simi q’i'iatut*-’. 4. 

Sirf.i*.-, -f 2tH. 41i»; -f 

• vliivf' r. 2'f:; ; f»v 
42’*; pn.'i’n. 292 ; pyr.innl. 2‘.K» ; 

wyrfi' i(' if i *p(4«’r'',2l.l. ']ih'‘r^*, 

212, ill, 

T vbN'. <‘f ( li ipJs. 19; ijf tangi-nU, 

2ij. 


■ Tnnyt'tU In n curv<‘, 30r», 31il. 
Tnvior's thnon-m. 179. 

Tlit'i>r('!a, I ij II (I III in I, 27S ; Fourirr'n, 
47il ; tniMinu.s, 217, 42r» ; Linli- 
iin.’, 17.H ; .^I^H•llUIriu, 177; 
1 ;ivinr. 179. 
riaj'i'/iuiii. IN9. 

'I’r.ipr/niilni nilr, 4n7i. 

'’f- lbt>, IHii : p*pii 
InhTnl. Is7 ; riL’lit anijln*!, !s7: 
ii<iliiti<<n nf, 17i7, 'i92. 

, I'ny'innrnrtrinal. rqiKUinii'*, 37 , 
ratioti. .')7. 

Turbiiu’, 7»7. 

Tiiilrti rniiiMNi fonni*. 2?ib. 

T.ir nf -qii.in'il p.ajHT, 114. 

i-f alrnnHfihfric pn-' 
•iiirv « it h Jiltit u<li‘, 479. 

\'iTt<'r^. nililitii-n. 24.’i ; nlpfbr.i, 

2‘'‘l' ; t i|vjnti('U. 2U>; priniit- I, 

2.Vi. 2-'iS ; r*'«tr!iitii>n uf. 21.7; 

\ siilitnu'tiMn, 247). 

\7-rfiral niiL'l'' i-f fi'n*’, 2n‘<. 
\'il)rAtl'>ii, of .a iK-ain or r*>'i, IS.'i ; 
of an iH'ii^ at-ir, 4(Xi ; ..f .a -prin;.:, 
4''l ; 142, 491, 

\''»|iinu', roll*', 2iiK. 419; r il*'*. 
2tH : rviu^ji-r. 2ta. 219 : o-Jia 
dcr ami rnii*-, 222 ; ulil itn 
*til)»>ri*i'l, 4IL; obh'pi*' pn'*tii. 
2t.*3 ; p.inilKiloKl. 414: ppil i-* 
"plMT'itfl, 4hi: pyrnin:*!. 2i»' ; 
r If lit prixm, 2f)2 : .-ohil niiy. 
21''; ,qiK. r.>. 212. 112. 

\N'.tl*Hn’s ruU'. 4t>.7. 

Ya'W, 2>i5. 


fini»7«0 i*« MtisT n«rrsfj» iiv irftutwr ttJui.miDsi! awd <*•. i n>. 
nut vnirB* j ' T rKt-*.*), 






